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Abstract

The aim of this paper is a model-theoretic study of the linear set theory.
Following the standard practice in intuitionistic and quantum set theories,
we define a set to be a function from its members to non-standard truth
values. In our case, the truth values are facts in a phase space as defined
by Girard. We will construct the universe V* from the phase space P and
verify a number of set-theoretic principles which are linear logic versions
of the ZF axioms.

1 Introduction

In this paper, we will extend the Boolean-valued model for classical set theory
[4, 7] to linear logic. This is in analogy to the locale (Heyting))-valued model for
intuitionistic set theory [1], and, Takeuti and Titani’s ortholattice-valued model
for quantum set theory [6]. The general idea is as follows. Given a propositional
logic and its algebraic model, we can regard an element of the algebra as a
(non-standard) truth value. Then we can extend the notion of characteristic
functions, or sets, so that their range becomes the set of the extended truth
values.

In the case of linear logic, such an underlying set of truth values is given by
the set of facts in a phase space as defined by Girard [3]. It is worth noting the
similarity of the set of facts with the ortholattice in quantum logic. In short,
the ortholattice is the lattice of closed subspaces of a Hilbert space ordered by
inclusion. To each Hilbert space corresponds a physical system. Each vector in
the space represents a state that a physical system can assume and each closed
subspace represents a observable property of the physical system. Duals are
defined by the orthogonality in the Hilbert space. Then, the correspondence is:

e phase space/Hilbert space

e facts/closed subspaces



e phase/vector

In fact, this is not at all surprising since Girard clearly modeled his phase
spaces on Hilbert spaces. The point stating the similarity explicitly is to give
the reader some assurance that the approach taken in quantum set theory can
be transferred to linear set theory, at least to some extent.

2 Preliminary

In this section, we review phase space semantics for linear logic and the con-
struction of Boolean-valued models.

Definition 2.1. A phase space is a quadruple P = (P,1,-, L) where
e (P,1,") is a commutative monoid
e | CP.
We will abbreviate p - ¢ by pq.

Definition 2.2. Given a subset A of P, the dual of A, denoted AL, is defined
by At ={peP| (Vg€ A)pge L}.

Definition 2.3. A subset A of P is a fact if A = A++. We denote the set of
facts in P by FACTp.

Definition 2.4. A fact A is valid if 1 € A.
Proposition 2.5. Facts are closed under arbitrary intersection.

Proof. First of all, A ¢ A*+. So. we only need to show the other direction.
Let {F;}icr be a family of facts and A = () F;. Suppose p € A++. We want to
show p € F+t for all i € I. Let ¢ € Fi-. Take any r € A. Then r € F;. So,
gr € L. Therefore, g € A*. Hence, pg € L. That is to say, p € FiLL. O

Proposition 2.6. Given a subset A of P, the set AL is the smallest fact
containing A.

Proof. First, we show A+ = A-1L. One direction is trivial. So let p € AL+,
Take any ¢ € A. Then, ¢ € A*+. So, pg € L. Then A+++L = AL+ Hence
AtL s a fact.

Now suppose A C B and B is a fact. Let p € B' and take any ¢ € A.
Then ¢ € B so that pg € L. Hence B+ C A*. Then, by the same argument,
Attt c Bt =B. O

Definition 2.7. We define multiplicative operations on the set of facts in P as
follows:

e FRG = (FG)**
o G = (F+GH)*



e FoG=(FGH)*
where F' and G are facts in P and FG = {pq | p € F and q € G}.

Definition 2.8. We define additive operations on the set of facts in P as fol-
lows:

e FRG=FNG
e FOG=(FuG)+t

Definition 2.9. We define constants in the set of facts in P as follows:

1= 1"
e T =0+
e0=T4

Note that 1 and all other constants are facts in P.

Now we define semantics for the multiplicative-additive fragment of linear
logic (MALL).

Definition 2.10. A phase structure for MALL is a phase space with a function
which assigns a fact to each propositional letter. The interpretation of a sentence
s a fact assigned to the sentence by extending the function inductively.

Definition 2.11. A sentence is valid if the identity 1 is in its interpretation.
A sentence is a linear tautology if it is valid in any phase structure.

Proposition 2.12. MALL is sound and complete with respect to the validity
in phase structure.

For the proof of the proposition, we refer the reader to Girard’s original
paper [3].

