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Abstract
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1 Introduction

Quote intensity is a central measure in financial economics. Quotes are driven by an underlying
stochastic process, which can be interpreted as the flow of news in the mixture of distribution hypothesis
(see Clark (1973), Epps and Epps (1976) and Tauchen and Pitts (1983)). This implies that the quote
intensity is random and persistent whenever the unobservable arrival of news is random and persistent.
Some market microstructure theories suggest that optimal execution strategies are based on time-
varying quote intensity (see Kyle (1985), Admati and Pfleiderer (1988) and Almgren and Chriss (2001)).
Moreover, the increased volatility observed during distressed market conditions often coincides with
abnormal increases in quote intensity.

To investigate high-frequency data, Engle and Russell (1998) and Engle (2000) introduce time
series models, namely autoregressive conditional duration (ACD) models, based on quote times. More
generally, point processes are widely used in econometrics to characterize quote times. These point
processes in which the time between two quotes, i.e., the duration, is random can be seen as a natural
extension of standard time series, in which the time between two quotes is fixed. The main stylized
fact in this strand of literature is the presence of duration clustering over time. This motivates the
so-called Hawkes self-exciting processes (see Hawkes (1971b) and Hawkes (1971a)). We define V; as
the cumulative number of quotes from the starting time 0 to the final time ¢ and \; is the intensity.

Then, a standard definition of a Hawkes self-exciting process is given by

t
At = M+/0 o(t — s) dNs. (1.1)

Here, the real number p > 0 is the Poisson baseline. Also, the nonnegative function ¢ defined on R™
is the exciting kernel. The particular case ¢ = 0 corresponds to a classical Poisson process, so that we
can view Hawkes processes as a natural extension of Poisson processes.

Targeting the presence of duration clustering over time, Hawkes processes are widely used in fi-
nancial econometrics (see Yu (2004), Bowsher (2007), Embrechts et al. (2011), Chen and Hall (2013),

Ait-Sahalia et al. (2014), Clinet and Potiron (2018b) and Corradi et al. (2020)). There are also appli-



cations in finance (see Large (2007), Ait-Sahalia et al. (2015) and Fulop et al. (2015)) and quantitative
finance (see Chavez-Demoulin et al. (2005), Bacry et al. (2013), Jaisson and Rosenbaum (2015) and
Morariu-Patrichi and Pakkanen (2022)). More recently, Cavaliere et al. (2023) develop a bootstrap
approach; Clements et al. (2023) study nonparametric estimation; Christensen and Kolokolov (2024)
propose an unbounded intensity model for more general point processes; Potiron and Volkov (2025)
consider estimation of latency.'

Empirical evidence suggests that the baseline is time-varying during intraday trading activity. Chen
and Hall (2013) show in their empirical study (Section 5.2, pp. 7-10) that goodness-of-fit results are
in favor of their time-varying baseline model over a set of alternatives. In Figure 2 (p. 20), they
document the time-varying nonrandom function for both polynomial and exponential kernel. This
nonrandom path is also visible in Figure 2 (p. 3488) from Clinet and Potiron (2018b). Moreover, the
empirical findings in the two aforementioned papers suggest that there may be a remaining stochastic
effect. Finally, Rambaldi et al. (2015) and Rambaldi et al. (2018) document that there are frequent
intensity bursts in the baseline. In the former paper, the authors focus on a short period around
the macroeconomic news announcement and are able to capture the increase in trading activity after
the news, both when the news has a significant effect on volatility and when this effect is negligible.
In the latter paper, the authors develop a general method to detect intensity bursts and demonstrate
empirically that only a relatively small proportion of these bursts can be related to news. The intensity
remains locally bounded in this case. Finally, Christensen and Kolokolov (2024) propose a framework
for intensity burst detection in which the intensity is potentially unbounded over short time intervals.

In this paper, we consider Hawkes processes with a baseline driven by an It6 semimartingale with

possible jumps, namely

t t
'U,t:,uo-i-/o b8d8+/0 USdWS_i_(51{‘6|S1})*(H_Z)t+(51{|6|>1})*Ht' (1.2)

!See also the working papers Erdemlioglu et al. (2025b), Erdemlioglu et al. (2025a), Potiron et al. (2025b), Potiron
et al. (2025a). Finally, Potiron (2025b) and Potiron (2025c) consider parametric estimation of Hawkes processes, while

Potiron (2025a) studies nonparametric estimation in theoretical econometrics.



The It6 semimartingale baseline is not allowed by any of the aforementioned work, and this model suits
the three aforementioned empirical facts for the baseline intensity: time-variation, stochasticity, and
locally bounded bursts. The reason why we rely on an It6 semimartingale rather than a more general
process is due to the presence of a Hawkes component in the intensity (1.1). Namely, estimation of the
integrated baseline is based on estimation of the integrated volatility of the baseline process. Then, the
[t6 semimartingale baseline (1.2) is the most general model where estimation of integrated volatility is
tractable. It is a restricted semimartingale, and the semimartingale is known to be the most general
class (see Jacod and Shiryaev (2013)). Potiron (2025a) consider a more general baseline, but for which
estimation of the integrated baseline, our object of interest, is not feasible.

We introduce three measures for the intensity of Hawkes processes. We start from the integrated

intensity measure

T
AT:/ A dt. (1.3)
0

This measure is natural since the intensity of a quote plays an inverse role to the volatility of an asset
price. It is well known that the volatility increase is associated with the increase in the number of
quotes. Originally, this measure was introduced in risk management, where the integrated intensity
can be interpreted as the arrival rate in a queuing system. As far as the authors know, it has not been
studied in econometrics. Although the integrated intensity seems to be the most relevant quantity for
applications, it cannot be estimated in the presence of a Hawkes component in the intensity due to the
presence of duration clustering.

