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Abstract: We develop parametric inference for simple point processes
when its intensity has a parametric form. The parametric inference pro-
cedure is based on maximum likelihood estimation. We show the central
limit theorem of the parametric inference procedure. The main assumption
required to prove the central limit theorem is the ergodicity of the simple
point process intensity and its derivative. The main novelty in the proofs
of the central limit theorem is the application of Burkholder—-Davis—Gundy
inequalites.
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1. Introduction

This paper concerns parametric inference for simple point processes. These sim-
ple point processes are also called counting processes. A simple point process
is a stochastic process N with values that are non-negative, integer and non-
decreasing. If s < t , then Ny — Ny is the number of events occurred during
the interval (s,t]. Simple point processes deal with the number of occurrences
of something over time, that we refer as events. Examples of simple point pro-
cesses include Poisson processes and renewal processes. Another example of a
simple point process is the number of job arrivals to a queue over time. Then,
we define the intensity of the simple point process N as a stochastic process A.
Intuitively, the intensity A measures the rate of change for the predictable part
of the simple point process V.

There is application of simple point processes in many different areas. For in-
stance, we have application in seismology (see Rubin (1972), Ogata (1978),Vere-
Jones (1978), and Vere-Jones and Ozaki (1982)). There are also applications in
quantitative finance (see Embrechts, Liniger and Lin (2011), Bacry et al. (2013),
Jaisson and Rosenbaum (2015), Kirchner (2016), Clinet and Yoshida (2017) and
Fujimori et al. (2026)). Some applications are also in financial econometrics (see
Engle and Russell (1998), Clinet and Potiron (2018), Cavaliere et al. (2023),
Christensen and Kolokolov (2024)and Potiron and Volkov (2026)). We can also
find some applications in biology (see Reynaud-Bouret and Schbath (2010), and
Cai, Zhang and Guan (2024)) and epidemiology (see Cheysson and Lang (2022)).
Finally, there are applications in social studies (see Fox et al. (2016) and Fang
et al. (2024)).

In this paper, we consider parametric inference for simple point processes N
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when its intensity A has a parametric form. The parametric inference procedure
is based on maximum likelihood estimation. Ogata (1978) introduce the log like-
lihood process for simple point processes and shows the central limit theorem of
the parametric inference procedure for a simple point process which is ergodic
and stationary. However, the definition of ergodicity is vague in that paper.
Most of the papers on parametric inference for simple point processes make this
ergodicity assumption (see Bowsher (2007), Large (2007) and Cavaliere et al.
(2023), Assumption 1(b) and Remark 2.1). Clinet and Yoshida (2017) exhibit
the main assumption required to prove the central limit theorem, namely ergod-
icity of the intensity process A and its derivative jointly. They consider simple
point processes and derive the central limit theorem of the parametric inference
procedure in Theorem 3.11 (p. 1809) under these ergodicity assumptions.

The assumptions on the simple point processes from Clinet and Yoshida
(2017) are too restrictive for applications. In particular, the framework from
Clinet and Yoshida (2017) builds on the assumptions from the Sobolev embed-
ding theorem (see Theorem 4.12 (p. 85) in Adams and Fournier (2003)). In
addition, Clinet and Yoshida (2017) needs that the intensity process A is three
times continuously differentiable. Finally, Clinet and Yoshida (2017) requires
the finiteness of the LP norm of intensity and some derivatives for any positive
integer p € N,. For instance, these assumptions are too restrictive to tackle one
particular simple point process, namely the so-called Hawkes mutually excit-
ing processes (see Hawkes (1971a) and Hawkes (1971b)) with non exponentially
decreasing kernel.

To weaken the assumptions on the simple point processes from Clinet and
Yoshida (2017), we consider a different approach in the proofs that circumvents
the use of the Sobolev embedding theorem. This new approach is based on the
application of Burkholder-Davis—-Gundy inequalites (see Expression (2.1.32) in
Jacod and Protter (2012) (p. 39)). Most importantly, this novel approach which
relies on the application of Burkholder-Davis—Gundy inequalites allows us to
weaken the assumptions from the point process theory in Clinet and Yoshida
(2017).

Our main result is the central limit theorem of the parametric inference pro-
cedure (see Theorem 1). The main assumption required to prove the central
limit theorem is the ergodicity of the simple point process intensity and its
derivative (see Assumption 1). The proofs of the central limit theorem rely on
the use of the triangular array of martingale increments. More specifically, the
proofs of Theorem 1 are based on an application of Corollary VII1.3.24 (p. 476)
in Jacod and Shiryaev (2003). The main novelty in the proofs of the central
limit theorem is the application of Burkholder-Davis—Gundy inequalites.

The remainder of this paper is organized as follows. First, we give an intro-
duction to the simple point processes in Section 2. Then, we consider parametric
inference for simple point processes in Section 3. Moreover, we discuss about
three examples of simple point processes in Section 4. We provide concluding
remarks in Section 5. The proofs of the central limit theorem for simple point
processes are gathered in Appendix A.
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2. Background on simple point processes

In this section, we give an introduction to the simple point processes.

We start with the definition of the probabilistic tools in what follows. First,
we define RT = [0, 00) as the space of real nonnegative numbers. We introduce
the stochastic basis B = (Q,G,F = {F;}ier+,P) which is a probability space
equipped with a filtration. Namely, we have that 2 is the sample space, G is
the space of events called o-algebra and P is a probability measure from the
sample space 2 to the interval [0, 1]. The filtration F is a family of o-algebras
Fi which represents the information available to the statistician at the time
t € Rt and satisfies 7; C F. We denote the natural filtration generated by
some stochastic process X for any time t € R as Fi¥ = o{X,:0< s <t}. We
assume that FN = F, for any time ¢t € RT. We also assume that the stochastic
basis B satisfies the usual conditions. Moreover, we denote by E[X] the expected
value with respect to the probability measure P of a random variable X . Finally,
an event is said to happen almost surely if it happens with probability 1 with
respect to the probability measure P.

We now give an introduction to the simple point processes. These simple
point processes are also called counting processes. Simple point processes deal
with the number of occurrences of something over time, that we refer as events.
Examples of simple point processes include Poisson processes and renewal pro-
cesses. Another example of a simple point process is the number of job arrivals
to a queue over time.

We assume that the simple point processes N = {N; };cr+ are of dimension d.

Then, each component Nt(z) counts the cumulative number of events between the
starting time 0 and the final time ¢ of the ith process for any index i =1,...,d.
Here, we denote the ith component of a vector V by V(). In the standard
literature, a simple point process is a stochastic process N with values that are
non-negative, integer and non-decreasing which is typically characterized by the
following definition.

Definition 1 (simple point process). We say that the stochastic process N =
{Ni}ier+ is a simple point process if it satisfies

IP’(Nt(i) € {0,1}) = 1 for any time t € R" and any index i = 1,.. .,d) =1.

