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Abstract: We develop statistical inference for mutually exciting Hawkes
processes for which its intensity has a parametric form. The kernel is allowed
to decay as the power distribution. The parametric inference procedure is
based on maximum likelihood estimation. First, we show that the intensity
of the Hawkes process is mixing. Then, we prove that the intensity of the
Hawkes process is ergodic. Finally, we show the central limit theorem of
the parametric inference procedure.
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1. Introduction

This paper concerns parametric inference for simple point processes. The main
stylized fact with these simple point processes is the presence of event clustering
over time. Then, this motivates the introduction of one particular family of
simple point process, namely the so-called Hawkes mutually exciting processes
(see Hawkes (1971a) and Hawkes (1971b)). We define the simple point process
N; of dimension d as the cumulative number of events from the starting time 0
to the final time ¢ and ); its intensity. A standard definition of mutually exciting
Hawkes processes is given by

)\t:V*—I—/Oth(t—s)dNS. (1)

Here, v* is a Poisson baseline parameter of dimension d and h is a kernel matrix
function of dimension d x d. The simple point processes are mutually exciting
in the sense that the diagonal components h(*? are self-exciting terms for the
ith process and non-diagonal components h(7) are cross-exciting terms for the
ith process made by events from the jth process. The particular case h = 0
corresponds to a classical Poisson process, so that we can view Hawkes processes
as a natural extension of Poisson processes.

The main application of Hawkes processes lies in seismology (see Rubin
(1972), Ozaki (1979), Vere-Jones and Ozaki (1982), Ogata (1978) and Ogata
(1988)). There are also applications in quantitative finance (see Chavez-Demoulin,
Davison and McNeil (2005), Embrechts, Liniger and Lin (2011), Bacry et al.
(2013), Jaisson and Rosenbaum (2015), Jaisson and Rosenbaum (2016), Clinet
and Yoshida (2017)). Some applications are also in financial econometrics (see
Chen and Hall (2013), Clinet and Potiron (2018), Kwan, Chen and Dunsmuir
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(2023), Potiron and Volkov (2026)). We can also find some applications in biol-
ogy (see Reynaud-Bouret and Schbath (2010), Donnet, Rivoirard and Rousseau
(2020) and Cai, Zhang and Guan (2024)) and epidemiology (see Cheysson and
Lang (2022)). Finally, there are applications in social studies (see Fox et al.
(2016) and Fang et al. (2024)).

In this paper, we consider parametric inference for mutually exciting Hawkes
processes. The parametric inference procedure is based on maximum likelihood
estimation. Ogata (1978) shows the central limit theorem of the parametric in-
ference procedure based on maximum likelihood estimation for a simple point
process which is stationary and ergodic. However, the definition of ergodic-
ity is not clearly defined in Ogata (1978). Most of the papers on parametric
inference for Hawkes processes make this ergodicity assumption (see Bowsher
(2007), Large (2007) and Cavaliere et al. (2023), Assumption 1(b) and Remark
2.1). Clinet and Yoshida (2017) exhibit the main assumption required to prove
the central limit theorem for a simple point process, namely ergodicity of the
intensity process A and its derivative jointly in Theorem 3.11 (p. 1809). Potiron
(2026a) (see Theorem 1) weakens the assumptions from Clinet and Yoshida
(2017) since these assumptions are too restrictive for applications.

Most of the papers on parametric inference for Hawkes processes assume that
the kernel function h is exponential. The main reason is that Hawkes processes
are more tractable in that particular case where the intensity A is a Markov
process. Then, the proofs rely heavily on the Markov property of the exponential
distribution. In fact, Clinet and Yoshida (2017) shows the central limit theorem
for Hawkes process with exponential kernel in Theorem 4.6 (p. 1821). This is
based on proving the assumptions from Clinet and Yoshida (2017).

In finance, there is empirical evidence that the kernel function of a Hawkes
process decays as the power distribution (see Bacry, Dayri and Muzy (2012) and
Hardiman, Bercot and Bouchaud (2013)). This can be explained by the hetero-
geneity of the financial agents. This heterogeneity is not merely incidental but
has structural implications for the shape of the distribution. In particular, the
presence of latent informational frictions and interpretive uncertainty can gen-
erate fat tails in the distribution of the simple point processes. This means that
some events lead to unusually delayed reactions, reflecting slower diffusion of
news in the financial markets. Thus, this is crucial to incorporate these features
by allowing the kernel function A to have power distribution.

In the literature of parametric inference, there are some work in the case
of a Hawkes process with a non-exponential kernel. Kwan (2023) and Kwan,
Chen and Dunsmuir (2024) consider the case of non-exponential kernel but the
authors mention that such case is challenging since the Hawkes intensity pro-
cess is non-Markovian. Thus, this renders standard Markov tools inapplicable.
Consequently, the authors can only show the ergodicity for the Hawkes inten-
sity process and for its derivative (see Theorem 4.3.2 (p. 91) in Kwan (2023)
and Theorem 2.1 (p. 4) in Kwan, Chen and Dunsmuir (2024)), but not jointly.
Thus, they can only show the consistency of the inference procedure in Theo-
rem 3.4.3 (p. 73) from Kwan (2023) and Theorem 3.2 (p. 9) from Kwan, Chen
and Dunsmuir (2024). When the kernel function follows a generalized gamma
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distribution, Potiron and Volkov (2026) (see Theorem 1) can show that the
assumptions from Clinet and Yoshida (2017) are satisfied and also obtain the
central limit theorem of the parametric inference procedure. This is due to the
exponentially decreasing nature of the kernel. However, this does not extend to
the power decay of the kernel case. With a general kernel, Costa et al. (2020)
(Theorem 1.2, p. 884) and Graham (2021) (Theorem 5.4, p. 2856) show the
ergodicity of the Hawkes processes, but not its intensity. See also Section 3.2 (p.
893) in Reynaud-Bouret and Roy (2007).

To obtain a central limit theorem which allows for the kernel function h of
a Hawkes process to decay as the power distribution, the assumptions from
Clinet and Yoshida (2017) are too restrictive. These assumptions can be used
only in the case of an exponentially decreasing kernel. However, they cannot be
used in the case of a more general kernel. Thus, we have to rely on more general
assumptions on simple point processes, namely Assumption 1 in Potiron (2026a).

In this paper, we consider Hawkes processes in which the kernel has a general
form and is parametric. More specifically, we introduce for any parameter 6 € ©
the family of intensities

M(0) =v+ /Ot h(t — s, k) dNs. (2)

Here, v consists of d baseline parameters, while x consists of n — d kernel pa-
rameters. First, we show that the Hawkes process intensity and its derivative
are mixing (see Proposition 1). Then, we prove that the Hawkes process inten-
sity and its derivative are ergodic (see Proposition 1). Finally, our main result
is the central limit theorem of the parametric inference procedure for Hawkes
processes (see Theorem 1). The proof of the central limit theorem relies on the
application of Theorem 1 from Potiron (2026a) by showing that Assumption 1
from Potiron (2026a) is satisfied in that special case. More specifically, we give
smoothness assumptions on the kernel shape (see Assumption 1). With this
formulation, kernel of Hawkes processes with power distribution are allowed.
There are many other related results for Hawkes processes in mathematical
statistics and applied probability. Hawkes and Oakes (1974) provide a Poisson
cluster process representation for Hawkes processes. Brémaud and Massoulié
(1996) study stability of nonlinear Hawkes processes. Zhu (2015) considers large
deviations for Markovian nonlinear Hawkes processes. Roueff, von Sachs and
Sansonnet (2016), Roueff and Von Sachs (2019), Mammen and Miiller (2023),
Kling and Vetter (2026) and Erdemlioglu et al. (2025a) study locally station-
ary Hawkes processes. The microstructure of stochastic volatility models with
self-excitation is investigated in Horst and Xu (2022). Horst and Xu (2021)
and Horst and Xu (2026) give functional limit theorems for Hawkes processes.
Xu (2024) studies diffusion approximations for self-excited systems. Moreover,
Karim, Laeven and Mandjes (2025) introduce compound multivariate Hawkes
processes. Potiron et al. (2025a) and Potiron et al. (2025b) study Hawkes pro-
cesses with It6 semimartingale baseline. Potiron (2026b) studies parametric es-
timation for nonlinear Hawkes processes based on maximum likelihood estima-
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tion. Finally, Potiron (2026c¢) gives central limit theorem for Hawkes processes
with a stochastic and time dependent baseline.