This motivates introduction of a second measure, i.e., the integrated baseline

T
0

Compared to the integrated intensity measure (1.3), the Hawkes component of the intensity is removed.
Thus, the integrated baseline measure is smoother, and more importantly, we can estimate it even in
the presence of a Hawkes component in the intensity. This measure was introduced in Clinet and

Potiron (2018b). See also Erdemlioglu et al. (2025b) and Potiron (2025a).



Since the estimation of the integrated baseline is based on the estimation of the integrated volatility
of the baseline process, we also introduce another new measure, i.e., the integrated volatility of the

baseline

IV = /Taf dt. (1.5)
0
Just like the volatility of an asset price, the volatility of the baseline can be seen as a measure of risk
related to the quotes. By selecting this quantity, we also provide a semiparametric measure of the
integrated variance.

Our limit theory builds on in-fill asymptotics when the horizon time T is fixed and the number of
observations on [0, 7] increases as n — oco. This approach is motivated by financial applications based
on high-frequency data (see Ait-Sahalia and Jacod (2014)). Boosting the intensity, i.e., the use of in-fill
asymptotics, boils down to assuming that the intensity is directly proportional to the inverse of the
time interval. In other words, the probability of having a quote is proportional to the inverse of the
time interval. This seems natural when we consider a self-exciting process with a time-varying intensity
applied to quote events. Financial markets reveal submitting many quotes in short time intervals due
to a high baseline amplified by the self-excitation and phases with a lower baseline with fewer quotes
in short time intervals. These phases create randomness, which explains why we look at a random
baseline driven by an It6 semimartingale and not at a purely deterministic time-varying baseline.

Some work in statistics and econometrics accommodates in-fill asymptotics in Hawkes processes.
In-fill asymptotic results in Chen and Hall (2013) are based on random observation times of order n.
A single boosting of the baseline, i.e., Ay = anpus + fg ¢(t — s)dNg, is considered, where o, — 00 is a
scaling sequence. Clinet and Potiron (2018b) introduce a joint boosting of the baseline and the kernel,
Le, A(t) = nuy —|—fg nas exp(—nbs(t —s))dNs. Kwan et al. (2023) revisit Chen and Hall (2013) with the
same asymptotic setup as in Clinet and Potiron (2018b). Christensen and Kolokolov (2024), Potiron
and Volkov (2025), Erdemlioglu et al. (2025b), Erdemlioglu et al. (2025a), Potiron et al. (2025b) and
Potiron et al. (2025a) also use the in-fill asymptotic approach.

The most relevant paper in the literature on Hawkes processes with time-varying baseline is Clinet



and Potiron (2018b), who consider a general stochastic baseline and time-varying kernel parameters in
the exponential kernel case. Clinet and Potiron (2018b) propose estimation of the integrated baseline
based on local parametric estimation. Erdemlioglu et al. (2025a) extend the framework to the case
of a generalized gamma kernel. Chen and Hall (2013) and Kwan et al. (2023) allow for a nonrandom
parametric baseline, relying on parametric estimation from the starting time to the horizon time. Cai
et al. (2024) (Section 4.4) propose a test for constant baseline with high dimensional nonlinear Hawkes
processes. However, the conditions on the parametric kernel are stronger since they use least squares
estimation. Moreover, they also consider a nonrandom baseline, under specific conditions. Finally,
Fang et al. (2024) consider group network Hawkes processes with a time-varying baseline.

Our main result (see Theorem 1) is a joint CLT of suitably rescaled empirical average and preav-
eraging of local Poisson estimates. This contribution is different from the aforementioned papers on
Hawkes processes with a time-varying baseline. The key ingredient in deriving our CLT is the use of the
martingale representation of the intensity. This is based on the convolution of the resolvent kernel and
the martingale. This extends Theorem 2 in Bacry et al. (2013), which considers an invariant baseline
and asymptotics when the final time T — oo, to the time-varying baseline and in-fill asymptotics. In
particular, we study the estimation of the integrated baseline, which was not considered in Bacry et al.
(2013). Thus, we obtain convergence of a three-dimensional process rather than a simpler convergence
of a univariate process. Finally, the functional form of Theorem 1 makes the obtained result very
general. In particular, the tightness condition for the triangular array of martingale increments is fully
addressed in the proofs.

Furthermore, we provide five main corollaries: (i) estimation of the integrated intensity, (ii) esti-
mation of the integrated baseline and (7i7) estimation of the integrated volatility of the baseline. Then,
we consider: (7v) hypothesis testing for the absence of a Hawkes component and (v) hypothesis testing
for constant baseline. We obtain novel results (see Corollary 1) for (i) since the problem has not been
studied in econometrics. Our result (ii) (see Corollary 2) complements Theorem 5.4 in Clinet and

Potiron (2018b). Our result (iii) (see Corollary 3) extends Stoltenberg et al. (2022), who consider the



estimation of covariation between the volatility of a price process and its intensity in the absence of
Hawkes processes. Our strategy for (iv) (see Corollary 4) differs from Dachian and Kutoyants (2006),
who consider parametric and nonparametric composite alternatives with asymptotics when the final
time T" — oo. Finally, the result (v) (see Corollary 5) complements Theorem 6 and Proposition 1 in
Cai et al. (2024).

In our empirical study (see Section 6) on quote data of the E-mini S&P 500 futures contracts,
we show the presence of a Hawkes component capturing clusters of trading and the baseline being
time-varying. Furthermore, we find the intraday pattern to be U-shaped. We emphasize that the
proposed tests are powerful even in cases of other intraday trading patterns. We demonstrate, based
on sub-sample analysis, that both J-shaped and reverse J-shaped trading patterns can be confirmed
using our tests. This highlights the potential for empirical applications of our methodology to other
data sets.