As a consequence of Definition 1, we can deduce some assumptions on the
simple point process N. More specifically, we define N® for any index i =
1,...,d as a simple point process on the space of nonnegative real numbers RT,
namely a family

(NC))ceom)
of random variables with values in the space N = NU{+oc}. Here, o(S) denotes
the Borel o-algebra on the space S for any space S. Also, N = {0,1,...} is the

space of nonnegative integers. Moreover, the simple point process N (i)(C’) for
any index ¢ = 1,...,d can be expressed as

NO@©) =3 101

keN
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Here, 1¢ is the indicator function from the space C C R to the space {0,1}
defined as

lc(l‘) =1lifz e C,
10(.’13) =0ifx ¢ C.

Finally, the sequence of event times {T,gl)}keN takes its values in the space of
nonnegative real numbers R™ and is random for any index i = 1,...,d.

We assume that the time of the first event Tél) is bigger than 0 and smaller
than the real positive number TO+ € RS almost surely and the following times
are increasing for any index ¢ = 1,...,d almost surely. Namely, we assume that

PO <Ty) < Ty and TV < ) for ke N, andi=1,--- . d)=1. (1)

Here, we define for any space .S such that 0 € S the space without zero as S,. We
also assume that no events happen at the same time for any index ¢ = 1,...,d
almost surely, namely

P(T,Ei) ;éTl(j) for k,l € N, and i,j =1,...,d such that ¢ ;éj) =1

We now introduce the definition of the intensity A = {A;};er+ with respect
to the filtration F for the simple point process N.

Definition 2 (intensity). Any stochastic process A = {\;}icp+ defined on the
space of real nonnegative numbers R and satisfying the following properties is
called an intensity with respect to the filtration F of the simple point process
N. First, the stochastic process A is adapted to the filtration F. Secondly, the
stochastic process A is of dimension d where each component A\ takes its
values in the space of nonnegative real numbers RT for any index i = 1,...,d.
Moreover, we have for any interval (a,b] C R* that almost surely

E[N((a,b]) | Fa] = E[/ab Aods | fa}. 2)

Here, we implicitly assume that the stochastic process A is such that the integral
from Equation (2) is well-defined almost surely for any interval (a,b] C RT.

Intuitively, the intensity A corresponds to the expected number of events
given the past information. Namely, we have almost surely and for any time

t € Rt that
|:Nt+u - Ny
U

A= lim E
u—0

Fool.
Here, F,- denotes the limit from the left at the point t € Rt of the filtration

F. Moreover, we have that the compensated point process defined for any time
t € Rt as

t
Mt = Nt — / )\SdS (3)
0
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is a martingale with respect to the filtration F almost surely. Then, the intensity
A measures the rate of change for the predictable part of the simple point process
N based on the martingale representation (3). Finally, we note that N((a,b])
is almost surely finite if and only if fab Agds is almost surely finite. For back-
ground on simple point processes, the reader can consult Jacod (1975), Jacod
and Shiryaev (2003), Daley and Vere-Jones (2003) and Daley and Vere-Jones
(2008).

3. Parametric inference for simple point processes

In this section, we develop parametric inference for simple point processes when
its intensity has a parametric form. The parametric inference procedure is based
on maximum likelihood estimation. Our main result is the central limit theorem
of the parametric inference procedure (see Theorem 1). The main assumption
required to prove the central limit theorem is the ergodicity of the simple point
process intensity and its derivative (see Assumption 1). In particular, we weaken
the assumptions on the simple point processes in Clinet and Yoshida (2017) as
they are too restrictive for applications. The proofs of the central limit theorem
rely on the use of the triangular array of martingale increments. More specifi-
cally, the proofs of Theorem 1 are based on an application of Corollary VIII.3.24
(p. 476) in Jacod and Shiryaev (2003). The main novelty in the proofs of the
central limit theorem is the application of Burkholder-Davis—Gundy inequalites.
The present work is concerned with multidimensional simple point processes
N admitting an intensity with respect to the filtration F which has a parametric
form. More specifically, we introduce the parameter space © which consists of n
parameters. We also introduce the family of intensities A¢(¢) for any parameter
0 € ©. We assume that the intensity process A¢(6) is of dimension d where each
component ,\ﬁ”(é)) takes its value in the space of nonnegative real numbers R
for any parameter 6 € © and any w € ). Finally, we assume the existence of the
true parameter 8* € © such that for any time ¢t € R* and any w € Q we have

At = Ae(67). (4)

We introduce now the parametric inference procedure based on maximum
likelihood estimation. The procedure relies on the log likelihood process defined
for any parameter 6 € © as

ST ) W o [T
) =3 | s @an, -3 | A (5)

Here, 0 is the starting time of the interval and T is the final time of the interval.
Then, the maximum likelihood estimator is defined as a maximizer of the log
likelihood process between the starting time 0 and the final time 7', namely

br € argmaxgcg lr(0).
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The log likelihood process for simple point processes was introduced in Ogata
(1978) and considered in Daley and Vere-Jones (2003). More generally, see The-
orem II1.5.43 (p. 203) in Jacod and Shiryaev (2003).

There are some usual steps to derive the form of the asymptotic covariance
matrix in the context of maximum likelihood estimation. First, we define the
Fisher information matrix I'r of dimension n x n at the time T € Rt as

DT:?%EﬂadTw*»ﬂ. (6)

Here, 0pG(0) denotes the vector of partial derivatives for any function G(0),
namely 0pG(0) = %—?(9). The Fisher information matrix measures the amount
of information that the intensity A\ carries about the parameter 6*. Formally, it
is the variance of the score in which the score is the partial derivative of the log
likelihood process. Under certain regularity assumptions, it can be reexpressed

Pr =~ E[0312(6")]. (7)

Here, 97G(6) denotes the matrix of partial second derivatives for any function
G(0), namely 02G(0) = %223 (0). In Equation (7), the Fisher information matrix
is the negative expected value of the log likelihood second derivative. Then, the
asymptotic Fisher information matrix is naturally defined as

I = lim Ir. (8)
T—o00

We introduce the asymptotic Fisher information matrix to calculate the co-
variance matrices associated with maximum likelihood estimation. Namely, the
inverse information matrix I'"! is the asymptotic covariance matrix. The Fisher
information matrix was introduced in Fisher (1922).

The form of the asymptotic Fisher matrix I' relies on the ergodicity assump-
tions in parametric inference for simple point processes. More specifically, we fo-
cus on the stochastic process Xy = (A (0%), At (0), 0pA¢(0)) taking values for any
time t € R* in the space E? where E = RT xRt xR,,. Here, E; = ExEx...xE
is the d times product space of any space E. We denote by Xt(l) € F the ith
component of the stochastic process X; for any index ¢ = 1,...,d and any time
t € RT. Moreover, we denote by Cy,(E, F') the space of bounded and continuous
functions from the starting space E to the final space F. Finally, we introduce

Xr B Xx , which denotes the standard convergence in probability with respect to
the probability measure P of the family of random variables Xt to the random
variable X as the final time T" — +oc.