The remainder of this paper is organized as follows. In Section 2, we give
background on simple point processes. Then, we introduce parametric infer-
ence for simple point processes in Section 3. We study parametric inference for
Hawkes processes with a general kernel and give all the theoretical results in
Section 4. In addition, we discuss about one example of Hawkes processes in
Section 5. Moreover, we provide concluding remarks in Section 6. Finally, the
proofs of all the theoretical results are gathered in Appendix A.

2. Background on simple point processes

In this section, we give an introduction to the simple point processes.

We start with the definition of the probabilistic tools in what follows. First,
we define RT = [0, 00) as the space of real nonnegative numbers. We introduce
the stochastic basis B = (Q,}",f = {ft}teRJr,P) which is a probability space
equipped with a filtration. Namely, we have that € is the sample space, F is
the space of events called o-algebra and P is a probability measure from the
sample space ) to the interval [0,1]. The filtration F is a family of o-algebras
F: which represents the information available at the time ¢ € R* and satisfies
Fi: C F. We denote the natural filtration generated by some stochastic process
X for any time t € R as F;¥ = 0{X, : 0 < s < t}. We assume that 7 C F;
for any time ¢ € R;. We also assume that the stochastic basis B satisfies the
usual conditions. Moreover, we denote by E[X] the expected value with respect
to the probability measure P of a random variable X. Finally, an event is said
to happen almost surely if it happens with probability 1 with respect to the
probability measure P.

We now give an introduction to the simple point processes. These simple
point processes are also called counting processes. We assume that the simple
point processes N = {N;};cgr+ are of dimension d. Then, each component Nt(l)
counts the cumulative number of events between the starting time 0 and the
final time ¢ of the ith process for any index ¢ = 1,...,d. Here, we denote the
ith component of a vector V by V(. In the standard literature, a simple point
process is typically characterized by the following definition.

Definition 1 (simple point process). We say that the stochastic process N =
{Ni}icr+ is a simple point process if it satisfies

IP’(Nt(i) €{0,1}) =1 for any time ¢ € R" and any index i =1,...,d) = 1.

As a consequence of Definition 1, we can deduce some assumptions on the
simple point process N. More specifically, we define N® for any index i =
1,...,d as a simple point process on the space of nonnegative real numbers R,
namely a family

(NC))ceom+)
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of random variables with values in the space N = NU{+o0}. Here, o(5) denotes
the Borel o-algebra on the space S for any space S. Also, N={0,1,...} is the
space of nonnegative integers. Moreover, the simple point process N (i)(C’) for

any index i = 1,...,d can be expressed as
NO©) =3 1e(1),
kEN

Here, 1¢ is the indicator function from the space C' C RT to the space {0,1}
defined as

lo(z)=1ifx € C,
lo(z)=0if x ¢ C.

Finally, the sequence of event times {T,gl)}keN takes its values in the space of
nonnegative real numbers R™ and is random for any index i = 1,...,d.

We assume that the time of the first event Tél) is bigger than 0 and smaller
than the real positive number T0+ € R almost surely and the following times
are increasing for any index ¢ = 1,...,d almost surely. Namely, we assume that

PO < T < Ty and T, < T), for ke N, andi=1,---,d)=1.  (3)

Here, we define for any space S such that 0 € S the space without zero as S,. We
also assume that no events happen at the same time for any index i =1,...,d
almost surely, namely

P(T,g“ £T9 for k,l €N, and i,j = 1,...,d such that i #j) — 1.

We now introduce the definition of the intensity A = {At}ser+ with respect
to the filtration F for the simple point process N.

Definition 2 (intensity). Any stochastic process A = {\;};cp+ defined on the
space of real nonnegative numbers Rt and satisfying the following properties is
called an intensity with respect to the filtration F of the simple point process
N. First, the stochastic process A is adapted to the filtration F. Secondly, the
stochastic process A is of dimension d where each component A(?) takes its
values in the space of nonnegative real numbers R™ for any index i = 1,...,d.
Moreover, we have for any interval (a,b] C Rt that almost surely

BN (0,0 | 7 <[ [ as | 7). @

Here, we implicitly assume that the stochastic process A is such that the integral

from Equation (4) is well-defined almost surely for any interval (a,b] C RT.
Intuitively, the intensity corresponds to the expected number of events given
the past information. Namely, we have almost surely and for any time ¢ € [0, T
that N N
A = lim E[M‘fr]
u—0

u
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Here, F;- denotes the limit from the left at the point ¢ € [0,7] of the filtration
F. Moreover, we have that the compensated point process defined for any time
te[0,7] as

t
M:M—/&w (5)
0

is a martingale with respect to the filtration F almost surely. Finally, we note
that N((a,b]) is almost surely finite if and only if f: Asds is almost surely finite.
For background on simple point processes, the reader can consult Jacod (1975),
Jacod and Shiryaev (2003), Daley and Vere-Jones (2003) and Daley and Vere-
Jones (2008).

3. Parametric inference for simple point processes

In this section, we introduce the parametric inference procedure for simple point
processes when its intensity has a parametric form. The parametric inference
procedure is based on maximum likelihood estimation.

The present work is concerned with simple point processes N admitting an
intensity with respect to the filtration F which has a parametric form. More
specifically, we introduce the parameter space © which consists of n parameters.
We also introduce the family of intensities A\;(0) for any parameter § € © and
any time ¢ € RT. We assume that the intensity process A\¢() is of dimension d
where each component )\EZ)(H) takes its value in the space of nonnegative real
numbers RT for any parameter § € ©, any w € Q and any time ¢t € RT. Finally,
we assume the existence of the true parameter 8* € © such that for any time
t € RT and any w €  we have

A = Ae(07). (6)

We introduce now the parametric inference procedure based on maximum
likelihood estimation. The procedure relies on the log likelihood process defined
for any parameter § € © and any time 7' € RT as

SN NG o o [T
)= 3 | o @a, -3 | A ()

Here, 0 is the starting time of the interval and T is the final time of the interval.
Then, the maximum likelihood estimator is defined as a maximizer of the log
likelihood process between the starting time 0 and the final time 7', namely

br c argmaxyce lr(6).