A simulation study (see Section 9) verifies our CLT results, showing that the integrated intensity,
baseline, and volatility have feasible and unfeasible moments converging to their theoretical counter-
parts in large samples. Hypothesis testing results show adequate size and power for the two proposed
tests for the absence of a Hawkes component and constancy of baseline at different levels. We also
confirm that the number of observations showing stable results in simulations is compatible with our
empirical study.

The remainder of this paper is organized as follows. We provide the setup in Section 2, and we
introduce the estimation strategy in Section 3. Our main CLT result is reported in Section 4. We
investigate estimation problems (i)-(i7)-(¢i7) and testing problems (iv)-(v) in Section 5. In Section 6,
an empirical application on high-frequency quote data of the E-mini S&P 500 futures contracts is
presented. Section 7 concludes. All the proofs are gathered in the supplementary materials, Section 8.
We also provide in Section 9 a finite sample analysis, which corroborates the asymptotic theory and

belongs to the supplementary material.



2 Setup

In this section, we introduce Hawkes self-exciting processes with a baseline driven by an Itd semi-
martingale with possible jumps when the horizon time 7' is finite.

We start with an introduction to the point process setup. We define IV; as a simple point process
on the time interval [0, T, i.e., a family {N(C)}cep(o,r)) of random variables with values in N. Here,
B([0,T]) is the Borel o-algebra on the compact space [0,7], N(C) = > .cn1c(T3), and {T;}ien is a
sequence of RT-valued random event times such that, a.s. To =0< T} < ... < Iny <T < Tnpta-
The point process N; counts the cumulative number of quotes on the time interval [0,t]. Ee denote by
B = (2, F,{Fi}ico,m, P) a filtered probability space which satisfies the usual conditions. For any time
t € [0,T], we denote the filtration generated by some stochastic process X as FX = 0{X,:0 < s < t}.
We assume that, for any time ¢t € [0, 77, the filtration generated by the point process Ny is included in
the main filtration, i.e., ]-"tN C F:. Any nonnegative Fi-progressively measurable process {)\t}te[O,T}v
such that E[N((a,b]) | Fu] = E[f; Asds | Fa] a.s. for all intervals (a, b], is called an Fy-intensity of N;.
Intuitively, the intensity corresponds to the expected number of events given the past information, i.e.,
A = limy, o E[M | 7] a.s.. For background on point processes, the reader can consult Daley and
Vere-Jones (2003, 2008) and Jacod and Shiryaev (2013).

In this paper, we consider Hawkes processes with an Itd6 semimartingale baseline. Namely, we are

concerned with point processes N; admitting an F; intensity of the form

t
)\t = Ut +/0 gb(t — S) dNS (21)

Here, the nonnegative function ¢ defined on R™ is the exciting kernel. Also, we have that p; is the Fi
[t6 semimartingale baseline process with ﬁt C JFt. Since the baseline p; is an .7?75 It6 semimartingale,
then we can construct a filtered extension B = (Q, F,{F}ep0,r), P) on which are defined a standard
Brownian motion W and a Poisson random measure p on Ry x E, which is compensated by v(dt, dx) =

dt ® Fy(dx). Here, we assume that F is an auxiliary Polish space and that F} is o finite, infinite, and



optional measure, having no atom. Then, the baseline u; has the Grigelionis representation of the form

t t t
Mt = po + / bs ds + / os AW + / / (6(s, 2)1q15(s,2)<1}) (1 — v)(ds, d2)
0 0 0o JE

+/0 /E(5(8,2)1{|5(s,z)|>1})ﬂ(d8,dz)- (2.2)

Here, we have that the baseline starting variable pg is Fo measurable. Also, the drift b; is an R-valued
predictable process and the volatility o; is an RT-valued predictable process on (€2, F, {}:t}te[(),T]a P)
such that both integrals defined in Equation (2.2) are well-defined for any time t € [0,7T]. Moreover,
 is an R-valued predictable function on € x Ry x E such that both integrals in Equation (2.2) are
well-defined for any time ¢ € [0,7]. Although we have extended the filtered space, in the sequel, we
keep the original space B = (€2, F, {Ft }sc(0,7, P), pretending that the Grigelionis form above is defined
on it, to avoid more complicated notation. For further details of definitions and notations, see Section
1.4.3 (pp. 47-49) in Ait-Sahalia and Jacod (2014).

As mentioned earlier, the reason why we rely on an Itd semimartingale is due to the presence of
a Hawkes component in the intensity (1.1). Namely, estimation of the integrated baseline is based on
estimation of the integrated volatility of the baseline process. Then, the It6 semimartingale baseline
(1.2) is the most general model where estimation of integrated volatility is tractable. It is a slightly
restricted semimartingale, and the semimartingale is known to be the most general class with stochastic
integration (see Jacod and Shiryaev (2013)).

Although the introduced baseline process is general, the baseline has to stay positive for its own
existence. However, we can ensure positiveness by choosing a baseline equal to the exponential of an
It6 semimartingale or any other positive function. It results from the function of an It6 semimartingale
being an It6 semimartingale by the It6’s lemma for a regular enough function. Nonetheless, we will
introduce weaker conditions that cover a larger span of processes. Namely, we will have some restrictions
for the existence of the baseline and the CLT. In particular, the baseline can still exhibit positive and
negative jumps, as long as the baseline stays positive. In practice, this mainly inhibits the size of

negative jumps. Moreover, we find that the baseline mean is much bigger than its volatility in the



empirical study. Thus, the positive baseline is not very restrictive for its continuous component, and

we can safely use it in our numerical study.