To obtain a law of large numbers, we have to impose a restriction on the
dependence or memory of the stochastic process X. One such restriction is the
concept of ergodicity. This corresponds to Definition 3.1 (p. 1805) in Clinet and
Yoshida (2017). See also Definition C1 in Supplement C of Potiron and Volkov
(2026).
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Definition 3 (ergodic). We say that the stochastic process X is ergodic if for
any index i = 1,...,d there exists a limit function 7() : Cy(E,R) — R such
that for any function ¢ € Cp(E,R) we have as the final time T — oo that

7 [ e S =0) )

Here, we implicitly assume that the stochastic process X is such that the
integral from Equation (9) is well-defined almost surely for any time 7' € R*
and any index i =1,...,d.

In the simple case when ¢ is equal to the identity function, Definition 3
implies that the time average of the process X converges in probability to a limit
function 7. If we also assume that the stochastic process X is stationary, we can
deduce that 7 = E[X] for any time ¢ € R™. In that case, the standard definition
of ergodicity is given in Definition 3.33 (p. 44) from White (2001). However, the
framework of this paper is more general as we allow for nonstationary stochastic
processes X as long as they satisfy Definition 3. This is more realistic as simple
point processes are not necessarily stationary for the applications in statistics.
For more on ergodicity, the reader may consult Doob (1953) (pp. 167-185) and
Rosenblatt (1978).

Since the space of bounded functions is not large enough to establish the
central limit theorem, we introduce a bigger space in the following definition.
We denote this bigger space by Ct(E,R). This corresponds to Definition 3.7 (p.
1806) in Clinet and Yoshida (2017).

Definition 4. We denote by C4(E, R) the set of continuous functions ¢ : (u,v,w) —
¥ (u,v,w) from the space F to the space of real numbers R that satisfy

(a) 1 is continuous on R} x Rf x R,,.
(b) The function v is of polynomial growth in its arguments u, v and w. We
liu>oy

also have that ¢(T,v,w) is of polynomial growth as u — 0 for any

fixed (v,w) € RT x R,. In addition, we have that ¢ (u, "= w) is of
polynomial growth as v — 0 for any fixed (u,w) € R x R,,.
(c¢) We have (0,v,w) = ¥ (u,0,w) = 0 for any (u,v,w) € E.

In Definition 4 (b), we require that ’(/J(IHT>O}, v,w) is of polynomial growth
as u — 0 for any fixed (v,w) € RT x R,,. We also require that w(u, 1{%0}, w) is
of polynomial growth as v — 0 for any fixed (u,w) € RT x R,,. These assump-
tions are used in the proof of the central limit theorem (see Theorem 1). This
can be explained by the form of the asymptotic Fisher matrix (10), which can
be reexpressed with these assumptions. Without these assumptions, we cannot
prove the central limit theorem (see Theorem 1).

Lemma 1 extends the starting space of the limit function 7 from Cy(E,R) to
C4+(E,R) and gives a more explicit form. More specifically, it shows that, for any
index i = 1,...,d and any parameter § € ©, there exists a probability measure
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Wéi) on the space E such that, for any function ¢ € C4+(E,R), we have

70) = [ v v )l du,do. o)
E

Moreover, Lemma 2 ensures that the family of intensities A;(6) does not explode
on any compact space based on these ergodicity assumptions.

We have now all the ingredients to derive the form of the asymptotic Fisher
matrix. First, we have that

d
I
r= Z/Ew®257ré*)(du,dv,dw). (10)
i=1
Here, we define the tensor product of a vector z € R" as 292 = 227 ¢

R™*™ The form of the asymptotic Fisher matrix I is derived in Clinet and
Yoshida (2017) (see Equation 3.2) and is also used in Potiron and Volkov
(2026) (see Equation (15)). In Expression (50) from the proof of Theorem 1,
we show that we can reexpress the asymptotic Fisher information matrix as
Before introducing the assumptions, we first need to introduce some notation.
We define © as the closure space of the parameter space ©. If z is a real number,
a vector, a matrix or a tensor, we define the sum of the absolute values of its
components as |z| = Y . |x;|. If Y is a random variable, we define its LP norm
as |[Y]l, = E[[Y[?]'/P. We define the normalized deviation between the log
likelihood at the parameter value § € © and the log likelihood at the true
parameter value 6* as
Yi(6) = (1n(6) ~ 12(6°)). (11)
Then, we define the limit function when the final time T" — oo of the stochastic
process Yr(0) as

Y(9) = i/E (log (%)u —(v— u))l{u>0,v>0}7r((f)(du, dv, dw). (12)

As the true parameter value #* is a maximum argument of the log likelihood
limit, we have by definition that Y (8) < 0 for any parameter 6§ € O. Finally, we
define the stochastic process F' for any i = 1,...,d, any parameter § € © and
any time t € R as _
F9(9) = wﬂ
t - OV
A (0)

We now introduce a set of assumptions required for the central limit theorem
of the parametric inference procedure based on maximum likelihood estimation.
In particular, we weaken the assumptions from the parametric inference for
simple point processes in Clinet and Yoshida (2017) as they are too restrictive
for applications.
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Assumption 1. (a) The family of intensities A : @ x Rt x © — RY is g ®
B(R") ® B(O)-measurable.

(b) We assume that the parameter space © C R™ is such that its closure © is
a compact space.

(¢) The stochastic processes X are ergodic in the sense of Definition 3 for any
parameter 6 € O.

(d) We have sup;cg+ || supgee [Ae(0)] [|2 < +oc.

(e) We have Y'(0) # 0 for any parameter § € © — {6*}.

(f) For any time s € R* almost everywhere, we have almost surely that the
intensity process 8 — A4(0) is twice continuously differentiable from the
parameter space © to the space Rg and there exists a continuous extension
to the space O.

(2) We have P([; |0pA:(0)|dt < o0) = 1 and ([ |03A:(60)[dt < o0) = 1 for
any parameter § € © and any time 7" > 0.

(h) For any index ¢ =1,...,d, we have

oM (0)\ |1 1) e
s || oo A (67) MO ], < oo
tSIgJ)r ‘&;Ft(i)(e*) )\Ei)(e*)l{)\ii)>0} . < +oo,
€
(1) 1 g
i)y | [ OoAs (07)
sup ‘62)\ 0 ’7 ) <  4oo.
eR+ ( 0 )( ) )\gl)(e*) A7 >03 ||

From the eight introduced assumptions, there are three assumptions which
correspond exactly to the same assumptions from Clinet and Yoshida (2017).
More specifically, Assumption 1 (a) is about the measurability of the family
of intensities A and is equal to the first statement in Assumption [Al] from
Clinet and Yoshida (2017). Moreover, Assumption 1 (c¢) corresponds exactly to
Assumption [A3] from Clinet and Yoshida (2017). Finally, Assumption 1 (e) is
required for the non-degeneracy of the parametric inference procedure and is
Assumption [A4] from Clinet and Yoshida (2017). Namely, we have that the
true parameter value 8* is the only maximum argument of the log likelihood
limit.