The phase semantics can be easily extended to predicate logic. We simply
interpret quantifications as infinitary additive conjunction [ F; and and disjunc-
tion (| F;)*+. For exponentials, we need to extend the phase space.

Definition 2.13. A topolinear space is a phase space paired with the set F of
the closed facts such that:

(i) F is closed under arbitrary intersection (additive conjunction)
(i) F is closed under finite multiplicative disjunction

(iii) L is the smallest fact in F

(iv) Forall Ac F, A9A = A.

The linear negations of closed facts are called open facts.



Definition 2.14. We define the exponential operations on the set of facts as
follows:

e |F' = the greatest open fact included in F
e 7F = the smallest closed fact containing F
where the order is with respect to set inclusion.

There is a new simplified version of the definition of exponentials in the
phase space. For our present purpose, however, the above definition suffices.

Proposition 2.15. Linear logic is sound and complete with respect to the va-
ledity in the topolinear spaces.

The following propositions are useful.

Proposition 2.16. Let F' and G be facts in P. Then, 1 € F —o G if and only
if F CG.

Proof. First, assume 1 € F - G = (F - G*+)*. Then {1} - (FG*) = FG*+ € 1.
Hence F ¢ G*+ = G. Secondly, assume F' C G. Then G+ C F* so that
FG+ c FFt c 1. Hence, {1} - (FG*) c L. Therefore 1 € (FG1)*+ =
F —odG. O

Proposition 2.17. Let F; and G be facts. Then (J F;)*+ G = (| F;i®G)*++.

Proof. First, let p € F;G. Then p = gr for some ¢ € F; C (|JF;)*+ and
r € G. Hence qr € (| F;)** ® G. By the proposition 2.6, we can conclude that
(U F,® G)lL C (U F‘i)LL ®G.

Secondly, we show (|J F;)*+-G Cc (JFi®G)* . Letpe Gand g€ (JF;®
G)*. Let r € F; for some i. Then 7p € |JF; ® G so that pgr € L. Therefore
pq € (UF;)*. Hence (UF)*-G-{q} C L,ie, (UE)* Gc (UF®G)*,.
Therefore (J F;)**+ ® G c (UF, ® G)*+. O

Proposition 2.18. Let F,G and H be facts. Then (F®G)®H = (F-G-H)*+.

Proof. First, FGH C (F®G)-H C (F®G)® H. Hence (FGH)** C (F®
G)® H.

On the other hand, let p € H and ¢ € (FGH)*. Take any r € FG.
Then pgr € L and pg € (FG)*. Hence, (F® G) -G -{q} C L. Therefore
q € ((F®G)-G)*. From this, it follows that (F® G) ® H C (FGH)*+. O

Proposition 2.19. Let F; be facts. Then (N F)*t = (UJF)*t.

Proof. Tt suffices to show that N FX = (JF))*. Let p € N F+ and ¢ € F,
for some 4. Then pg € L. Hence p € (|JF;)*. For the other direction, let
pe(UF)tandge F;, c JF;. Thenpge L. Sop € Fi-. Hencep e NF+. O

We now turn our attention to Boolean-valued models. Let B be a complete
Boolean algebra. We first define the B-valued universe V5.



Definition 2.20. We define Vf and VB by the transfinite induction on ordinals
a as follows:

° VOB =0
o VB | ={u|uis a function with dom(u) C VB and ran(u) = B}

. V)\B =Uqcr Vf where X is a limit ordinal.

o VB = UaEON VaB‘

Next we define the interpretation of “atomic propositions”. Note that we
can assign the rank p(u) to each u € VZ by defining:

p(u) = the least a such that u € V2 ;.

Definition 2.21. For u,v € VB, we define [u =], [u Cv] and [u € v] by
transfinite induction on (p(u), p(v)) as follows:

o [uev] = Vicaom) (v(@) ANz =u])

o [ucv] = Ascaom)(w@) — [z € v]) wherea —b=-aVb

o [u=v]=[ucCv]AvCu]

The idea behind the above definition is the following translation:
e ucv<= xev)(z=u1u)

o uCv<= (Vzeu)(zev)

e u=v<=uCvandvCu

Notice that universal and existential quantifications are interpreted as infinitary
conjunction (meet) and disjunction (join) respectively.

Proposition 2.22. For every u,v € VB,
() [u=u] =1

(i) fu=v]=[v=1]

(iii) [u=v]Afv=w] < [u=w]

(v) [uev]Afw=u] At =] < [w €]

The proof is by the induction on ranks. Now we extend this assignment to
every sentence.