The log likelihood process for simple point processes was introduced in Ogata
(1978) and considered in Daley and Vere-Jones (2003). More generally, see The-
orem I11.5.43 (p. 203) in Jacod and Shiryaev (2003).
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There are some usual steps to derive the form of the asymptotic covariance
matrix in the context of maximum likelihood estimation. First, we define the
Fisher information matrix I'r of dimension n x n at the time 7' € Rt as

Pr = ZE[(00lr(6%))?). ®)

Here, 099G (0) denotes the vector of partial derivatives for any function G(6),
namely 9yG(0) = 25(6). The Fisher information matrix measures the amount
of information that the intensity process A carries about the parameter 6*.
Formally, it is the variance of the score in which the score is the partial derivative
of the log likelihood process. Under certain regularity assumptions, it can be
reexpressed as

Pr = — 2 E[0f1r(6")). (9)

Here, 97G(6) denotes the matrix of partial second derivatives for any function

G(0), namely 95G(0) = ‘?;Tg(ﬁ). In Equation (9), the Fisher information matrix
is the negative expected value of the log likelihood second derivative. Then, the

asymptotic Fisher information matrix is naturally defined as
I'= lim ['p. (10)
T—o0

We discuss about the asymptotic Fisher information matrix to calculate the
covariance matrices associated with maximum likelihood estimation. Namely,
the inverse information matrix I'"! is the asymptotic covariance matrix. The
Fisher information matrix was introduced in Fisher (1922).

The form of the asymptotic Fisher matrix I relies on the ergodicity assump-
tions in parametric inference for simple point processes. More specifically, we fo-
cus on the stochastic process Xy = (A:(6%), \t(0), OpA+(0)) taking values for any
time t € RT in the space E% where E = Rt xR xR,,. Here, E; = EXEX...xXE
is the d times product space of any space E. We denote by Xt(z) € FE the ith
component of the stochastic process X; for any index ¢ = 1,...,d and any time
t € RT. Moreover, we denote by Cy,(E, F) the space of bounded and continuous
functions from the starting space E to the final space F'. Finally, we denote the
convergence in probability by 5.

We introduce X 5 x , which denotes the standard convergence in probabil-
ity with respect to the probability measure P of the family of random variables
Xt to the random variable X as the final time T — +o00. To obtain a law of
large numbers, we have to impose a restriction on the dependence or memory of
the stochastic process X. One such restriction is the concept of ergodicity. This
corresponds to Definition 3.1 (p. 1805) in Clinet and Yoshida (2017). See also
Definition C1 in Supplement C of Potiron and Volkov (2026) and Definition 3
in Potiron (2026a).

Definition 3 (ergodic). We say that the stochastic process X is ergodic if for
any index i = 1,...,d there exists a limit function 7 : C(E,R) — R such
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that for any function ¥ € Cp(F,R) we have as the final time T' — oo that

T
7 [ e 50w, (1)
0

Here, we implicitly assume that the stochastic process X is such that the
integral from Equation (11) is well-defined almost surely for any time 7' € R*
and any index i =1,...,d.

In the simple case when 1 is equal to the identity function, Definition 3
implies that the time average of the process X converges in probability to a limit
function 7. If we also assume that the stochastic process X is stationary, we can
deduce that 7 = E[X;] for any time ¢ € RT. In that case, the standard definition
of ergodicity is given in Definition 3.33 (p. 44) from White (2001). However, the
framework of this paper is more general as we allow for nonstationary stochastic
processes X as long as they satisfy Definition 3. This is more realistic as simple
point processes are not necessarily stationary for the applications in statistics.
For more on ergodicity, the reader may consult Doob (1953) (pp. 167-185) and
Rosenblatt (1978).

Since the space of bounded functions is not large enough to establish the
central limit theorem, we introduce a bigger space in the following definition.
We denote this bigger space by Ct(E,R). This corresponds to Definition 3.7 (p.
1806) in Clinet and Yoshida (2017) and Definition 4 in Potiron (2026a).

Definition 4. We denote by C+(E, R) the set of continuous functions ¢ : (u,v,w) —
¥ (u,v,w) from the space E to the space of real numbers R that satisfy

(a) 1 is continuous on R} x RS x R,.

(b) The function 1 is of polynomial growth in its arguments u, v and w. We
also have that ¢(1{”T>°},v,w) is of polynomial growth as v — 0 for any
fixed (v,w) € RT x R,. In addition, we have that v (u, 1{’;7”},111) is of
polynomial growth as v — 0 for any fixed (u,w) € R x R,,.

(¢) We have ¥(0,v,w) = ¢¥(u,0,w) =0 for any (u,v,w) € E.

In Definition 4 (b), we require that 1/}(1“‘T>°}, v,w) is of polynomial growth
as u — 0 for any fixed (v, w) € RT x R,,. We also require that w(u, 1{’%0}, w) is
of polynomial growth as v — 0 for any fixed (u,w) € RT x R,,. These assump-
tions are used in the proof of the central limit theorem (see Theorem 1). This
can be explained by the form of the asymptotic Fisher matrix (12), which can
be reexpressed with these assumptions. Without these assumptions, we cannot
prove the central limit theorem (see Theorem 1).

Lemma 1 from Potiron (2026a) extends the starting space of the limit function
7 from the space Cy,(E, R) to the space C;(E,R) and gives a more explicit form.
More specifically, it shows that, for any index ¢ = 1,...,d and any parameter
0 € O, there exists a probability measure Wél) on the space F such that, for any
function ¢ € C4+(E,R), we have

7@ (y) = / b, v, w)w” (du, dv, dw).
E
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Moreover, Lemma 2 from Potiron (2026a) ensures that the family of intensities
A(0) does not explode on any compact space based on these ergodicity assump-
tions.

We have now all the ingredients to derive the form of the asymptotic Fisher
matrix. First, we have that

d
1 @
= Z/Ew®257ré*)(du,dv7dw). (12)
i=1

Here, we define the tensor product of a vector z € R” as 292 = 22T € R"*". The
form of the asymptotic Fisher matrix I" is derived in Clinet and Yoshida (2017)
(see Equation 3.2), then used in Potiron and Volkov (2026) (see Equation (15))
and Potiron (2026a) (see Equation (13)). In Expression (51) from the proof of
Theorem 1 in Potiron (2026a), we show that we can reexpress the asymptotic
Fisher information matrix as I' = — limy_, 7E[0317(6%)].

4. Parametric inference for Hawkes processes with a general kernel

In this section, we consider Hawkes mutually exciting processes as a simple
point process. We assume that the kernel has a general form and is parametric.
The parametric inference procedure is based on maximum likelihood estimation.
We first show that the Hawkes process intensity and its derivative are mixing
(see Proposition 1) and ergodic (see Proposition 2). Then, our main result is
the central limit theorem of the parametric inference procedure for the Hawkes
processes (see Theorem 1). In particular, we allow for kernels with power distri-
bution under some smoothness assumptions on the kernel shape. The proof of
the central limit theorem relies on the application of Theorem 1 from Potiron
(2026a) by showing that Assumption 1 from Potiron (2026a) is satisfied in that
special case. The main part of the proofs is to show that the stochastic process
X is ergodic.

As a particular simple point process, our paper is concerned with Hawkes
processes in which the kernel has a general form and is parametric. More specif-
ically, we introduce for any parameter § € © and any time ¢t € RT the family of
intensities

A(0) = v + /Ot h(t — s, k) dN,. (13)

Here, h is a kernel matrix function of dimension d x d. The simple point processes
are mutually exciting in the sense that the diagonal components h(*? are self-
exciting terms for the ith process and non-diagonal components h(*7) are cross-
exciting terms for the ith process made by events from the jth process for any
indexi=1,...,d and any index j = 1,...,d. Moreover, the baseline parameter
v is a vector of dimension d and the kernel parameter « is a vector of dimension
n — d. We assume that the parameter 6 has the form 0 = (v, k) and that they
belong to the parameter space © = (0,,0,). We also assume that n > 2d.
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Finally, we assume the existence of the true parameter 8* € © such that for any
time t € R™ we have

Here, we assume that the parameter 6* has the form 6* = (v*,x*) in which
v* €0, and k* € O,.