From the eight introduced assumptions, there are five novel assumptions from
this paper which are weaker than the assumptions from Clinet and Yoshida
(2017). More specifically, Assumption 1 (b) states the compacity of the param-
eter space. In particular, Assumption 1 (b) is weaker than the framework from
Clinet and Yoshida (2017) and Potiron and Volkov (2026) where the parameter
space satisfies the assumptions from the Sobolev embedding theorem. In ad-
dition, Assumption 1 (f) only requires that the intensity is twice continuously
differentiable whereas Assumption [A1] (ii) in Clinet and Yoshida (2017) needs
that the intensity is three times continuously differentiable. Finally Assumptions
1 (d), (g) and (h) are weaker than Assumptions [A2] (i) and (ii) from Clinet
and Yoshida (2017), who requires the finiteness of the L” norm of intensity and
some derivatives for any positive integer p € N,.
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In the theorem that follows, we state our main result, namely the central
limit theorem of the parametric inference procedure for simple point processes
when its intensity has a parametric form. The parametric inference procedure
is based on maximum likelihood estimation. The main assumption required to
prove the central limit theorem is the ergodicity of the simple point process
intensity and its derivative (see Assumption 1). In particular, we weaken the
assumptions on the simple point processes in Clinet and Yoshida (2017) as they
are too restrictive for applications. The proofs of the central limit theorem rely
on the use of the triangular array of martingale increments. More specifically,
the proofs of Theorem 1 are based on an application of Corollary VIII1.3.24 (p.
476) in Jacod and Shiryaev (2003). We consider asymptotics when the final
time diverges to infinity, namely T" — +4o0. In the theorem and what follows,
£ is defined as a standard normal vector of dimension n. Finally, we introduce

Xr Bx , which denotes the standard convergence in distribution with respect
to the probability measure P of the family of random variables X1 to the random
variable X as the final time 7" — +oc.

Theorem 1. We assume that Assumption 1 holds. Then, we have the central
limit theorem of the parametric inference procedure based on mazimum likelihood
estimation as the final time T — 400, namely

VT (0r —07) B1-1/2¢. (13)

4. Discussion

In this section, we discuss about three examples of simple point processes which
are a particular case of our general framework. However, we emphasize that
showing Assumption 1 in these examples is hard and above the scope of this
paper. Thus, the central limit theorem of this particular example cannot be
easily deduced as a corollary of Theorem 1. For that purpose, we refer the
reader to three recent papers (see Potiron (2026a), Erdemlioglu et al. (2025)
and Potiron (2026b)) which prove Assumption 1 in the special cases and obtains
the central limit theorem.

The main stylized fact with these simple point processes is the presence of
event clustering in time. Then, this motivates the introduction of the so-called
Hawkes mutually exciting processes (see Hawkes (1971a) and Hawkes (1971D)).
A standard definition of Hawkes mutually exciting processes is given by

t
A =1t +/ h(t — s) dN.. (14)
0

Here, v* is a Poisson baseline parameter of dimension d and h is a kernel matrix
function of dimension d x d. The simple point processes are mutually exciting
in the sense that the diagonal components h(*" are self-exciting terms for the
ith process and non-diagonal components h(7) are cross-exciting terms for the
ith process made by events from the jth process. The particular case h = 0
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corresponds to a classical Poisson process, so that we can view Hawkes processes
as a natural extension of Poisson processes.

Most of the papers on Hawkes processes assume that the kernel function h
is exponential. The main reason is that Hawkes processes are more tractable
in that particular case where the intensity A is a Markov process. Then, the
proofs rely heavily on the Markov property of the exponential distribution. In
fact, Clinet and Yoshida (2017) consider parametric inference for simple point
processes. They derive the central limit theorem of the inference procedure in
Theorem 3.11 (p. 1809). The main assumption required to prove the central
limit theorem is the ergodicity of the simple point process intensity and its
derivative. The proofs of the central limit theorem are based on the application
of Sobolev embedding theorem. They also show these ergodicity assumptions in
the case of a Hawkes process with exponential kernel in Theorem 4.6 (p. 1821).

In finance, there is empirical evidence that the kernel decays as the power
distribution (see Bacry, Dayri and Muzy (2012) and Hardiman, Bercot and
Bouchaud (2013)). This can be explained by the heterogeneity of the financial
agents. This heterogeneity is not merely incidental but has structural impli-
cations for the shape of the distribution. In particular, the presence of latent
informational frictions and interpretive uncertainty can generate fat tails in the
distribution of the point processes. This means that some events lead to unusu-
ally delayed reactions, reflecting slower diffusion of news in the financial markets.
Thus, this is crucial to incorporate these features by allowing the kernel function
h to have power distribution.

To weaken the assumptions on the simple point processes from Clinet and
Yoshida (2017), we consider a different approach in the proofs that circumvents
the use of the Sobolev embedding theorem. This new approach is based on the
application of Burkholder-Davis—-Gundy inequalites (see Expression (2.1.32) in
Jacod and Protter (2012) (p. 39)). Most importantly, this novel approach which
relies on the application of Burkholder-Davis—Gundy inequalites allows us to
weaken the assumptions from the point process theory in Clinet and Yoshida
(2017).

In the first example, Potiron (2026a) considers Hawkes processes in which
the kernel has a general form and is parametric. More specifically, we introduce
for any parameter § € © the family of intensities

M(0)=v+ /Ot h(t — s,K) dNs. (15)

Here, h is a kernel matrix function of dimension d x d. Moreover, v consists of d
baseline parameters, while x consists of n—d kernel parameters. We assume that
the parameter 6 has the form 6 = (v, k), and that they belong to the parameter
space ©® = (0,,0,). We also assume that n > 2d. Finally, we assume the
existence of the true parameter 6* € © such that

At = Ae(67). (16)

Here, we assume that the parameter * has the form 6* = (v*,x*) in which
v* €0, and k* € O,..
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As discussed, Potiron (2026a) considers general Hawkes processes which al-
lows for kernels with power distribution. More specifically, the author gives
smoothness assumptions on the kernel shape. He shows the ergodicity of the
Hawkes process intensity and its derivative. Moreover, he obtains the central
limit theorem of the parametric inference procedure for Hawkes processes. The
proof of the central limit theorem relies on showing that Assumption 1 from our
paper is satisfied in that special case.

In the second example, Erdemlioglu et al. (2025) introduce the periodic log-
logistic kernel which is polynomially decreasing. More specifically, we define for
any index ¢ = 1,--- ;d and any index j = 1,--- ,d the component with ith row
and jth column of the periodic log-logistic kernel as

R(:9) (¢, k(09
BB =1

— ~(:3) ) (4,7)
v (1+A4 cos(m’t)) (a(i,j))ﬁ('iyj)(l + (t/a(i,j))mm))z'

(17)

Here, v(7) € R} is the level of intensity, A7) € R is the amplitude of the
oscillation and 7("7) € R} is the period of the oscillation. Moreover, a%7) € R}
is the scale parameter and 3(»9) € R} is the shape parameter from the log-
logistic distribution. We assume that the kernel parameter is of the form

Kk = (Fé(i’j))1<¢j<d - (n(l’l),n(1’2), e ,K(d,d—l)’,{(d»d)) (18)

RO = (40 4G p(00) o) gd)).