Definition 2.23. For every formula (1, ... ,xy), we define the Boolean value
of ¢ 5

[e(ut, ... un)] (ug,...,up € V°)
as follows:



(a) If v is an atomic formula, the assignment is as we defined above
(b) If ¢ is a negation, conjunction, etc.,
Sl (ug, ... un)]

( )]

( .. N = [Wlur, ... sun)] Allx(ua, ... un)]
[VVx(ut,...,un)] = [W(ur,... u)]VIx(ut,... u,)]

(u1, .-, un)]

( )]

= [(ut,..un)] — [x(u1,--- s un)]
= [¥— x(ur,...,u)] Alx = ¥(u1, ... ,un)]

(c) If ¢ is 3xvp or Vi)

[[E'I’ZZJ(I’,UM cee 7un]]

\/ [[w(vaula"' 7“71]]

veVEB

[[VI'I/J(I',Ul,... 7un]] = /\ [[w(vaula"' 7“71]]

veV B

Definition 2.24. A sentence ¢ is valid in VB if [p] = 1.

Proposition 2.25. Every aziom of ZFC' is valid in V5.

3 The Phase-valued Model V7

We now define our first model V7. The construction is essentially the same as
that of VB except that we will use the set of facts in a phase space instead of
the boolean algebra.

Definition 3.1. We define V.V and V¥ by the transfinite induction on ordinals
a as follows:

e VP =10
o V2 ={u]u is a function with dom(u) C V¥ and ran(u) = FACTp}

o VP =U,\ VI where X is a limit ordinal.

d VP = UaEON VOZD
Proposition 3.2. Vﬁp C VP for B < a.

Proof. The proof is by transfinite induction on a. Assume that VVP C V[f holds
for any v < 8 with 8 < «. If « is a limit ordinal, then the proposition holds
by the definition. Suppose that a = o/ + 1. Let p(f) = 8 with 8 < a. Then
8 is a successor 3’ 4+ 1 and dom(f) C Vg?. Then 3 < o and ng C V.7 by the
inductive hypothesis. Hence f € V.7, O

Definition 3.3. For u,v € V7, we define [u=v],[u Cv] and [u € v] by
transfinite induction on (p(u), p(v)) as follows:



o [u€v] = Uscdom v(@) ® [z = u])++

o [t C 0] = Macom(u (ux) —o [z € v])

o [u=v]="ucCv]®!vCu]
Proposition 3.4. For every u,v € VP,
(i) 1 € u(x) —o [z € u] for all x € dom(u)
(i) 1eu=u]

(iii) 1 € Ju=v] - v =1u]

Proof. We prove (i) and (ii) together by the simultaneous induction on ranks.

(i) It suffices to show that for all = € dom(u),
u(z) - [z € u]t C L.

By the inductive hypothesis, 1 € [z = z]. Then u(z) = u(z)-{1} C (u(z)-
{1H** < Uyedom(u (u(®) - [# =yl)*+. Hence u(x) - [z € u]* = u(z) -
(Uyedomu v @[z = yD) =+ = u(@) - (U, cdomu v®) @[z = y])* € L.

(ii) It suffices to show 1 € ![u C u]. Now [u C u] =, cgom ) (u(z)—[z € u]).

By (i), we have u(z) - [z € u]* C L for all € dom(u) so that 1 = L+ C
Necdom(u) (W(z) —o [z € u]). Since L is the smallest closed fact, 1 is the
greatest open fact. Hence 1 = !Ju C u] and clearly 1 € 1.

(iii) We need to show that 1 € (Ju = v] - [v = u]*)*. Now
le(u=v]-o=ul") <= [u=v] [v=u]*C L.

Since [u =v] =u Cv]®![vCu] =!vCu] ®!u Cv] = [v=u], we
have [u =v] - [v=u]* = [u=v] - [u=v]* C L.

o
Proposition 3.5. For every u,v,w € V¥,
() 1eu=v]Qv=w]—ou=uw]
(i) 1euev]®u=w]—oJwev]
(iii) 1 € [u e v] ® [v =w] —o [u € w]

Proof. The proof is by the simultaneous induction on the canonical ordering [4]
of (p(u), p(v), p(w)).