We introduce some notation which will be used to give the assumptions. We
define © as the closure space of ©. If z is a real number, a vector, a matrix
or a tensor, we define the sum of the absolute values of its components as
|z| = 3, |i]. Moreover, we define R}, , as the space of matrices of dimension
d x d where each component of the matrix corresponds to the space of real
nonnegative numbers Rt = [0, c0).

Now, we denote by Hgfﬁ) the maximum argument parameter of the kernel
function h(47)(t, k) for any time t € R, any index i = 1,...,d and any index
j=1,...,d. It is defined through

h(i’j)(t,mgfﬁ)) = sup (h(i’j)(t,fe)). (15)
KEO,
Then, we define the matrix ¢ of dimension d x d which is the integral of the
kernel function A7) (¢, nil_i)) as

T . .
¢(i7j) = sup / h(i’j)(t, ﬂglf))dt.
TeR+ Jo '

We also define the matrix ¢o of dimension d x d which is the integral of the
squared kernel function

(h(i’j)(t7 mj))Q.

Namely, we have for any index ¢ = 1,...,d and any index j = 1,...,d that

T

,J i,j 5,5)\) 2

Qﬁ; ) — sup / (h( ’])(t,ng,ﬁ))) dt.
TeR+ JO

We introduce the same type of notation for the first derivative of the kernel.

Namely, we denote by (/iil_ﬁ)?),k,glzf )) the maximum arguments of the kernel

derivative |8,€h(i’j)(t,/i)(k)‘ for any index ¢ = 1,...,d, any index j = 1,...,d
and any time ¢t € RT. It is defined through

|0k (8, £EDNETD = sup |9,k (k) B). (16)
d

KEO, k=1,....n—

Then, we define the matrix ¢3 of dimension d x d which is the integral of the
kernel derivative |8ﬁh(i’j)(t,ni?_’i’)g)(kgéﬂ)| as

L T P 0.7 7
¢ém) — sup / |anh(w>(t,n§1ﬁ>3)(k§,s))\dt.
TeRT JO o
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We introduce the same type of notation for the second derivative of the

kernel. Namely, we denote by (Iig ﬁl,k&j ),l(w )) the maximum arguments of

the kernel second derivative |8£ L) (t, k) l)| for any index ¢ = 1,...,d, any
index j = 1,...,d and any time ¢t € RT. It is defined through

> ) (B D)
|92n09) ¢, ,{Eli)él)(kt,f Uy )| = sup |32 W) (¢, 1) B0 (17)
o KEO k,l=1,...,n—

Then, we define the matrix ¢4 of dimension d x d which is the integral of the

(z,g) >(k£L4J)’l(l J)

kernel second derivative |82h(’73)(t Ky ‘ as

T

o . P 0) (R0 (59

(254(1%]) = sup / |3ih(l’])(t, "iz(sli)Al)(k"“J NI )|dt.
TeR+ J0 o

Finally, we give the notation for the squared derivative and squared second

derivative of the kernel. More specifically, we define the matrix ¢5 of dimension

d x d which is the integral of |(’9,{h(i’j)(t7 ﬁgff))?))(kgféj)) ’2

T

i, i,j i,j (3,9)

¢é J) _ sup / ’aﬁh( v])(ty,i;_’i,)s)(kt,g] )|2dt.
TeRtT JO

Moreover, we define the matrix ¢ of dimension d x d which is the integral of

|21 (¢, (00 )| g

T
07 = sup [ |02 (k{2 D P,
TeR+ JO
We now introduce a set of assumptions required for the central limit theorem
of the parametric inference procedure for Hawkes processes. In particular, we
allow for kernels with power distribution under some smoothness assumptions
on the kernel shape.

Assumption 1. (a) There exists a positive constant v_ € R} such that for any
baseline parameter v € O, and any index i = 1,...,d we have v(V) > v_.
(b) For any kernel parameter x € ©,, and any time ¢t € R™, we have h(t, x) > 0.
(c) We assume that the parameter space © C R,, is such that its closure © is
a compact space.
(d) We have ¢(*7) < 1 and (béi’j) < 1 for any index i = 1,...,d and any index
j=1,....d
(e) For any time s € RT almost everywhere, we have the kernel function
Kk — h(s, k) is twice continuously differentiable from the kernel parameter
space O, to the space R;X 4 and there exists a continuous extension to the

space O,. N N
(f) We have (bgf’J) <1 and (b‘(f’J) < 1 for any index i = 1,...,d and any index
j=1,...,d.

(g) We have d)( ) <1 and d)(” < 1 for any index i = 1,...,d and any index
j=1,...,d.
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(h) We have P(X\(6*) = X;(0)) = 1 implies that 6* = 6.

Assumption 1 (a) implies that the simple point processes are well-defined and
is also required in the simpler case of heterogeneous Poisson processes without
a kernel (see Daley and Vere-Jones (2003)). Assumption 1 (b) is restrictive
for kernels with inhibitory effects. Assumption 1 (c) corresponds exactly to
Assumption 2 (b) and is weaker than the framework from Clinet and Yoshida
(2017) and Potiron and Volkov (2026) where the parameter space satisfies the
assumptions from the Sobolev embedding theorem.

The case ¢(»7) < 1 in Assumption 1 (d) states that the kernel integral when
evaluated at the maximum argument parameter of (%) (t, k) is strictly smaller
than unity. This is slightly stronger than the assumption which is necessary to
obtain a stationary intensity with finite first moment (see Lemma 1 (p. 495)
in Hawkes and Oakes (1974) and Theorem 1 (p. 1567) in Brémaud and Mas-
soulié (1996)). The case ¢S’J) < 1 in Assumption 1 (d) ensures that the kernel
integral, when squared and evaluated at the maximum argument parameter of
h(9)(t, k), is strictly smaller than unity. Assumption 1 (d) is mainly used to
prove Assumption 1 (d) in Potiron (2026a).

Assumption 1 (e) requires some smoothness assumptions on the kernel shape
and is primarily used to show Assumption 1 (f) in Potiron (2026a). Moreover, the
case ¢g’] ) < 1in Assumption 1 (f) states that the kernel derivative integral when
evaluated at the maximum arguments of |8Kh(i’j)(t,/1)(k)| is strictly smaller

than unity. The case QSElw ) < 1in Assumption 1 (f) ensures that the spectral
radius of the kernel second derivative integral when evaluated at the maximum
arguments of |8zh(i’j)(t, Ii)(k’l)‘ is strictly smaller than unity. Assumption 1 (f)
is mainly used to show Assumption 1 (g) in Potiron (2026a). It is required since
Assumption 1 (g) in Potiron (2026a) considers the intensity derivatives dgA:(6)
and Hessian matrix of the intensity, namely 92\ (6).

In addition, the case ¢\/) < 1in Assumption 1 (g) ensures that the the kernel
derivative integral, when squared and evaluated at the maximum arguments of
‘8ﬁh(i’j)(t, r)(®)|, is strictly smaller than unity. When gb((;”) < 1 in Assumption
1 (g), we have that the kernel second derivative integral, when squared and
evaluated at the maximum arguments of [92h(+9) (¢, k)(*:D|, is strictly smaller
than unity. Assumption 1 (g) is primarily used to prove Assumption 1 (h) in
Potiron (2026a). It is necessary since Assumption 2 (h) considers the product
of the intensity derivatives dpA;(6*) and the intensity Hessian matrix 9\ (6*).
Finally, Assumption 1 (h) is required for the non-degeneracy of the parametric
inference procedure and is used to get Assumption 1 (e) in Potiron (2026a).