3 Estimation

In this section, we introduce the in-fill asymptotics. We also introduce empirical average and preaver-
aging of local Poisson estimates constructed from high-frequency quote times.

We prefer most of the time not to write explicitly the dependence on n, and any limit theorem
refers to the convergence when n — oo. For inference purposes, we consider in-fill asymptotics with

joint boosting of the baseline and the kernel, i.e.,

At = Ny +/0 no(n(t —s)) dNs. (3.1)

In Equation (3.1), in-fill asymptotics are based on random observation times of order n within the
time interval [0,7] for a finite horizon time 7. They extend the asymptotic analysis of Clinet and
Potiron (2018b), Kwan et al. (2023) and Potiron and Volkov (2025), also based on joint boosting, by
not imposing an exponential or a mixture of generalized gamma kernels. Christensen and Kolokolov
(2024) consider boosting the baseline to detect intensity bursts without a Hawkes component. They
are different from Chen and Hall (2013) in-fill asymptotics, which do not include boosting of the kernel.
Boosting the intensity, i.e., the use of in-fill asymptotics, boils down to assuming that the intensity is
directly proportional to the inverse of the time interval.

First, we propose an estimator for the empirical average constructed from high-frequency quote
times for any time ¢ € [0, 7] as

o —

Meant = Nt. (32)

This natural estimator for the empirical average is novel in the literature of Hawkes processes in
econometrics. The estimator is different from the local parametric estimator used in Clinet and Potiron

(2018b), which was designed for exponential kernels and is biased when the kernel is not exponential.

10



Since the intensity explodes asymptotically, the estimator also diverges to infinity. More specifically,

we define the diverging mean target for any time t € [0, 7] as

1 t
Mean; = n/ s ds. (3.3)
1—loll Jo

Here, ||fll1 = [,° f(t)dt denotes the L' norm of any function f. To deduce the integrated baseline
from the mean target, we first have to retrieve ||¢||1, which is unknown to the econometrician. Thus,
we will rely on a more complicated estimation procedure in what follows.

More specifically, we introduce M = |T/A,,| intervals with equal length A,, such that M [(i —
1)A,,iAy,) C [0,T) for a finite horizon T' > 0. Here, |-| denotes the floor function. For any index

i=1,..., M, we define an estimator for local Poisson estimates on the ith interval [(i — 1)A,,,iA,,) as

Ai = ——(Nia,— — Ni—1na,)- (3.4)

n

B~

Then, we consider preaveraging of local Poisson estimates constructed from high-frequency quote times

for any time ¢ € [0, 7] as

7
Vargg = ) (D) 14 Sj<anzeys (3.5)
=2
t/(20, ~ ~
Vom0 — e Agioh + Ao A2 26
are2 = 2 {[(A2im1 A +A2:0) /2|<aA; ¥} (3.6)
=2

Here, we have that Aix = 3\\, — Xi_l. We also have that a > 0 and @ are truncation parameters.
The two variance estimators with different scales are requested for the estimation of the integrated
baseline. The preaveraging method is usually used to mitigate the effect of the market microstructure
noise for the estimation of the integrated volatility. In our case, we rely on preaveraging to deal with
the self-excitation of the Hawkes process. As far as the authors know, the preaveraging method has not
been used for estimation with Hawkes processes. In addition, we consider a truncation in our variance

estimators since they would be contaminated by the jumps otherwise.

11



Then, we define the diverging target values for any time ¢t € [0,7] as

1 t 79 1 2
Var :n2/ <0§+ 3> ds, 3.7
=TT Jo \B3% T Tl e (3.7)

1 t /9 1 1
Var :n2/ (O‘?Jr S) ds. 3.8
2= e o \3% T Tl 2" (38)

To deduce the existence and the form of the target values, we assume that there exists a positive real
number ¢ > 0 such that nA2 Be addition, the order of observation number n is unknown in

practice. Thus, the length of intervals A, cannot be chosen directly. Instead, we can estimate it as

T
Bu=m (3.9)

We use ¢ = 0.5, which performs best in our simulation study (see Section 9). Unfortunately, we

insist on this estimator of the length of intervals being inconsistent. The reason is that n~'Nyp R
ﬁ f(;[ ts ds, and the limit on the right side of the equation is unknown in practice. However, we
can show that nﬁ% L cT'(1— H(le)(fOT s ds)~t. Thus, we choose to derive the theory of this paper
on the length of intervals A,,.
Our target in this paper is the vector (Meany, Var 1, Vary o) for any time ¢ € [0,7]. We define its
non-diverging error, which is also standardized by its convergence rate, as
Asin~t (@t - Meant)
Xe = A;%n_Q (\//5,571 — Varm)
A;%n_Q (\//'5‘,572 — Varug)
For any time ¢ € [0, 7], we define the rescaled drift 1§t as 1§t = MW, the rescaled volatility &, as

Ot = 1_‘@“1, and the asymptotic variance process w; as

Mt 0 0
(A=léT)®
wew! = 0 Gh 44520, + 1202 Dot + 3520, + 392 |. (3.10)
0 396!+ 30704+ 307 261 + 2570, + 397

We also define the non-diverging asymptotic variance as >; = fg wswl'ds. In addition, we define the

diverging asymptotic variance for any time ¢ € [0, 7] as

nzt,u 0 0
Yia= 0 n22t,22 n22t,23

0  n?Yiaz n?iss

12



We define its estimator for any time ¢t € [0,7] as

it,d,ll 0 0
Ytd = 0 Xia2 Xtdos |- (3.11)
0 Xia23 Xt433

o~ —_— o~
Here, the components of the matrix are defined as 3 411 = Meany, 3¢ 00 = % 4,1 — 3R 3, 1+977t K21,