(i) First we show [u C v] ® [v = w] C Ju C w]. Now

[ucoe=w] = ( (] (u) [rev]))®[v=u]

zedom(u)

() (@) reo])) [v=wh*

xzedom(u)

Let p € M, cqom(w)(w(@) - [z € v]*)t. Then for all z € dom(u),s € u(x)
and s’ € [z € v]*, we have pss’ € L so that ps € [z € v]*+ = [z € v].

Now we show that for any ¢ € [v =w], we have pg € [\, com () (u(@) -
[xr € w]*)*. Fix y € dom(u) and let r € u(y) - [y € w]*. Then r = t’
where ¢t € u(y) and ¥ € [y € w]*. Then pt € [y € v]. By the inductive
hypothesis, [y € v] - [v=w] C [y € v] ® [v =w] C [y € w]. Hence ptq €
[y € w]. Therefore pgr = ptqt’ € L.

Similarly, we can show [w C v] ® [u =v] C [w C u].

Next we show [u = v] ® [v = w] C [u = w]. Note that !A C A since A is
the greatest open fact included in A. Also for any open fact A, we have
A® A = A since closed facts are idempotent with respect to multiplicative
disjunction. Then

[u=7v]®[v=uw] Mu Cc o] @!v Cu] @ v C w] @ w C v]
Nu C o] @!uCv]®!vCul
Qlfw Cv] @ v C w] @ w C v]

Mo Cv] @ [w=2v]®[w Cv] ® [u=1]

Now l[uCcv] @ [w=v] C [uCv] ®[w=v] C [uCw]. Since open
sets are closed under finite multiplicative conjunction, Ju C v] ® [w = v]
is open. Therefore, we have [Ju C v] ® [w =v] C !Ju C w]. Similarly,
Mw Cv] @ J[u=v] C!fw C u]. Hence,Ju =v] ® [v =w] C Ju = w].

(ii) We want to show [u € v] ® [u = w] C [w € v]. Now

[uevf@fu=w] = (( |J @@ k=u)) " u=w)™

ze€dom(v)

= (U @@ lr=u [u=uw]))*

ze€dom(v)
By the inductive hypothesis,
[r=u] - [u=w] CJz=u] ®[u=w] C[z=uw].

Hence [u e v] @ [v=w] C (U (@) - [z = w])tH)H = [w € v].

redom



(iii) We want to show [u € v] ® [v = w] C Ju € w]. We know

[uev]@v=wl=( |J @@ [z=u))"* v=uwh"

zedom(v)

=( U @@ vcu] fwco] [z=u))H

zedom(v)

Now fix y € dom(v). We have

v(y)-vcw] < w(y)-[vcu]

= vy ( [ vle)—olzew])

xz€dom(v)

Note that this is a subset of [y € w]. Let g € (¢ gom () (v(2) [z € w]t)t.
Then for any r € v(y) and s € [y € w]*, we have grs € L so that
qr € [y € w]** = [y € w]. Hence v(y) - [v C w] C [y € w].

Therefore it suffices to show

[yewl-fwco-ly=ufc( |J (i) [z=u))"

z€dom(w)

By the inductive hypothesis, [z =y] - [y=u] C [zr=y] @ [y=u] C
[z = u] for all z € dom(w). Then

( U W =" ly=1l

z€dom(w)

c (U W l=yl-ly=uh)**

z€dom(w)

c (U Wk =uhthH

z€dom(w)

= [uew]

[y € w] - [y =]

Now we show that for any open set C, if A C B, then A-C C B. Assume
ACB. Then A-B+ C L. Then A-C- B+ C L-C. So we want to show
1.Cc L. Let pe L and ¢ € C = D+ where D is closed. Then for any
r € D, we have qr € L. In particular, p € L C D so that pg € L. Hence
[y € wl - ffw € vl - [y = u] € (Usaommuy(@(z) - [z = ul) 1) -

O
Definition 3.6. For every formula ¢(x1,... ,x,), we define the phase value of
12
[o(ur, ... ,un)] (Ui, ..., up, € VP)
as follows:



(a) If v is an atomic formula, the assignment is as we defined above

(b) If v is a linear negation, multiplicative conjunction, etc.,

[W(ur, . up)] = [(u, . un)]*
[V x(ui,..sun] = ([ur,. o un)] - Dx(u,.oun) )
[wex(ui,. . un] = ([Wur, o un)] - D(uns o un)]5)*
[ —o x(ui, . yun)] = ([, un)] - Ix(un, o u)]5)*
[V&x(u1,... ,un] = [wlut,...,u)]N[x(v1,...,un)]
[V x(ui,. . un] = ([(ur,. . un)]U I, un) )