To show that the stochastic process X is ergodic, we have to introduce the
notion of mixing. Mixing assumptions are somewhat stronger than the ergod-
icity assumption. They are defined as assumptions on the dependence of the
stochastic process X. The mixing assumptions were introduced in Rosenblatt
(1956). For background on mixing assumptions, see Doukhan (1995), Section
3.4 (pp. 46-53) in White (2001) and Bradley (2007). The following definition
states one specific mixing assumption for the stochastic process X that we will
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use. This corresponds to the definition from Section 3.4 in Clinet and Yoshida
(2017). See also Definition C2 in Supplement C of Potiron and Volkov (2026).

Definition 5 (mixing). We say that the stochastic process X is mixing if for any
function 1 € Cp(E,R), any function 5 € Cp(F,R) and any index i =1,...,d,
we have as the final time 7" — oo that

s = sup | Cov [%(Xs(i))Wz(Xs(QT)” =0

seRt

The following proposition states that the stochastic process X is mixing in
the sense of Definition 5. This extends Lemma A.6 (p. 1834) in Clinet and
Yoshida (2017) and Proposition C1 (i) in Supplement C of Potiron and Volkov
(2026).

Proposition 1 (mixing). We assume that Assumptions 1 (a), (b), (c), (d),
(e), (f) and (g) hold. Then, the stochastic process X is mizing in the sense of
Definition 5 for any parameter 6 € ©.

Lemma 8 from Appendix A states that the stochastic process X is stable.
Namely, for any parameter § € © and any index ¢ = 1,...,d there exists an

R} -valued random variable )\l(i)(H) such that we have
i) D 1) n* i i
X3 B (A0, 77(0), 0007 (9)).

Here, X 2B X denotes the standard convergence in distribution with respect to
the probability measure P of the family of random variables Xt to the random
variable X as the final time T — +oc.

The following proposition states that the stochastic process X is ergodic in
the sense of Definition 3. Moreover, it delivers a more explicit expression of the
limit function 7(¢)). This extends Lemma 3.16 (p. 1815) in Clinet and Yoshida
(2017) and Proposition C1 (iii) in Potiron and Volkov (2026). The proof relies
on the fact that the stochastic process X is mixing.

Proposition 2 (ergodic). We assume that Assumptions 1 (a), (b), (c), (d),
(e), (f) and (g) hold. Then, the stochastic process X is ergodic in the sense
of Definition 3 for any parameter § € ©. Moreover, we have for any index
i=1,...,d that

7D (W) = E[p(A\ (%), A7 (8), 952" (6))].

The theorem that follows is the main result from this paper. We state the cen-
tral limit theorem of the parametric inference procedure for Hawkes processes.
The kernel has a general form and is parametric. The parametric inference pro-
cedure is based on maximum likelihood estimation. We consider asymptotics
when the final time diverges to infinity, namely 7" — +o0. This extends The-
orem 4.6 (p. 1821) in Clinet and Yoshida (2017) and Theorem 1 from Potiron
and Volkov (2026). In particular, we allow for kernels with power distribution,
under some smoothness assumptions on the kernel shape. The proof of relies on
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the application of Theorem 1 from Potiron (2026a) by showing that Assumption
1 from Potiron (2026a) is satisfied in that special case. The main part of the
proofs is to show that the stochastic process X is ergodic by an application of
Proposition 2.

Theorem 1 (central limit theorem). We assume that Assumption 1 holds.
Then, we have as the final time T — +oo the central limit theorem of the para-
metric inference procedure for Hawkes processes where the kernel has a general
form and is parametric, namely

VT(0r —07) B 112 (18)

5. Discussion

In this section, we discuss about one example of Hawkes processes which is a
particular case of our general framework. However, we emphasize that showing
Assumption 1 in this example is hard and above the scope of this paper. Thus,
the central limit theorem of this particular example cannot be easily deduced
as a corollary of Theorem 1. For that purpose, we refer the reader to the recent
paper (see Erdemlioglu et al. (2025b)) which proves Assumption 1 in this special
case and obtains the central limit theorem.

Erdemlioglu et al. (2025b) introduce the periodic log-logistic kernel which is
polynomially decreasing. More specifically, we define for any index i =1,--- ,d
and any index j = 1,--- ,d the component with ith row and jth column of the
periodic log-logistic kernel as

h(i’j)(t, K(i,j))
BB =1
(a@))BED (1 + (t/alind) )82

= &) (1 4 A cog(n(B9)t)) (19)

Here, v(7) € R} is the level of intensity, A7) € R is the amplitude of the
oscillation and 7("7) € R} is the period of the oscillation. Moreover, a(%7) € R}
is the scale parameter and g(7) ¢ R} is the shape parameter from the log-
logistic distribution. We assume that the kernel parameter is of the form

ko= (50) i eq = (KO, /0D L g@d=D) L@y (9)

K,(i’j) — (ry(lﬂ)7 A(ZJ)’ ﬂ—(iaj)7 a(i,j)’ /B(ZJ))

We study a periodic kernel as there is empirical evidence of periodicity in finance.
Erdemlioglu et al. (2025b) show that Hawkes processes with a periodic log-
logistic kernel satisfies Assumption 1 from our paper. Thus, they can deduce
the central limit theorem of the Hawkes process with periodic log-logistic kernel
based on an application of Theorem 1. This requires to study deeply some
smoothness properties of the log-logistic distribution when seen as a function of
its parameters in the proofs.
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6. Conclusion

In this paper, we have developed parametric inference for mutually exciting
Hawkes processes for which its intensity has a parametric form. The kernel was
allowed to decay as the power distribution. The parametric inference procedure
was based on maximum likelihood estimation. First, we have showed that the
intensity of the Hawkes process is mixing. Then, we have proved that the inten-
sity of the Hawkes process is ergodic. Finally, we have showed the central limit
theorem of the parametric inference procedure.

In Section 5, we have discussed about one example of Hawkes processes which
was a particular case of our general framework. However, we have emphasized
that showing Assumption 1 in this example was hard and above the scope of this
paper. Thus, the central limit theorem of this particular example could not be
easily deduced as a corollary of Theorem 1. For that purpose, we have referred
the reader to the recent paper (see Erdemlioglu et al. (2025b)) which proves
Assumption 1 in this special case and obtains the central limit theorem.
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Appendix A: Proofs of the central limit theorem for Hawkes
processes with a general kernel

In this section, we give the proofs of Propositions 1 and 2. We also give the
proof of the central limit theorem for Hawkes processes in which the kernel is
parametric and general, namely Theorem 1.

The proof of Theorem 1 relies on proving Assumption 1 and the application of
Theorem 1 from Potiron (2026a). Before introducing Assumption 1 from Potiron
(2026a), we first need to introduce some notation. If Y is a random variable, we
define its L? norm as ||Y]||, = E[|Y|?]'/?. We define the normalized deviation
between the log likelihood at the parameter value 8 € © and the log likelihood
at the true parameter value 6* as

Yr(0) = 7 (0 (6) — 1 (6). (21)

Then, we define the limit function when the final time 7" — oo of the family of
stochastic processes Yr () for any parameter value 6 € © as

Y(0) = i/E (log (%)u —(v— u))l{u>0,v>0}7r(gi)(du, dv, dw). (22)

As the true parameter value #* is a maximum argument of the log likelihood
limit, we have by definition that the limit function satisfies Y'(6) < 0 for any
parameter 6§ € ©O. Finally, we define the stochastic process F' for any index

i=1,...,d, any parameter § € © and any time t € RT as
i aeM)22(0)
RO ) = 000,
Ac(0)

We now introduce a set of assumptions required for the central limit theorem
of the parametric inference procedure based on maximum likelihood estimation,
namely Assumption 1 from Potiron (2026a). In particular, Assumption 1 from
Potiron (2026a) weakens the assumptions from the simple point process theory
in Clinet and Yoshida (2017) since they do not allow for kernels of Hawkes
processes with power distribution.