We study a periodic kernel as there is empirical evidence of periodicity in finance.
Erdemlioglu et al. (2025) show that Hawkes processes with a periodic log-logistic
kernel satisfies the assumptions introduced in Potiron (2026a). This requires to
study deeply some smoothness properties of the log-logistic distribution, when
seen as a function of its parameters.

In finance, there is also empirical evidence that the intensity is not linear.
Blanc, Donier and Bouchaud (2017) introduce and establish the main proper-
ties of quadratic Hawkes processes. Quadratic Hawkes process generalize the
Hawkes price processes introduced in Bacry and Muzy (2014) by allowing feed-
back effects in the jump intensity that are linear and quadratic in past price
returns. The model exhibits two main properties that we believe are crucial in
the modelling and the understanding of the volatility process. First, the model
is time-reversal asymmetric, similar to financial markets whose time evolution
has a preferred direction. Second, it generates a multiplicative and fat-tailed
volatility process, that they characterize in detail in the case of exponentially
decaying kernels. This is linked to Pearson diffusions in the continuous limit.
Several other interesting properties of quadratic Hawkes processes are discussed,
in particular the fact that they can generate long memory without necessarily
being at the critical point. A non-parametric fit of the quadratic Hawkes pro-
cesses on New York Stock Exchange data shows that the off-diagonal component
of the quadratic kernel indeed has a structure that standard Hawkes processes
fail to reproduce.
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Consequently, Potiron (2026b) considers Hawkes processes in which the in-
tensity is nonlinear. More specifically, we introduce for any parameter 0 € ©
the family of intensities

7 (0) = £(v /Ot h(t — s, %)dN, ). (19)

Here, the function f of dimension d is nonlinear and nonrandom. Also, the kernel
function h is a matrix of dimension d x d. Moreover, the baseline v consists of
q parameters, while k consists of n — ¢ kernel parameters. We assume that the
parameter 6 has the form 6 = (v, k), and that they belong to the parameter
space © = (0,,0,). We also assume that n > ¢ + d. Finally, we assume the
existence of the true parameter 8* € © such that

e = A (09). (20)

Here, we assume that the parameter 6* has the form 6* = (v*,x*) in which
v* € 0, and k* € O,. Moreover, Potiron (2026b) obtains the central limit
theorem of the statistical inference procedure for Hawkes processes in which the
intensity is nonlinear. The proof of the central limit theorem relies on showing
that Assumption 1 from our paper is satisfied in that special case.

5. Conclusion

In this paper, we have developed parametric inference for simple point processes
when its intensity has a parametric form. The parametric inference procedure
was based on maximum likelihood estimation. We have shown the central limit
theorem of the parametric inference procedure. The main assumption required
to prove the central limit theorem was the ergodicity of the simple point process
intensity and its derivative. The main novelty in the proofs of the central limit
theorem was the application of Burkholder-Davis—Gundy inequalites. We have
discussed about Hawkes processes in which the kernel is allowed to decay as the
power distribution and Hawkes processes in which the intensity is nonlinear.
In particular, we have given general assumptions on the simple point processes
required to prove the central limit theorem. These assumptions weaken the
assumptions on the simple point processes from Clinet and Yoshida (2017).
Although these assumptions may seem hard to show for particular examples and
above the scope of this paper, we have seen that there are three recent papers in
the literature successfully using them. First, Potiron (2026a) considers general
Hawkes processes which allows for kernels with power distribution under some
smoothness assumptions on the kernel shape. He shows the ergodicity of the
Hawkes process intensity and its derivative in that particular case. Moreover,
he obtains the central limit theorem of the parametric inference procedure for
Hawkes processes. The proof of the central limit theorem relies on showing
that Assumption 1 from our paper is satisfied in that special case. Second,
Erdemlioglu et al. (2025) show that Hawkes processes with a periodic log-logistic
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kernel satisfies the assumptions introduced in Potiron (2026a). This requires to
study deeply some smoothness properties of the log-logistic distribution, when
seen as a function of its parameters. Finally, Potiron (2026b) studies nonlinear
Hawkes processes and the proofs are based on showing that Assumption 1 from
our paper is satisfied in that special case.
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Appendix A: Proofs of the central limit theorem for simple point
processes

In this appendix, we give the proofs of the central limit theorem of the para-
metric inference procedure for simple point processes, namely Theorem 1.

In what follows, the constant C' refers to a generic constant, which can differ
from line to line. For a measure yu, we denote by L'(u) the space of functions
that are integrable with respect to the measure p.

Since the functions that we will be using in our proofs will not necessarily
be bounded, we extend from Cy(E,R) to C4+(E,R) the space of functions in
which the ergodicity assumption holds. We also give a more explicit form to
the functions 7 (). The following lemma is Proposition 3.8 (pp. 1806-1807) in
Clinet and Yoshida (2017). The proof follows the arguments from the proof of
Proposition 3.8 (pp. 1822-1824) in Clinet and Yoshida (2017).

Lemma 1. We assume that Assumptions 1 (a), (b) and (c) hold. Then, we
have for any parameter 8 € © that

(a) The ergodicity assumption 1 (c) still holds for any function ¢ € C+(E,R).
In particular, the probability measure W(i)(@b) can be extended to the space
C4+(E,R) for any parameter 6 € © and any index i = 1,...,d. Moreover,
the convergence is uniform in the parameter 6 € © for any function ¢ €
C+(E,R).

(b) For any index i = 1,...,d and any parameter § € O, there exists a

probability measure Wéi) on the space E such that, for any function ¢ €

Cy(E,R), we have 70 () = [, w(u,v,w)wl(f) (du, dv, dw). In particular,
we have Cy(E,R) C Ll(wéi)).

Proof of Lemma 1. We can use the arguments from the proof of Proposition 3.8
(pp. 1822-1824) in Clinet and Yoshida (2017). O

We introduce now the following lemma, which ensures that the family of
intensities does not explode on any compact space. Its proof is a direct conse-
quence of Lemma 1.

Lemma 2. We assume that Assumptions 1 (a), (b) and (c) hold. Then, the
intensity process \i(0) is almost surely locally integrable on the space R for
any parameter 6 € ©.