(c) If ¢ is Jxp or Vaup,
[Bax(z,ug, ... u,)]

( U [[w(vaula"' 711‘71)]])LL

veVB

ﬂ [(v,ug,. .. un)]

veVEB

Ve (x,ug, ... up)]

(d) If ¢ is Y or 7,

[W’(Uh ,’ll,n)]] - 'W(Uh 7“71)]]
[PY(ur, ... un)] = [W(u, ... u,)]

Proposition 3.7. 1 € [u =v] ® [¢(u)] —o [¢(v)] for any formula ¢.

Proof. The proof is by induction on the construction of ¢, using that Ju = v] is
an open fact. O

We now start checking the validity of the basic set-theoretical principles.

Proposition 3.8. (a) [(3y € 2)0(y)] = (U, caom() (@) ® [¢(y)])+
(b) [(Vy € 2)¢(W)] = Nyecdom(a) ((¥) — [o(W)])

Proof. (a)
[Gyex)o)] = [Bylyeredy)]
= (U lvezoswh*
yev?r
= (| Weaelwm)t
yevre

= (Ul U eeely=:0" el

yeVFP zedom(z)

c (Uit U exely=-1elwhD

yeVE zedom(x)

( U @E@ebEN"

z€dom(x)

N

10



Also,

( U cwebyht < ( U yedelewD)*

yEdom(x) yEdom(x)

(U (weadelswmh*

yeVvFr
[By(y € z ® ¢(y)]

N

(b) The proof is the proposition 2.19 and (a).
O

Now, we verify a number of formulas which are the linear logic counterparts
of the ZF axioms.

Theorem 3.9. The following formulas are valid in V.
(Empty Set): IYVa(r € V)t

(Extensionality):
VXYY (Wu(ue X wueY)@Wu(lueY wueX)—-oX=Y)

(Pair): YuvvIaVaz(z=udz=v—ozx € a)
(Union): VX3YVu(Iz(z e X @u € z) oucY)

(Separation):
VXY (WVu(ueY oue X ®d(u) @!Vu(u € X ® ¢p(u) ouey))

(Collection): Vu(Vx € udyp(x,y) —o JvVe € udy € vo(x,y))
(Infinity): Y (10p e Y @!Vz(z €Y oz U{z} €Y))
Proof.

(Empty Set): Let Y € V7 be such that dom(Y) = (). Then, for any z € V7,
we have U, ¢ gom(y)(Y (v) ® [z = v]) = 0. Then

( U vwel=u)t=T=r

vedom(Y)
Hence, [(z € Y)*] = P and [Vz(x € Y)1] = P. Obviously, 1 € P.

(Extensionality): By the definition, [X = Y] =![X C Y]®![Y C X]. Then,
the axiom holds by the proposition 3.8.

(Pair): Let a € V¥ be such that dom(a) = {u,v} and 1 € a(u) = a(v). Then,
1 €fuca] and 1 € v €a]. Now for any z € V¥, we have [r = u] ®
[u € a] C [= € a] so that [z = u] C [z € a]. Similarly, [z = v] C [z € 4.
Hence [r =u® 2 =v] = ([t = u] Uz = v])* C [z € a]*t = [z € d].

11



(Union): Let Y € V7” be such that dom(Y) = [J{dom(z) | z € dom(X)}

and Y (v) = (U, ez uedom(z) and »edom(x)} X (2) ® z(u))*+. Then for any
z € dom(X) and u € dom(z), we have X (2) ® z(u) C Y(u) C J[u € Y] so
that X (z) C z(u) —[u € Y]. Hence, X (z) C [Vw(w € z —ow € Y')]. This
means that 1 € [Vz(z € X —oVw(w € z —ow € Y'))], which is equivalent
to the validity of the axiom.

(Separation): Let Y € V7 be such that dom(Y) = dom(X) and Y (u) =
X (u)®[p(u)] for allu € dom(Y). ThenY (u) C Ju € X ® ¢(u)] for allu €
dom(Y) sothat 1 € [Vu(u € Y —ou € X ® p(u))]. Also, X (u)® [p(u)] C
Y (u) C [u € Y] for all u € dom(X) so that X (u) C [e(u)] —[u € Y]. So
1€ Vu(ue X —o(p(u) oueY))]=[Vu(u € X ® p(u) oueY)].