Assumption 2. (a) The family of intensities A : Q@ x R x © — R} is F ®
B(R") ® B(O)-measurable.

(b) We assume that the parameter space © C R,, is such that its closure © is
a compact space.

(¢) The family of stochastic processes X is ergodic in the sense of Definition
3 for any parameter 6 € O.

(d) We have sup, ¢z || supgee [3¢(6)] ||z < +oc.

(e) We have Y (0) # 0 for any parameter § € © — {6*}.

(f) For any time s € R™ almost everywhere, we have almost surely that the
intensity process 8 — As(6) is twice continuously differentiable from the
parameter space © to the space Ri{ and there exists a continuous extension
to the space ©.
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(g) We have P([ [0pA:(8)|dt < 00) = 1 and P(f, [92:(8)]dt < o0) = 1 for
any parameter § € © and any time T > 0.
(h) For any index i =1,...,d, we have

DA (0)\ |1 (i)

e [0 Gy ) O], < e
tSLIgJ)r ‘(%Ft(i)(@*) )‘Ei)(a*)l{/\ii)>0} . < Hoo,
€

(1) (g
ORI C) _
sup ‘(80>‘t )(6) ’ X967 Lowsey ||, < Foo

In the theorem that follows, we state the central limit theorem of the paramet-
ric inference procedure for general ergodic point processes when its intensity has
a parametric form. This corresponds exactly to Theorem 1 in Potiron (2026a).

Theorem 2. We assume that Assumption 2 holds. Then, we have the central
limit theorem of the parametric inference procedure based on mazimum likelihood
estimation as the final time T — 400, namely

VT (0 —07) B1-1/2¢. (23)

In what follows, the constant C' refers to a generic constant, which can differ
from line to line. For a measure yu, we denote by L'(u) the space of functions
that are integrable with respect to p.

We first show the following lemma, which corresponds to Assumption 2 (a).

Lemma 1. We assume that Assumptions 1 (a) and (b) hold. Then, the family
of intensities A : A x RT x © — R;L defined in Equation (13) is measurable with
respect to the o-algebra F @ B(R') @ B(0).

Proof of Lemma 1. First, we get by Definition (13), Assumptions 1 (a) and (b)
that the intensity process is nonnegative, namely \; > 0 for any time t € RT
and any w € €. Then, we can deduce that the intensity process A is measurable
with respect to the o-algebra F @ B(RT) ® B(©) by Definition (13). O

We now give the following lemma, which corresponds to Assumption 2 (b).
This is a direct application of Assumption 1 (c).

Lemma 2. We assume that Assumption 1 (¢) holds. Then, the parameter space
O C R™ is such that its closure © is a compact space.

Proof of Lemma 2. The statement of the lemma corresponds exactly to As-
sumption 1 (c) O

The next lemma is Lemma A.2 (p. 1825) from Clinet and Yoshida (2017).

Lemma 3. We assume that Assumptions 1 (a), (b) and (c) hold. Let an integer
p € N, and f be a stochastic process such that f2° is almost surely locally
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integrable on the space RY. Then, we have for any index i =1,...,d that there
exists a positive real constant Cy, € RY such that

E| /OT fam®["]

< C]Ei/ 27067 dt]

or—1
+GyE| / F2A0 ]
0

Proof of Lemma 3. This is a direct application of Lemma A.2 (p. 1825) from
Clinet and Yoshida (2017). O

We now show the following lemma, which corresponds to Assumption 2 (d).
This complements Lemma C4 in Supplement C of Potiron and Volkov (2026).

Lemma 4. We assume that Assumptions 1 (a), (b), (¢) and (d) hold. Then,
we have

sup sup\)\t(ﬁ)|H < 400.

teR+ ! €O 2

Proof of Lemma 4. We first prove that

sup
teRt

sup |)\t(0)|H < too. (24)
0€O 1

First, we have

[supn@)l|| = E[suplr)]
0co 1 JC]

- sl {300)

-0co

= E:sup{z (l)—i-Z/ R (¢ /f)st(j)H.

0e®

Here, we use the definition of the norm || ||; in the first equality, the definition
of | | in the second equality, and Definition (13) in the third equality.
Then, we have

HSZS'At(Q)‘Hl - E{ggg{:l V(i)+i/ot W (t — s, “)st(j)H
d d_ .t |
< ]E[C—i—zgg{;;/o h(lﬂ)(t_S?fi)st(”H
_ d d /t (i7j)(t_ )dN(j)}}
= C—I—E[:gg{;; | h S, K ( _

Here, we use Assumption 1 (c) in the inequality, and expectation properties in
the second equality.
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Moreover, we obtain

H sup |)\t(9)|H1 < C +E[sup { ii h(i’j)(t — S,K:)dNégj)}]

EE) 0€0 * i ;=170
= 0B {3 [ 409N}

— s, n§”) )st(j)}

A
Q
+
&
g
|'M
S—
=

Here, we use the fact that the kernel depends only on the parameter x in the
equality, and Definition (15) in the second inequality.
In addition, we obtain

d d t
(@.9) (¢ — %) (4)
H;gg\At(f))lHl < C+E[;;/O WD (t = s, 6,77 4 )N }
S0 9 9 REIEREE NIy 2
d d ]
< C’—|—ZZ sup ‘)\(J H /h” (t—s, H§Z7Q+)d8.

i—1 j— 1 tERT

Here, we use martingale properties in the equality and supremum properties in
the second inequality.

By Assumption 1 (d), there exists a real positive number h* which is smaller
than unity, namely 0 < h™ < 1. This real positive number h™ satisfies for any
index t =1,...,d and any index j = 1,...,d that

/0 h&:d) (t—s, ngl ]S)Jr)ds <ht. (25)

Then, we have

t
(4) (0.9) (4 _ o o(B3)
s nee], < C+ZZ;§3(H% 1) )16 i yas
S
+ZZ;1;5( 210)
< C+ sup (Hsup|)\t(9)\ H )h+.
teR+ Ml oeo 1

Here, we use Expression (25) in the second inequality, the definition of | | and
supremum properties in the third inequality. By taking the supremum over the
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time t € R™ on the left side of the expression, we can deduce that

o (L) <eon s (o). eo

teR+ 4SS teRT 0€©
Since 0 < h* < 1, Expression (26) implies

C
1—ht’

o (oo )

teRT 0co

(27)

Thus, we have shown Expression (24). Finally, the lemma can be shown by an
application of Lemma 3 with Assumption 1 (d). O

We now show the following lemma, which corresponds to Assumption 2 (f).

Lemma 5. We assume that Assumptions 1 (a), (b), (¢), (d) and (e) hold. For
any time s € RT almost everywhere, we have almost surely that the intensity
0 — As(0) is twice continuously differentiable from the parameter space © to the
space R;. Moreover, there exists a continuous extension to the space 0.