Proof of Lemma 2. This is a direct consequence of Lemma 1 with the function
Y(u,v,w) = v for any (u,v,w) € E. O

In the following lemma, we will prove the consistency of the stochastic process
Y7 to the limit function Y uniformly in the parameter § € ©. This weakens the
assumptions used in Lemma 3.10 (p. 1807) from Clinet and Yoshida (2017).
We consider a different approach in the proofs that circumvents the use of the
Sobolev embedding theorem. This new approach is based on the application of
Burkholder—Davis—Gundy inequalites.
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Lemma 3. We assume that Assumptions 1 (a), (b), (¢) and (d) hold. Then,
we have as the final time T — oo the uniform consistency

sup | Yr(0) — Y (0) | 0.
6cO

Proof of Lemma 3. First, we can rewrite the stochastic process Yr(6) as

Yr(0) = Zr(6) ()
- ;,(i: /0 " log\? (0))ant? —é /0 O (o)t
i -
—; /0 1og(A§“(0*))dN§”+; /O A(07)dt)
- ;i/ o jgg)(ﬁ)))dfvf” ;]fi ORI
- s e

—% Zd: /0 ' (A2 = A7 (07) ~ 10g ( géz)g*)))xgi)(e*))dt.

Here, we use Definition (11) in the first equality, Definition (5) in the second
equality, algebraic manipulation in the third equality, Definition (3) and alge-
braic manipulation in the fourth equality.

We define the stochastic process I;Z)(G) for any parameter § € ©, any time

T >0 and any index i =1,...,d as

T (4)
gy — L A (0) N g
19 () = T/o log()\gi)(e*))th .

We also define the stochastic process I I(Ti ) (0) for any parameter 6 € O, any time
T >0 and any index ¢ =1,...,d as

| T , 4 (1) )
110(6) = %/0 (A7 0) =2 (0) —1og (;fw g*)))w"*))dt'

We first show that the martingale term disappears uniformly asymptotically
in probability as the final time T' — co, namely

d

(4) P
su E I1.7(6 ‘ — 0. 21
958‘1'_1 7 (0) (21)
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Since L? convergence implies convergence in probability, it is sufficient to show
Expression (21) as the final time 7" — oo that

£l (| 0] o @)

By the triangular inequality, we can deduce that

= (s |- 00| < 2] G 3= 0]) . )

e 6co
Then, the definition of I/ )(9) yields

d T (2) )
=3 0] - 2] g 3 [ [ e (25 o

0€© 0cO

)2] (24)

By supremum properties, we get

NG .
K;lelg Z ‘T / ()\(1 ((0)))th(Z) )2} (25)
(

< 2[(smp| . [ s (352 )are?] )

By the definition of martingale (3), we can deduce that

d T (2) )
E[(;;gg %/0 log (:‘(1)((9)>>th(1)

d T (4)
= E[(ngg %(/0 log(;\?)((:)))djvt)

T (i) ,
_/0 log (A/\Eti)((ei))))\EZ)(e*)dt> D?}

Then, we obtain by the triangle inequality that

(Sl ([ e (G5 e
/flogQi;w )
< (T (5 [ o (352 )
s (G500

)] (20)
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Moreover, we get by another triangle inequality along with the assumption
At(0%) > 0 that

dN?

IN
&=
k)

o d T (4)
| zﬂpo% /0 log@z)g;

o e )]

By the assumption on the times of the point process (1), this expression can be
reexpressed as
T A0
[(ZSUP(’ / tog (5= )|
0€0 A (67)
)\(’L) i . 2
7/ )) A9 (0 )dt)) }
(4)
Z s ATU (0)
su og | ——+——
eeg & AU

keN* s.t. 0<T I <T T )(9*)

o ] e (G o))

By Lemma 2 and compactness of the segment [0,7], we have that the number
of terms in the sum ZkeN* ot 0<T® <1 18 almost surely finite.

(29)

Thus, we can use the triangle inequality and we get that

A (0)
(2228( > mlde)

keN. s.t. 0<T <T T}gn( )

e (2519 )

g
Aot (0)
<Z sup (1{ Z log (/\(i)k ) ) ‘
(5

keN. s.t. 0<T ) <T T

S b))
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By the assumption on the times of the point process (1), this expression can be

reexpressed as
1 A(T?)(e) o
og | —+——

T()

f(Tem(p T

9€0 o
keN, s.t. 0<T ) <T

+f/ ’10g ()9* dt))?
e[(3 / !

o [ e (2 w m-

By the definition of martingale (3) we can then deduce that

Zbup / ‘ )\()

Sy

By an algebraic manipulation, we get that

KZzzg( / \log( f)( D) -
o3 ] o s )P@a))]
- Z:‘gg /\ A<>(;) )]
>t | ( )]
pr/ e ” o)

0€®

(S [ s (G5 o)




/Parametric inference for general ergodic point processes 23

For the first term on the right side of Equation (33), we obtain by supremum
properties that

[(Zszgf/ \lgVi)((i)))\de“)z] 3
NG .,
Z /0 966 Agi) g*)))\de”) ]

By an algebraic manipulation, we can deduce that

A ,
Z /0 aee A ((:))) ’de”ﬂ (35)
d T )
= Z %EK/O Slelg log </\§Z)((:)) ) ‘th(l))z} '

We are going to apply Burkholder-Davis—Gundy inequalites (see Expression
(2.1.32) in Jacod and Protter (2012) (p. 39)). In the notation of the book, we

set p = 2 and introduce the stochastic process M; of dimension d in which for

each index ¢ = 1,...,d its ith component is defined as
. 299 _
Mt(l) :/ sup | lo g( ( ))‘dngl).
0 0€© A (6%)

First, we can show that M is an F martingale almost surely by an application
of Lemma 1 with the fact that M is an F martingale almost surely. Then, we
can apply Burkholder-Davis—Gundy inequalites and we obtain

d (@) ‘
Z—QZEK/OT seg 1108 G{“((Q))MME“)Q} (36)
S zj; . /OT i (ié’))((:*)) ) A0t

By the inequality log(z) < 1+ z, we can deduce that

Zd: O;IE[/T sup log ( )\El)(:))) )\( (9*)2dt] (37)

< zd: CEE[/T sup (1 + ;\;))(9*))) Agi)(e*)%t]
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This can be reexpressed as

d T (2)
& / A (0) N2 () ez
E—E sup (14 — A (0%)“dt 38
=T [o e Aﬁ”(e*)) Pea] @

By Tonelli theorem, this can be reexpressed as

M&

[ /O sup (A7 (092 + 20O (0) + A" (0))at]  (39)

6O
< c
2 i * % % % 3
:Zﬁ/o E[ggg (,\g)(e )2+ 207 (@A (67) + Al )(9)2)dt].
=1

Moreover, we can show with the same arguments as the arguments used for
the first term on the right side of Equation (33) as the final time 7' — oo that

(1)
£l(Sgm [ oo (2

In addition, we can show with the same arguments as the arguments used for
the first term on the right side of Equation (33) as the final time 7' — oo that

(#) )
ool s (i o) )
(ZseeT/ ’ g(/\gZ ((:)))

By Expressions (22) to (41) with Assumption 1 (d), we can prove Expression
(21). To prove that | ijl II:Sf)(H) +Y(0) \3 0, we can use Lemma 1. O

D(0)ar) 2} 0. (40)

A9 (9 )dt)}

In the following lemma, we will prove the consistency of the parametric in-
ference procedure based on maximum likelihood estimation. This weakens the
assumptions used in Theorem 3.9 (p. 1807) from Clinet and Yoshida (2017).