(Collection): Given z € V7, let
F, ={s|sisafactin P and 3y € V" ([p(z,y)] = )}

Then F; is a set and Vs € Fy3aTy([¢(z,y)] = s and p(y) = «). Hence by
the Collection principle in ZF,

Vs € Fp3a € vy([p(z,y)] = s and p(y) = «)
Let a; = J{a | @ € v and o € Ord}. Then
Vs € Fpa € az3y([e(z,y)] = s and p(y) = «)
That is to say,
F,={s|sis afactin P and 3y € V. ([p(z,y)] = s)}

Hence U,eyr[v(z,9)] = Uyevp [o(z,9)]. We let = Ulax | = €
dom(u)}. Then

Ve € wdyp(e,y)] = () (ul@) = ([ e yD™)
z€dom(u) yeVP
= ) @@ - kD)

xz€dom(u) yevr

< () (@)~ L))

zedom(u) yGVg’

Now let v € V¥ be such that dom(v) = VB7> and 1 € v(t) for all t € dom(v).
Then

(U ey < ( U @y el

yevy yEdom(v)

= [By € v(p(z,y))]

12



Hence

N (w@)=(J ey c () (uz)=By e oley))

xz€dom(u) yevg’ zedom(u)

(Infinity): We denote the phase-valued set obtained in (Empty Set) by 0p.
Similarly {z,{z}} and z U {z} denote the phase-valued sets obtained by
(Pair) and (Union) for now. Define Y € V" in such a way that

o Op € dom(Y)

o If z € dom(Y), then z U {z} € dom(Y)
e 1eY(bp)

o Y(z) CY(xU{a}) for all x € dom(Y)

Notice that if p(x) = «, then p({z}) = a + 1 and p({z,{z}}) = a + 2.
Also, p(z U {z}) = p(Ufw, {2}}) < p({x, {z}}). Hence, given bp € V7,
we can have Y € VP, . Therefore, Y € V.

atw:*

Since 1 € Y(0p) C [@p € Y], it suffices to show

1 € [Ve(zeY ozU{z}eY)]
= | C@-o( |J FEelk=asu{z]))

zedom(Y) z€dom(Y)

Now for any x € dom(Y),

Y(z) C Y(zU{z})
C Y(@U{z})®[zU{z}=2U{z}]
c U veelk=zu{z}])
z€dom(Y)
c (U veelk=cu{z))*t
ze€dom(Y')

4 Relating to the Heyting-valued models

Let’s begin with the following observation, which is what is behind the Girard’s
second translation [3] of intuitionistic predicate logic into linear predicate logic:

A* =1 A for A atomic

(AAB)* = A* @ B* (AV B)* = A* @ B*
(ADB)*=1(A* o B*) 0*=0
(VoA)* =V A* (FwA)* = Ju A*

13



Proposition 4.1. Let O be the set of all open facts in P. Then O is a locale.

Proof. The order is given by the set-inclusion. The arbitrary join \/ F; is defined
as (J F;)** which is open by the proposition 2.19 and the definition of closed
facts. The binary meet of F' and G is F' ® G. This is confirmed by F @ G =
!F®!G =!(FNG). Furthermore the arbitrary join and binary meet commute
by the proposition 2.17. O

Then we can obtain the Heyting-valued universe V© as the subuniverse by
restricting the truth values to open facts in the construction of V7 as follows:

Definition 4.2. We define Vao and VO by the transfinite induction on ordinals
a as follows:

° VOO =0
e VO, ={ul|uis a function with dom(u) C V.2 and ran(u) = O}
o VO =U,cy VE where X is a limit ordinal.
o VO = UanN Vao.
Definition 4.3. A phase-valued set u € VT is static if u € VO.
Proposition 4.4. Let u € V¥ be static. Then [x € u] is open for all x € V7.

Proof. [z € u] = (U, caomu)(u(z) ® [z = 2]))++. Since open facts are closed
under finite multiplicative conjunction, [« = z] is open. Furthermore, open facts
are closed under infinitary additive disjunction. Hence, [z € u] is open. O

We introduce the restricted quantifications over V©:
i [[E"U*QZS(’U,'LLD. < 7un)]] = UUeV@ H¢(U,U1,... 7un)]]
b [[V’U*QZS(’U,'LLL. < 7un)]] = mvevo H¢(U,U1,... 7un)]]

The proposition 3.8 holds with those restricted quantifiers as well. The proofs
are exactly the same.