~

_ 20~ 69~ ~ 632 S _ 3x ~ 9~
Yid,23 = 53Rt4,1 — gkt 31 + g0 ke21 and Xy 433 = SKpa2 — 6k 32 + 1807k 2,2. We also define

/K\Jt7271 Zl‘t/A /\21 and 7‘5@272 = ZLt/ 2A (ﬂ) 1 Ad—

{|AX| <nw;} {(Agi— 1A +AN) /2| <nw; }*

ditionally, we define k; 31 = A2 ZZU:/QA"J /)\\Z-(Ai/):)Ql and

{|A N <nw;}’

2An)] < o 2 hy
A2 W(Z: EDYRESY (A2i72)\ + Agi—1A\2

2 2 ) {1(Agi 1 2+20:N) /2| <na; }

K32 =
=2
-1 Z LT/(QAn)J ( Agi oA +Agi 1A )41

Let 7%4,1 = AEI Z‘LZ/AnJ (Ai/):)41{|Av/):|<nw~}’ //'54 2 =

2 {1(Agi—1 A +A2;0) /2| <nw; )
while i = %W Finally, we define the estimator of the non-diverging asymptotic variance as
?%it,d,ll 0 0
5 = 0 Tziit,d,m cz4 itdzg . (3.12)
0 %it,d,% %it,d,%
4 Theory

In this section, our main result characterizes feasible statistics induced by central limit theory for
empirical average and preaveraging of local Poisson estimates.

As the It6 semimartingale is not bounded below, it can become nonpositive. This is incompatible
with the constraint of a positive baseline for getting a well-defined Hawkes process. Thus, we restrict the
class of It0 semimartingales considered. As already mentioned, we can ensure positiveness by choosing
a baseline equal to the exponential of an It6 semimartingale or any other positive function. Thus,
we introduce a set of conditions required for the existence of Hawkes processes with a time-varying

baseline driven by an It6 semimartingale.

Condition 1. (a) The baseline is a.s. positive on [0,7] a.e., i.e., P(u; > 0Vt € [0,T] a.e.) = 1.

(b) The baseline is integrable on the time interval [0,7] a.s., i.e., P(fOT psds < 00) = 1.

13



(¢c) For any time ¢ € [0,T], we have F; = F; V fg, where the filtration F; is independent from the
other filtration ftﬂ. We also have NN, is a 2-dimensional F; adapted Poisson process of intensity

1 that generates Ny, i.e., Ny = f[o xR 1o, (2)N(ds x dzx).

(d) The L' norm of the kernel is strictly less than one, i.e., ||6]]; < 1.

Condition 1 (a) implies that the baseline of the point process is positive. Thus, the point process is
well-defined. Moreover, Condition 1 (a) is weaker than the condition from Clinet and Potiron (2018b),
who require that the baseline belongs to a compact space. Condition 1 (b) is already a condition in the
simpler case of heterogeneous Poisson processes without a self-exciting kernel (see Daley and Vere-Jones
(2003)), and is also required to establish existence in Clinet and Potiron (2018b) (see Assumption E
(ii), p. 3476). Condition 1 (c) is a technical condition which corresponds to Poisson imbedding (see
Brémaud and Massoulié (1996), Section 3, pp. 1571-1572). In particular, it assumes independence
between the two filtrations F; and .FtE. It is already required in Clinet and Potiron (2018b) (see the
last sentence before Theorem 5.1, p. 3476). The stochastic process IV, is constructed as the point
process counting the points of the Poisson process N below the curve t — \;. Finally, Condition 1 (d)
is necessary to obtain a stationary intensity with finite first moment (see Lemma 1 (p. 495) in Hawkes
and Oakes (1974) and Theorem 1 (p. 1567) in Brémaud and Massoulié (1996)).

We now provide a new existence result to the literature. It is obtained by extending the machinery
of Poisson imbedding for classical Hawkes processes (see Brémaud and Massouli¢ (1996)) to the Ito
semimartingale baseline case. It complements Theorem 5.1 (p. 3476) in Clinet and Potiron (2018b),
in which the kernel is exponential and Theorem 1 (p. 99) in Cai et al. (2024) in which the form of the
kernel is also restricted. See also Proposition 1 in Potiron (2025a) and Proposition 1 in Erdemlioglu

et al. (2025Db)

Proposition 1. Under Condition 1, there exists an F; adapted point process Ny with an F; intensity

of the form (2.1).

We define an alternative drift as by = by — [}, 6(t, 2)1qj5(1,5) <13 F(dz) for any time ¢ € [0,7T]. This

14



alternative drift depends on the compensated measure of the jump process. Moreover, we define Vab (f)
as the total variation of the function f from the starting time a to the final time b. We introduce a set
of conditions required to derive the CLT for the empirical average and preaveraging of local Poisson

estimates.

Condition 2. (a) The kernel satisfies the short-range condition, i.e., [~ t¢(t)dt < co.
(b) For any k € N with k > 2, the L' norm of ¢* is finite, i.e., ||¢¥||; < oo.
(c) There exists a positive real number ¢ > 0 such that nA2 Be

(d) There exists a real number 3 € [0,1) such that sup [ min(|z|?,1)F;(dz) is a.s. finite.
0<t<T

(e) The truncation level satisfies @ € (0,1/(8 — 40)).
(f) For any positive integer k € N, and any time ¢ € [0, 7], we have E[]bt]k] < oo and E[o}] < oo.

(g) We have that E[exp (3 fOT Uf—ggds)] < 0.

(h) The volatility process is a semimartingale, i.e., o7 = At—i—Mt(U) in which Ay is an F; adapted cadlag
process with finite variation and M%) is a square integrable martingale. Moreover, E[V' (4)¥] <

oo and E|o; — 04|F < C(t — 5)*7 for a positive real number v > 0 and any positive integer k € N,.