Lemma 4. We assume that Assumptions 1 (a), (b), (¢), (d) and (e) hold. We
have the consistency of the parametric inference procedure based on mazximum
likelihood estimation as the final time T — oo, namely

0r 5 0%

Proof of Lemma 4. By its definition (12), we can deduce that Y () < 0 for any
parameter § € © and Y (6*) = 0. By Assumption 1 (e), we have that 6* is a
global maximum of Y. Finally, we can conclude by an application of Lemma 3
with Theorem 5.7 (p. 45) in Van der Vaart (2000). O
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In the following lemma, we give a more explicit form to the partial derivatives
and the Hessian matrix of the log likelihood. This extends Lemma A.1 (p. 1824)
in Clinet and Yoshida (2017).

Lemma 5. We assume that Assumptions 1 (a), (b), (¢), (f) and (g) hold.
For any parameter 8 € © and any time T > 0, we have that the log likelihood
process I (0) is almost surely finite and is differentiable almost surely with partial
derivatives equal to

d T (1)

O, (0)

Oplr(0) = E / — 1,0 / Oy )\ t. (42)
—~ Jo )\E)(G) {n (9)>0}

Moreover, we have that the log likelihood process ZT(H) s twice differentiable
almost surely and that its Hessian matriz satisfies

&M(Z) (i)
93l (0 Z/ )1“( 5050y V; (43)

—Z /O 2 (0)dt
=1

Proof of Lemma 5. First, we define the stochastic process Ig) (0) for any pa-
rameter 6 € O, any time 7' > 0 and any index ¢ =1,...,d as

1) (9) = / log(A\{" () aN.

We also define the stochastic process I I(Ti ) (0) for any parameter 6 € O, any time
T >0 and any index i = 1,...,d as

. T .
119 (9) = /0 AD (6)at

From Definition (5), we have the decomposition

d
() =3 (17 0) - 11 (9)).

i=1
First, we show that, for any parameter § € ©, any time T" > 0 and any index

i=1,...,d, we have that the log likelihood process Iq(f) (0) is almost surely finite
and almost surely differentiable with partial derivatives equal to

10) = [ onlogh@)any”. (44)
0

By the assumption on the times of the point process (1), the stochastic process
I;l) (0) can be reexpressed as

o= 3 le(M0). (45)

keN, s.t. 0<T ) <T
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By Lemma 2 and compactness of the segment [0, T'], we have that the number
of terms in the sum is almost surely finite. We also have that each term in the
sum is almost surely finite as the intensity process /\f) (0) takes its values in
R™ by definition. Then, we can deduce that I:(,f )(9) is almost surely finite. As
the intensity process is differentiable almost everywhere and almost surely by
Assumption 1 (f) and by linearity of the derivative, we can deduce that the
stochastic process I(Ti)(ﬂ) is almost surely differentiable and that almost surely

9p 1 (0) = 3 85 log (A<T2) (9)) .

keN, s.t. 0<T{V<T

By Equation (45), this equality can be reexpressed as Equation (44). Finally,
we get by rewriting the sum as an integral that

T ()
Mgy — oA (0)
Kly (6) = /O 2D (9) Lo @3>0

aN®. (46)
For any parameter 6 € O, any time 7" > 0 and any index ¢ = 1,...,d, we have

that I IZ@ (0) is almost surely finite and differentiable with partial derivatives
equal to

OpII(0) = / oA (0)dt. (47)
0

By Lemma 2 and compactness of the segment [0,7], the stochastic process
1 I¥ )(9) is almost surely finite. To prove Equation (47), we show that the condi-
tions for dominated convergence theorem are satisfied. We get by Assumption
1 (g) that the conditions are satisfied. Thus, we can deduce Equation (47).
Moreover, Equations (46) and (47) yield Equation (42). Finally, we can show
Equation (43) with similar arguments. O

In the following lemma, we give a different form to the Hessian matrix of the
log likelihood. This is a direct application of Lemma 5.

Lemma 6. We assume that Assumptions 1 (a), (b), (¢), (f) and (g) hold. For
any parameter 0 € © and any time T > 0, we have that the Hessian matriz of
Ir(0) can be rewritten as

d T (@)
99, () (i)
2 _ t
ofir@) = / 0(S5 0 ) T 50y M
i=170 Ai(0)

d_ (T (i) (s
(@2, At (0F)
_Zl/(; (80)\t ) (Q)Wl{)\gi)w)>o}dt

d_ /T (9) (8 (g

i A (0) — N0

+Z/ (83)\5/))(9) a @ : )1{,\<"’>(9)>o}dt~ (48)
i=1 70 A () !
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Proof. The proof of this lemma is a direct application of Lemma 5. O

We introduce the notation X7 = op(1l) if the sequence Xp converges in

probability to 0 as the final time 7" — oo, namely Xp 5 0. We provide the proof
of Theorem 1 in what follows. This weakens the assumptions used in Theorem
3.11 (p. 1809) from Clinet and Yoshida (2017). The proofs of the central limit
theorem rely on the use of the triangular array of martingale increments. More
specifically, the proofs of Theorem 1 are based on an application of Corollary
VIIL.3.24 (p. 476) in Jacod and Shiryaev (2003). This was already used for the
proof of Theorem 3.11 (p. 1809) from Clinet and Yoshida (2017).

Proof of Theorem 1. By Assumption (f), we have that the log likelihood process
l; is twice continuously differentiable in the parameter value § € © almost
surely for any time ¢ € RT. Thus, we can apply the mean value theorem. More
specifically, we obtain that

Aol (1) = Bplr(6%) + B2 () (Br — 67).

Here, the random variable  is between §T and 6*. Since the maximum likelihood
estimator 7 is the maximizer of the log likelihood process I by definition, we
can deduce that 9plr(67) = 0. This yields that

0 = Dyl (6%) + A2l () (Br — 6%).

If we multiply both sides of the equation by _\1;;, we obtain that

~Ir-! ~Ir-!

0= WGOZT(G*) + JT

This equation can be reexpressed as

Flr()(Br — 6%).

0= "2 o, (9*)+£a2z (OVT(0r — 6%)
- \/T oLr T oLT T .

To prove the theorem, it remains to show that

_571%(9*) B vz, (49)
%ang(g) L (50)

Here, I,, is the identity matrix of dimension n x n. Then, the theorem follows
using Slutsky’s theorem.