For the counterparts of the power set axiom and H. Friedman’s e-induction
[2, 5], it seems that we need to use those restricted quantifiers.

Theorem 4.5. The following formulas are valid in V.
(Static Set): Va*Vy (y € z —o ! (y € z))
(Static Power Set): Vu*Jv*Ve*(IVy(y € x oy € u) o x € v))

(Static e-induction): !Vz*((Vy (y € z —o ¢(y)) —o ¢(z)) —o Va*p(x)
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Proof.

(Static Set): This follows from the proposition 4.4.
(Static Power Set): Let v € V© be such that
dom(v) = {f | f is static with dom(f) = dom(u)}

and 1 € v(x) for all x € dom(v). We want to show 1 € [Va*(la C u —o x € v)].
For this, we define 2’ € dom(v) for each € V© which satisfies:
[Vy(yezoyeuw)] =z Cy] Clz'=41]

Given such an 2/, the validity of the formula immediately follows since
ler’ev]and[xr Cu] C [o' =z] C [2/ =2] ® [¢' € v] C [ € v] for
all 2 € VO.

The definition is as follows. Given z € VO, let 2/ € V? be such that
dom(z’) = dom(u) and 2'(y) = [y € 2] for all y € dom(z'). Clearly,
2’ € dom(v). Now for any y € V7,

yeal = ( U “@el=yh**

z€dom(u)

= (U Eedoelz=yD*

z€dom(u)
C [yex]

Hence 1 € [Vy(y € ' Cy € x)]. Next for any y € V7,

yeuwoyea] = ( |J wrel=yolyecd)"
z€dom(u)

c ( U ([z =y] ® [# € «]))*+ since u(z) is open
z€dom(u)

= (U =)™

z€dom(u)
= [ye]
Then for any y € V7,
[yecz]®@[Vy(ycz—oyecu)] C [yez]®[ycz]®[zCu]since z e VO
C wex]®ly eyl
c [yea]
Hence [Vy(y € z oy € u)] C [Vy(y € oy € 2')]. Then we have
[Vyyex—oycu)] C [Vylyex—oyeca]
C zc2]e!z cCa]

= =21
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(Static e-induction): We show by the transfinite induction on the rank of
u € VO that

[z ((Vy (y € x — o(y")) — ¢(x))] C [¢(u)]

Note that we have

Ve (Vy(y €z o ¢(y) = d@N] C ([ (uly) < [6®)]) — [6(u)]

yedom(u)
For any y € dom(u) C V| the inductive hypothesis yields

['Vz*((Vy (y € 2 < d(y)) < d(zx))] < [o(y)]
C u(y) <[]

since u is static and u(y) is open. Hence

[Va™((Vy (y € 2 = 6(y) = d@Nl [ (uly) — [6®)])

yedom(u)
The conclusion follows since [!Va*((Vy (y € z —o ¢(y)) —o ¢(x))] is open.
O
They are special consequences of the more general principle.

Proposition 4.6. For the static v and v, our definition of [u € v] and Ju = v]
in VP yield the same open facts as the Heyting-valued interpretations in VO.

Proof. Since the meet in O is the tensor in P and the supremum coincides in
both of them, it suffices to confirm that ![u C v] in the phase-valued model is
the same as [u C v] in the Heyting-valued model for u,v € VO.

Note that the infimum of open facts F; in O is given by ! F;. Furthermore
!N F; ="' !F; holds. Hence we only need to show that !(u(z) — [z € u]) in P
is indeed u(x) — [z € u] in O.

Now F ® |(F —o G) C G holds for any facts F and G. Suppose F @ H C G
for open facts F', G and H. Then H C F —o G and H C !(F —o @) since H is
open. By the uniqueness of F' — G, we can conclude that [(F'—G) = (F — G).

O

Then the formulas in the intuitionistic set theory evaluated in V© retain the
same interpretations under the Girard’s second translation with all the quanti-
fiers modified to the restricted ones. Furthermore, if the quantifiers are bounded,
then there is no need to restrict them due to the proposition 3.8. We hope to
explore this point in more detail in the sequel of this paper.
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