Condition 2 (a) imposes restrictions on the kernel shape ¢(t). Namely, the kernel has to decrease
fast enough to 0. This corresponds exactly to Assumption (A2) in Bacry et al. (2013) (p. 2480). This is
required to obtain the martingale form of the intensity process. Condition 2 (a) is also used in Jaisson
and Rosenbaum (2015). Condition 2 (b) also imposes restrictions on the kernel shape ¢(¢). Namely, the
L' norm of any power of the kernel has to be finite. Condition 2 (c) is used to deduce the existence and
the form of the variance target values Var; and Vars. This condition is commonly used in the proofs
based on local estimation. This arises in the estimation of conditional means and variances, proving
the convergence of martingale brackets and controlling fourth moments in the Lindeberg condition.

Condition 2 (d) and Condition 2 (e) are due to the presence of jumps in the It6 semimartingale

baseline. Condition 2 (d) is slightly more restrictive than Assumption 2 in Jing et al. (2014). Condi-
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tion 2 (e) corresponds exactly to the condition used in Theorem 3 from Jing et al. (2014). The exponent
B in Condition 2 (d) is an upper bound on the generalized Blumenthal-Getoor index, an adaptation
from Lévy processes to the semimartingale setting (see Lemma 3.2.1 in Jacod and Protter (2012)).

The Blumenthal-Getoor index of a Lévy process is defined as 5 = inf {7’ >0 : f‘ | lz|"v(de) < oo},

z|<
where v is the Lévy measure. We can interpret the index § as the smallest power at which the dis-
tribution of the small jumps has a finite Sth moment. Thus, it is related to the jump activity of the
baseline process, with lower values of the index 8 being more binding. The index 8 = 1 separates jump
processes with sample paths of finite and infinite variation, i.e., it concerns their absolute summabil-
ity, while » = 0 implies that the jumps are finitely active on finite time intervals a.s.. Moreover, the
index § plays a crucial role in determining rate conditions for the tuning parameters in our estimation
procedure and in establishing the rate of convergence of our estimator. In particular, we do not allow
for highly irregular baselines such as Levy-driven components with infinite activity.

Condition 2 (f) requires the boundedness for any moment of the drift process and the volatility
process. This is used in the proof of the CLT. Condition 2(g) is required to apply the Girsanov theorem
in our proofs. More specifically, this corresponds to Novikov condition (see Novikov (1972)). We apply
the Girsanov theorem after removing the jumps from the baseline. The use of the Girsanov theorem in
high-frequency econometrics to remove the drift from the It6 semimartingale is common (see Section
2.2 in Mykland and Zhang (2009), Potiron and Mykland (2017), Clinet and Potiron (2018a) and Clinet
and Potiron (2019)). In these papers, the authors restrict to a continuous It6 semimartingale. They
further assume that the volatility process is itself a continuous It6 semimartingale bounded away from
0 uniformly over time a.s. and that the drift process is locally bounded. In particular, the conditions on
the volatility process and the drift process to apply the Girsanov theorem are not very sharp. On the
contrary, we propose sharper conditions on the volatility process and the drift process. In addition, we
consider the condition on the alternative drift b2 due to the presence of jumps in the Ité semimartingale.

Finally, Condition 2(h) restricts to a semimartingale volatility process, and this is used in the proof of

the CLT.
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In Theorem 1, we provide our main result, which is a joint CLT of suitably the rescaled empirical
average and preaveraging of local Poisson estimates. This contribution is orthogonal to the aforemen-
tioned papers on Hawkes processes with time-varying baselines. The key ingredient in deriving our
CLT is the use of the martingale representation of the intensity. This is based on the convolution of the
resolvent kernel and the martingale. This extends Theorem 2 in Bacry et al. (2013), which considers
an invariant baseline and asymptotics when the final time T — oo, to the time-varying baseline and
in-fill asymptotics. In particular, we investigate the estimation of the integrated baseline, which was
not studied in Bacry et al. (2013). Thus, we obtain convergence of a three-dimensional process rather
than the more simple convergence of a unidimensional process.

We denote the collection of cadlag functions starting from the space [0,7] to the space R* by
D([0, T],R¥) for any positive integer k. Moreover, we denote P75 as the F; stable weak convergence
for the Skorokhod topology on the Skorokhod space D([0, 7], R¥). Finally, we define the convergence
in probability uniformly for any time ¢ € [0,T] as w.c.p., i.e., X, "= X if SUPseio,7] | Xtn — Xt B 0as

n — Q.

Theorem 1. We assume that Condition 1 and Condition 2 hold. Then, there is a canonical 3-
dimensional standard Brownian extension of B with the canonical standard Brownian motion Wt such

that as n — oo we have jointly for any time t € [0,T) that
D— t o
X, —3 / wsdWs. (4.1)
0

We also have the uniform consistency of the estimator of non-diverging asymptotic variance as n — 0o

jointly for any time t € [0,T], i.e.,

We have the normalized CLT with feasible variance as n — oo jointly for any time t € [0,T], i.e.,

% (@ — Mean)t

~_ /2 — e —~—
s/ A;gz(Varl—Varl)t L W. (4.3)
72—
Agg (Varg —Varg) ;
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_1
The convergence rate is A, ! for estimation of the mean, while A,, ? for estimation of the variances.
By Condition 2(c), these convergence rates are equivalent to /n and n'/4. The convergence is slower for
estimation of variances since variance estimation is based on mean estimation. Finally, the functional

convergence in Theorem 1 implies as n — oo and for any time ¢ € [0, 7] that

% (@1 — Mean)

~_ /2 —
So1/2 A;”QZ (Var; — Vary) 3 N3(0,1). (4.4)
/ —
Ac7"2 ’ (Var2 - Varg)

Here, we define Ny (0, 1) as a standard normal vector of dimension k.