We prove now Equation (49). Equation (42) from Lemma 5 can be reexpressed
as

d

T () (g
D=3 oy (07) (i)
i=1 t
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By Equation (51), we have that

-t o TG T oA (97) (1)
WBGZT(G )= T z;/ Wl{)\ii)>0}th :

For any real positive number u € [0, 1], we define the stochastic process S,, as

-1 d u ) (p*

S__Fl /T(Wl -
VT =Jo AP e

We use Corollary VII1.3.24 (p. 476) in Jacod and Shiryaev (2003). We can
calculate that

aM?. (52)

F72 d uT 89)\(1)(0*)2
<SvS>u = / —t 71 (i) dt
T ; 0 )\EU(Q*)Q {At >O}

= ol %
Here, we define the quadratic variation of a stochastic process X at time ¢ as
(X, X);. We also define AX; as the jump of the process X at time ¢, namely
AXt = Xt - Xt* .

We prove now that Lindeberg’s condition is satisfied. We introduce the se-
quence of real positive numbers

I= ]E{Z |AS,*1{as. 50} |-

s<u

For any real positive number a € R™, we have

I < EEZMSSF’]
s<u
~1 d s () (g ,
- x5 12/ T )
=1
sT .
< el B A )]

s<u

Here, we use Markov inequality in the first inequality and the equality is due to
Definition (52). Finally, the second inequality is explained by the fact that the

term
d

sT (7) * .
Z/ 862237(0)1{)\“)>0})\§1)dt
0 A (0%) ¢

i=1

does not jump and the triangle inequality.
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Then, we have

_p-1 4 ST *
s (G [ A o) ]

-1 d AL, (67)
CEE( \Fﬁ 2 2 ’Aﬂ;gﬂl{xﬁgi)m}‘g)]

=1 geN, st. 0<TV <ur T
B Z/ 189)\(1)(9*)
BRISY

Here, the second inequality is obtained by the assumption on the times of the
point process (1) and the triangle inequality. In addition, the equality is due to
an extension of Theorem 2 from Bacry et al. (2013).

Then, we can continue to bound the Linderberg’s term by

IN

)\(i) (6*)1{)\51)>0}dt:| + OP(l).

la)\(i) 9*)
s Al R

1 T— uT (@) (g
_ CE_%’L?’ / ’LA? (67))°

)\1(51) (0*)1{/\ii)>0}dt} + 0[9(1)

)\Ei) (0*)1{)\5i)>0}dt:| + O]p(].)

AP (67)
11 _T-13 d uT |86)\(i)(9*)|3
B i oy M S e R o)
Lal /T 0 )\gl)(Q*)Q (A>0} } P()

Finally, we have

d_ uT (1) (p*Y|3
1= 32 |00 (07)]
0 )\ 3
= | i\(l 9*))| 1{AE”>O}}dt+OP(1)
T —
< Cu ‘ + op(1)
a
— 0

Here, we use Tonelli theorem in the equality and Assumption 1 (h) in the sec-
ond inequality. We have thus shown that Lindeberg’s condition holds, namely
Equation (49) is satisfied.

We prove now Equation (50),
sufficient to prove that

L 0210(C) 5 I,,. Then, it is

T+ T7'021r(¢)| 2 0.
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If we define V' as a shrinking ball centered on the true parameter 6%, it is then
sufficient to show that

sup T + T~ 1021(0)| 2 0. (53)
oeVv

We define the stochastic process Iq(f)(ﬁ) as

; T oA (6
[(T)(g):/o 39<9t7()

: 1,0 am@.
)\gl)(g) ) {X7(8)>0} t

We also define the stochastic process I I(Ti) (0) as

T (@) (g*

i i A (0
I];)(G) = /0 (89)\1(6 ))®2(9))\Ei)(9)31{>\ii)(9)>0}dt.
t

Finally, we define the stochastic process III¥)(9) as

IU(T)(9):/ @3N ()~ ()(i) ot )l{x“)(a»o}dt'
0 A (0) ¢

By Equation (43) from Lemma 5, Expression (53) can be reexpressed as

d
sup [T +7713° (15?)(9) —119(9) - 1119(0)) ‘ 2o (54)
oev p

By Assumption 1 (h), we can prove with the same arguments from the proof of
Expression (21) that

d
_ ) P
sup [T-15 " 190 ‘ 5o. 55
sup ;:1 7 (0) (55)

By Assumption 1 (c), we obtain that

5o. (56)

d
sup [T —T71! 1789 (9
|13 110

We can deduce by the triangle inequality and supremum properties that

(57)

d d
sup TN (0) - Ty I (07)
€ i=1 i=1
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<N sup |71 (119 9) — 118 (6 ]
< ;665 ( T ( ) T ( ))
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By the definition of the stochastic process 1'.77(34)(9)7 we have that

sup [T~ (115 (0) — IIQ(&*))‘ (58)
ocv
T (@M)22(0)  (@eM))P2(07) |
— sup T’l/ ( L _ % )Ag”(a*ﬂ oyt
eV 0 A ()2 AW (6+)2 27>0)

By Assumption (f), we have that the stochastic process Ft(i) is continuously
differentiable in the parameter # € © almost surely for any time ¢ € R™. Thus,
we can apply the mean value theorem. More specifically, we obtain that

F(0) = F(07) = 09 B (0)(0 — 07). (59)

Here, the random variable 6 is between 6 and 0*. As § € V and 6* € V', we also
have 6§ € V. By Equations (58) and (59), we can deduce that

sup [T~ (115 (0) — 1153‘)(9*))‘ (60)
oV
{)\Ei)(e)>0}dt‘.

T . o~ .
< swplrt [ EY @6 -0 (07
eV 0

Then, we obtain by the triangle inequality, supremum and norm properties
that

T
. -1 (@) 5 #\ (1) p* )
sup |T /O 36 E(8)(0 — 02\ (8 )1{A§1>>0}dt‘ (61)
’ oI (0
-1 % * 7 * )
< T /0 sup [0, (a)He—e A (0710 gyt

By Assumption (f), we have that the function derivative 39Ft(i) is continuous in
the true parameter #* almost surely for any time ¢ € RT. As V is a shrinking
ball centered at the true parameter 6*, we get that

T
-1 () 9" _px [ (0) g i
T /0 zgg‘aﬁt (9)H9 0"\ (0)1 o (62)
T
_ -1 (%) ( p* x|\ px ]
_ 7 /0 Sgg‘agﬂ (0)][0 — 6|\ 61 0yt + 02(0).

We define s(V') as the size of the shrinking ball V. Then, we can deduce that

‘9—9*

dt (63)

T
-1 (%) [
T ) sl (i
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< Tls(V) / a0 E 02 (01 dt.
0
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By Assumption 1 (h), we get as the final time T' — oo that

A9 (97 dt 5 0. (64)

T .
T’ls(V)/O ’(%Ft(” (6%) 1,020

By Expressions (58) to (64), we can deduce that

sup |71 (15 (0) — Ug')(e*))‘ Eo. (65)
oecVv

By Assumption 1 (h), we can prove with the same arguments from the proof of
Expression (65) as the final time T — oo that

d
sup [7713° IU‘T“(Q)’ %o (66)
% i—1

Finally, we can deduce Equation (50) by the use of Expressions (53), (54), (55),
(56), (65) and (66). O
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