Proof of Lemma 5. By Definition (13), we have

¢
/\t(G):VJr/ h(t — s, k) dNs.
0

Since the baseline parameter v is twice continuously differentiable from the
parameter space © to the space R(‘; and there exists a continuous extension to
the space O, it remains to show the lemma with

¢
)\t,h(ﬁ):/ h(t — s, k) dNs.
0

For any index 7 = 1,...,d, the intensity can be rewritten as
A9 (6) = Z/ R (t — s, 1) AN,
j=1"0

By the assumption on the times of the point process (3), the intensity )\El})l((‘))
can be reexpressed as

d
A0 =S > a1 k).
I=lkeN, : 0<T <t

By Lemma 2 in Potiron (2026a) and compactness of the segment [0,7], we
have that the number of terms in the sum and each term are almost surely
finite. Then, we can deduce that )\gl})l (9) is almost surely finite. As the kernel
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is differentiable almost everywhere by Assumption 1 (e), we can deduce that
)\E?L(H) is almost surely differentiable and

d
WO = > (=T k).

I=1 geN. : o< <t

As the kernel is twice differentiable almost everywhere by Assumption 1 (e), we
can deduce that )\SQL (9) is almost surely differentiable and

d
FNAO =D > R -T k).

7=l keN, : o< <t

Thus, we have almost surely that the intensity process 8 — As(#) for any time
s € R almost everywhere is twice continuously differentiable from the param-
eter space © to the space R} and there exists a continuous extension to the
space O. O

We now show the following lemma, which corresponds to Assumption 2 (g).

Lemma 6. We assume that Assumptions 1 (a), (b), (¢), (d), (e) and (f) hold.
For any parameter 6 € © and any time T € R}, we have ]P’(fOT |0g A (0)|dt <
00) = 1 and P(f; [920:(6)]dt < o0) = 1.

Proof of Lemma 6. By Definition (13), we have
t
M(0) =v —|—/ h(t — s, k) dNj.
0

Since v satisfies ]P’(fOT |Ogv|dt < o0) =1 and IP’(fOT |02v|dt < o0) = 1, it remains
to show the lemma with

¢
)\t,h(ﬂ):/ h(t — s, k) dNs.
0

For any index ¢ = 1,...,d, the intensity )\gl})l (6) can be rewritten as
. d t .. .
MO(0) = Z/ KD (t — s, k) AN,
j=1"0

By the assumption on the times of the point process (3), the intensity /\Ez,)L(Q)
can be reexpressed as

d
A0 =" 3 hD (£ -1, k).

J=1 keN, such that 0<TP <t
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By Lemma 2 in Potiron (2026a) and compactness of the segment [0,7], we
have that the number of terms in the sum and each term are almost surely
finite. Then, we can deduce that )\gz; (9) is almost surely finite. As the kernel is
differentiable almost everywhere by Assumption 1 (e), we can deduce that the

intensity )\EZZL(Q) is almost surely differentiable and

d
A0 =" 3 ah (-1, k).

I=lken, : o<1 <t

By the assumption on the times of the point process (3), the intensity derivative
89)\51,1(9) can be reexpressed as

) d t N '
69)‘52(9) = Z/o ph ) (t — s,K) AN,
j=1

Then, we obtain IP’(fOT |Op At (0)]dt < o0) = 1 by Assumption 1 (f). As the kernel

is twice differentiable almost everywhere by Assumption 1 (e), we can deduce
that the intensity process AE%(G) is almost surely twice differentiable and

d
RNO) =D > RN (t =1, k).
7=1 LN, such that 0<T{? <t

By the assumption on the times of the point process (3), the intensity second
derivative 83&%(9) can be reexpressed as

BN (0) :Z/O O2hI) (t — 5, k) AN,
j=1

Finally, we obtain ]P’(fOT |02 \:(0)|dt < o0) = 1 by Assumption 1 (f). O
We now show the following lemma, which corresponds to Assumption 2 (h).

Lemma 7. We assume that Assumptions 1 (a), (b), (¢), (d), (¢), (f) and (g)

hold. For any index i =1,...,d, we have
sup ’3 (5‘9>\§i)(0*))’/\(i)(0*)1 < 400
(7 - (4) )
teR+ )\,EZ)(Q*) ¢ >0}
(1) (x| (D) (p*
tselﬁg ‘(“)gFt (O")|N (0 )1{)\£i)>0} . < +00,
(4) (g
(i) (g | | PoAe(07)
sup ‘ 92\ 0 ‘7 ) < 400
eRF ( 0\t )( ) /\gz)(e*) {Ad>o0r ||
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Proof of Lemma 7. We define the nonnegative real number I € R as

Y GNING
I= e el I A A E U | 9
tselﬁ@ 6( )\El)(g*) ) 0 (07) {/\§)>0}H2
By Assumptions 1 (a) and (b), we can deduce that
89)\(i) 9* D)
I=sup ‘8@(%) )\1(5)(9 ) ‘ .
teR+ A (6%) 2

By derivative formula, we obtain

A (6")

I = sup
teR+

‘83&2')(9*) — (9a)%2(6")
)\§1) (6+)2

‘2'

This can be reexpressed as

1= sup ‘3%5”(9*) — (@) *%(6%) H
teR+ )\E” (6*) 2
By Assumption 1 (a), we can deduce that
1 . .
1< — sup || 827 (0%) = (00207 ||
V— ter+ 2

By extending the arguments from the proof of Lemma 4 with Assumptions 1
(f), (g) and Equation (13), we obtain

I < +o0. (28)

We also define the nonnegative real number I1 € RT as

_ @ g\ g
1= suw ‘%Ft CRIIT )1{A§L)>O}H1.
By definition of Ft(i) (6*), we can deduce that
(@A) P20\ [0
1= || Joo (AN 0 gy
teR+ ( )\,§1)(9*)2 ) a ){)‘t)>0} !

By Assumptions 1 (a) and (b), we can deduce that

(P2

II = sup ‘
1

teR

By extending the arguments from the proof of the case I < 400 with Assump-
tions 1 (a), (f), (g) and Equation (13), we obtain

IT < +o0. (29)
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Moreover, we define the nonnegative real number II1] € RT as

, aeN" (67)
11 = (@A) |22 1 sy ||
tSeL]gi ( 0\t )( ) )\gl)(e*) A9 50} 1
By Assumptions 1 (a) and (b), we can deduce that
_ (4) (p*
III = sup ‘(692)\§Z))(9*) ’780)\.t (6*) H .
teR+ A (e T
By Assumption 1 (a), we can deduce that
1 RO (i)
Il < sup || [(95A;7)(07)] |Oo ;7 (07)] || -
V— ter+ 1

By extending the arguments from the proof of the case I < +o0o with Assump-
tions 1 (f), (g) and Equation (13), we obtain

11T < +oc. (30)

Finally, we can prove the lemma with Expressions (28), (29) and (30). O
In what follows, we establish the proof of Proposition 1.

Proof of Proposition 1. We first define the truncation of the stochastic process
Xq(f) at the time 0 <t < 7T as

X = (N )(9*)7; /t W(T—u, G)dw)}; /t 09 (9 (T—u,0)) AN ).