5 Applications

In this section, we first investigate estimation problems (i), (i7) and (7ii), and then testing problems

(iv) and (v).

5.1 Estimation of the integrated intensity

We start with the estimation of the diverging integrated intensity for any time ¢ € [0, T:

t
At:/ )\SdS. (51)
0

This measure is natural since the intensity of a quote plays an inverse role to the volatility of an asset
price. It is well known that when volatility increases, the number of quotes increases, and vice versa.
Originally, this measure was introduced in management science where the integrated intensity can
be interpreted as the arrival rate in a queuing system. As far as the authors know, it has not been
studied in econometrics. Although the integrated intensity seems to be the most relevant quantity for
applications, it cannot be estimated in the presence of a Hawkes component in the intensity. This is
explained by the presence of duration clustering in time. Thus, we consider the case where the point

process Ny is not a Hawkes process, i.e., ¢(t) = 0.
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We define the asymptotic variance of the non-diverging mean estimator for any time ¢ € [0, T:

- t
AVar(Mean;) = n_l/o As ds. (5.2)

Moreover, we define the asymptotic variance estimator of AVar(l\Tea\nt) for any time ¢ € [0, 7] as

2 —_—
Az Mean

AV ar (Meany) =
C

(5.3)

The following corollary gives the CLT for the mean estimator. The convergence rate is A, !, which

by Condition 2 (c) is asymptotically equivalent to y/n. This result is novel to the literature.

Corollary 1. We assume that Condition 1 and Condition 2 hold. We also assume that ¢(t) = 0 for

any time t € RT. Then, we have as n — oo jointly for any time t € [0,T] that

—1,,—1 (N one. _ _
Ay (Meany — Ay) p— W, (5.4)

AVar(mlt)

We have the normalized CLT with feasible variance as n — oo jointly for any time t € [0,T], i.e.,

A”(Efnt/_io Do, (5.5)
c\/ AVar(Mean;)

5.2 Estimation of the integrated baseline

We continue with the estimation of the diverging integrated baseline for any time ¢ € [0,T] as

t
B; = n/ s ds. (5.6)
0

This is the most important application from Theorem 1. Compared to the integrated intensity measure
(1.3), the Hawkes component of the intensity is removed. Thus, the integrated baseline measure is
smoother, and more importantly, we can estimate it even in the presence of a Hawkes component in
the intensity. This measure was introduced in Clinet and Potiron (2018b) in the context of parametric
Hawkes processes with time-varying parameters and an exponential kernel. See also Erdemlioglu et al.

(2025b), who consider an extension with gamma kernels.
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To deduce the integrated baseline from the mean target, we first have to retrieve ||¢||; which is
unknown to the econometrician. Thus, we first estimate the L' norm of the kernel for any time ¢ € [0, T

as

3Mean,

el =1— e S
H Ht’l QA%(Varl—Varg)t

(5.7)

In Equation (5.7), we use the estimator from Hardiman and Bouchaud (2014) and we replace their
variance by %(\//a\rl — @2) since we have a time-varying baseline in this paper. The study of this
estimator with its applications in finance is beyond the scope of this paper and available in Potiron

et al. (2025a). Then, we can estimate the diverging integrated baseline for any time ¢ € [0, 7] as
By = (1 —[|¢|l; ;) Mean;. (5.8)

In addition, we define the asymptotic variance of ||¢||, ; for any time ¢ € [0, 7] as

—

AVar([gll,) = Vfea (@) SeV foa (). (5.9)
Here, we have fi1(z;) = 1 — % and 1; = [O,Vartyl,Varm]T. Moreover, we define the

estimator of the asymptotic variance for any time ¢ € [0, 7] as

AVar([¢ll,) = Vfiea(@) eV fra (). (5.10)
Here, we have fia(x) =1— __3Mean, and Ty = [0,\//aE"t71,Va\rt72]T.

2A% (Ityg —(Ety3)

In the following corollary, we give the CLT for the integrated baseline. This complements The-
orem 5.4 in Clinet and Potiron (2018b). The convergence rate is AZLI/Q, which by Condition 2(c) is

asymptotically equivalent to n!/4.

Corollary 2. We assume that Condition 1 and Condition 2 hold. Then, there is a canonical 1-

dimensional standard Brownian extension of B with the canonical standard Brownian motion V[N/B,t
satisfying as n — oo jointly for any time t € [0,T] that
Anin\(B, - By)

\/AVar(||/¢mt71)n*QMeant2

D (5.11)
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We have the normalized CLT with feasible variance as n — oo jointly for any time t € [0,T], i.e.,

1
" (B t/)\Q P2 Wy (5.12)
V AVar([gll, ) Mean,

5.3 Integrated volatility of the baseline

Since the estimation of the integrated baseline is based on the estimation of the integrated volatility
of the baseline process, we also introduce another new measure, i.e., the diverging integrated volatility

of the baseline defined for any time t € [0, 7] as
¢
IV, = n2/ o2 ds. (5.13)
0

Just like the volatility of an asset price, we can see the volatility of the baseline as a measure of risk
related to the quotes. To the best of our knowledge, this is a novel measure in econometrics. The
complementing setup is Stoltenberg et al. (2022), who consider estimation of covariances between the
volatility of a price process and its intensity in the absence of Hawkes processes.