Then, we can reexpress the function ug) as

py) = sup | Cov [t (X)), (X))

seRt

sup | Cov [un (X(7), wa(X{p) = a(X) )+ (X8 D]

seER+

Here, we use Definition 5 in the first equality. Using the triangular inequality,
covariance and supremum properties, we can bound the function ,ug) by

ngi) < Slﬁg ’ Cov [wl (Xgi))7¢2(Xs(QT> - wQ(ygﬁ s+T)” (31)
EIS 7
(i) v ()
+ sup | Cov [n (X, (X[ ]|

We define the function Iq(f ) as

1) = sup | Cov [ (X, n(X0y) — (XY ]|

sERT
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We also define the function I Ig) as

113 = sup | Cov [0 (X)), v (XY 2 )]

sERT

By the definition of the function I, ;3 )7 Cauchy—Schwarz inequality and supremum
properties, we can deduce that

I < sup Var [, (X®)] sup Var [12(X 7)) —wz(f(ﬁ ) (32)

seRt sERT

By Lemmas 4 and 7, we get

sup Var [wl(Xgi))} <C. (33)

seERT

Since v/T — co, we obtain by Assumption 1 (d) that

sup Var [’(/)Q(XS(QT) — QZ}Q(X(,L)

Sup, o ﬁsg)] — 0. (34)

By Expressions (32), (33) and (34), we can deduce that

I —o. (35)
As T — oo, by Assumption 1 (d), we obtain

1 —o. (36)
By Expressions (31), (35) and (36), we can deduce that

,ug) — 0.

O

The following lemma states that the stochastic process X is stable. This
extends Lemma A.6 (p. 1834) in Clinet and Yoshida (2017) and Proposition C1
(ii) in Potiron and Volkov (2026).

Lemma 8. We assume that Assumptions 1 (a), (b), (¢), (d), (¢), (f) and (g)
hold. Then, the stochastic process X is stable for any parameter 6 € ©, namely

for any index i = 1,...,d there exists an R} -valued random variable )\l(i) (9)
such that as the final time T — oo we have

i) D 7 * '3 7
XD B (A0, A(0), 000 (9)).

Proof of Lemma 8. The proof is obtained by an application of Theorem 1 in
Brémaud and Massoulié¢ (1996) and Lemma 4 in Brémaud and Massoulié (1996)
with Assumption 1 (d). O
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We now detail the proof of Proposition 2 in what follows. The proof relies on
the fact that the stochastic process X is ergodic by an application of Proposition
1.

Proof of Proposition 2. For any function ¢ € Cy(F,R), we define the stochastic
process V@ (1)) as

, 1 T .
VOw) = 1 [ e (37)
T Jo
To show that the stochastic process X is ergodic, it is sufficient to show that
V@O () 5 70 (1) where
w0 () = (N (07), A7 (6), 007" 9))]-

Since L? convergence implies convergence in probability, it is sufficient to show
L? convergence. Since for any random variable X and any nonrandom a € R we
have E[(X — a)?] = Var[X] + (E[X] — a)?, we can deduce that

E[(VO@) —aD@)?] = Var[VO)]+ EV ()] -7 (@)% (38)
We define the real number I as
I9 = Var[V® ()]
We also define the real number I7() as
1Y = EVO ()] — 7 (4))%.
We have
19 = Varv® ()]
I :
— Var [T /0 w(Xy))ds}
- %Var UOT ¢(X§Z’>)ds}.
Here, we use the definition of () in the first equality, the definition of V() (4))
in the second equality, and the fact that for any nonrandom a € R and any

random variable X we have Var[aX] = a? Var[X] in the third equality.
Then, we have

10 = —Var{ w(XS(i))ds}

1 T i
= 75 Jim Var [E > w(XIET)‘/K)}

K—oo

1 . T2 (@)
= 73 Jim e Var [ 30 0(X,20]-
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Here, we use the approximation of the Riemann sum in the second equality
as the random function (X Z)) is Riemann integrable for any w € , and an
application of the dominated convergence theorem in the third equality.

Then, we have

2 K-

H

, 1
@ - (#)
7= wim Ve kz Y20
—0
T2 K=1K-1 “ o
- ﬁ,(lf}w K2 COV[ (Xeryx) (X )
k=0 1=0

- / / Cov )w(Xg”))}dsdu.

Here, we use Bienayme’s identity in the second equality. By Definition 5, we

obtain
< T2/ / ,ul(;) uldsdu.

A split of the integral into two terms leads to

o L (M
¢ s—/ / P dsdu (39)
T2 o Jo [s—u|~{] [<VT}

1 [T T ©
Jrﬁ/o /0 l‘\s—u|1{\s—u\>ﬁ}d5du-

By Proposition 1, there exists a positive real number /ﬁ) > 0 such that for
any time ¢ > 0 we have uﬁ” < ,uS:). Then, we obtain that

1 T T )
7/ / “\s—u\lus—u\sﬁ}‘“d“ (40)

(l) nT

Then, we can deduce that

nT
%/ / 1o varydsdu — 0. (41)
By Expressions (40) and (41), we can deduce that
/ / ,u‘s wlY{js—uj<vFydsdu — 0. (42)
We also have
1T T
T2 u‘sfu‘l{‘sfubﬁ}dsdu (43)

< sup u;)ﬁ/ / 1o u|>\f}dsdu
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Then, we obtain

sup / / dsdu < sup plV. (44)
YT Yy T2 {ls—u|>VT} yoVT y
Since u( Y50 by an application of Proposition 1, we can also deduce that
sup uz(f) — 0. (45)
y>\/T

Expressions (43), (44) and (45) imply that

Lt (@)
ﬁ/o /0 N\s—u\l{\s_ubﬁ}dsdu—)& (46)
Expressions (39), (42) and (46) yield that
1% 0. )

By the definitions of I7() and V®, we have

110 = (E[% /OTw(Xs(”)ds} —7r<“(1/}))2-

By Fubini’s theorem with Lemmas 4 and 7, we obtain

, 1 (T , . 2
@_ (L @] gs — (0
II (T/o E[z/)(XS )]ds 7 (zp)) . (48)
By Lemma 8, we have that
X B (D 67), A7), 9,7 (6)).

Since convergence in distribution implies convergence in expectation of any
bounded function, we obtain that

E[p(Xy)] = E[w(A\(07), A7 (6), 0 A ()]
By the definition of 7(*)(¢), we can deduce
E[p(X{)] = 70 (). (49)
Expressions (48) and (49) imply that
7% — 0. (50)
Finally, we can deduce By Expressions (38), (47) and (50) that
E[(VO () — =@ (9))?].
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We now show the following lemma, which corresponds to Assumption 2 (e).
This complements Lemma A.7 (p. 1836) in Clinet and Yoshida (2017) and ex-
tends Lemma C6 in Supplement C of Potiron and Volkov (2026).

Lemma 9. We assume that Assumption 1 holds. Then, we have Y (0) # 0 for
any parameter € © — 0.

Proof of Lemma 9. We assume that the parameter § € © and that Y () = 0.
By Definition (22), we can deduce that

d v 4
0= Z/E (log <E>u —(v— u))ﬂé? (du, dv, dw).

By Lemma 8, this can be reexpressed as

d i
0= ;E[log ( AAZ(E))((;)))Agi><e*) — (A0 - A}”(e*))] (51)
we also have by definition for any index i = 1,...,d and any w € 2 that
0> log ( A0 I~ (7 0) = A7) (52)
Sy l l

Expressions (51) and (52) yield a.s.

(0 , | |
0 = log (;gli>(((i)))Al(l)(9*) ~ (A 9) — A9 (67)).

We can then deduce that a.s.
A(07) = M (0).

Finally, we obtain 8* = 6 by Assumption 1 (h). O

We now give the proof of Theorem 1. This is based on an application of
Theorem 2 with Lemmas 1, 4 , 5, 6, 7, 9 and Proposition 2.

Proof of Theorem 1. The proof is an application of Theorem 2 with Lemmas 1,
4,5,6, 7,9 and Proposition 2. O
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