We estimate the diverging integrated volatility of the baseline for any time t € [0, 7] as
—~ — e 11—
IVt = (]_ - H¢||t,1) (QVart,g - iVarm). (5]_4)

Here, the use of two variance estimators with different scales is necessary. We define the asymptotic

variance of the integrated volatility estimator for any time ¢ € [0, 7] as

AVar(I/\\/t) = Vg1 (z:) S Vge(zy). (5.15)
Here, we have g;1(z) = (%) (2xt,3 — %xm). Moreover, we define the asymptotic variance

estimator for any time ¢ € [0, 7] as

AVar(IV,) = AV g,2(3) SV g (). (5.16)

Here, we have g 2(x;) = (%) (2xt73 — %xt,g).

The following corollary gives the CLT of the integrated volatility of the baseline. The convergence

rate is A, 1/ 2, which by Condition 2(c) is asymptotically equivalent to n'/4.

21



Corollary 3. We assume that Condition 1 and Condition 2 hold. Then, there is a canonical 1-
dimensional standard Brownian extension of B with the canonical standard Brownian motion /W/n/,t

satisfying as m — oo jointly for any time t € [0,T] that

1 _—
AR 2n2(IVy —1IVy) poy ~
n (Ve - Vi) P Wiy (5.17)

\/ AVaT(I/\\/'t)
We have the normalized CLT with feasible variance as n — oo jointly for any time t € [0,T], i.e.,
AP (IV, = 1V;) p_y —

— Wrvy. (5.18)
2\ AVar(IVy)

5.4 Test for the absence of a Hawkes component

In this part, we develop a test for the absence of a Hawkes component. We consider a Wald test, which
is based on the estimation of the L' norm of the kernel. A related paper provides similar tests, but
our strategy is different. Dachian and Kutoyants (2006) propose a test for the absence of a Hawkes
component based on parametric and nonparametric composite alternatives under asymptotics when
the final time T — oco. Their framework is simpler since they consider a stationary Poisson process
with a known intensity under the null hypothesis.

We define the null hypothesis and the alternative hypothesis as

Hy : {absence of a Hawkes component, i.e., ||¢] = 0},

H; : {presence of a Hawkes component, i.e., ||¢| > 0}.

We introduce the test statistic jointly for any time ¢ € [0, 7] as

A—l/?
- [

AVar((|ll¢.1)

We define g(u) as the quantile function of the chi-squared distribution with one degree of freedom.

The following corollary gives the limit theory of the test for the absence of a Hawkes component.

Corollary 4. We assume that Condition 1 and Condition 2 hold. Then, the test statistic Sy converges

in distribution for any time t € [0,T] to a chi-squared random variable with one degree of freedom
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under the null hypothesis Hy and is consistent under the alternative hypothesis Hy. More specifically,

we have for any 0 < a <1 as n — oo that

P(S; > q(1 — ) | Hy) — a, (5.21)

P(S; > q(1— ) | Hi) — 1. (5.22)

5.5 Test for constant baseline

Finally, we introduce a test for constant baseline. Cai et al. (2024) (Section 4.4) propose a test for
constant baseline with high dimensional nonlinear Hawkes processes. However, the conditions on the
parametric kernel are stronger since they use least squares estimation. Moreover, they also consider a
nonrandom baseline, with specific conditions. We consider a test based on the Hausman principle (see
Hausman (1978)), which is based on the difference between two estimators, one that is efficient but
not robust to the deviation being tested, and one that is robust but not as efficient (see Ait-Sahalia
and Xiu (2019), Clinet and Potiron (2019) and Clinet and Potiron (2021)).

We define the null hypothesis and the alternative hypothesis for any time ¢ € [0,7] as

Hj : {The baseline ps is constant on [0, ]},

Hj ; : {The baseline i, is not constant on [0, ¢]}.

We first define a variance estimator in case of a constant baseline for any time ¢ € [0, 7] as

- lt/An) , mlt 2
Var; = ; ()\i ; ) (5.25)

Following Hardiman and Bouchaud (2014), we then estimate the L! norm of the kernel in case of a

constant baseline for any time ¢ € [0,T] as

—

M
oI =1 |

A2 Var,

(5.26)
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We also define the matrix 3} for any time ¢ € [0,7] as

A2 o —
—*Mean; 0 0 0
N 2N T AL =
o 0 #Vary; =3 Var; 1 ﬁ\/arm
¥, = oAl — AL —— 4 . (5.27)
0 =" Vary 1 =2 Var; 1 13 Vary 1
AL T 3AL T 3AL T
0 ﬁVart,l T Var; 1 o Vary 1

Finally, we define the asymptotic variance of ||¢||¢1 — ||gb|]f1 for any time ¢ € [0,7] as

AWar([ollor — [6175) = (VFu@e1) — Var(32)) S (VL Ger) — Vaul@rs))-

— R - 7 —
Here, we have that fi(z) =1— \/ %%, Tyl = (0, 0, Varq, Vart’g) s gi(x) =1—4/ % and

Ty = (07 \//*57 0, O)T. We introduce the test statistic for any time ¢t € [0,7T] as

A-1 s T H )2
g /n\(llaﬁ/Hti ”@t% . (5.28)
AVar(||ollex — llollih)

We first give the following CLT which extends Theorem 1 under the null hypothesis HLO.

Proposition 2. We assume that Condition 1 and Condition 2 hold. Under the null hypothesis Hé,o
for any time t € [0,T], we have as n — oo that

A1 (@1 — Mean)t

| Ae (Var - var),

(22 B N1 (0,1). (5.29)

1
Ay 2 (Var1 - Varl)t
1
Ay 2 (Var2 - Varg)t
The following corollary gives the limit theory of the test for constant baseline. This complements

Theorem 6 and Proposition 1 in Cai et al. (2024).

Corollary 5. We assume that Condition 1 and Condition 2 hold. Then, the test statistic S; for any
time t € [0,T] converges in distribution to a chi-squared random variable with one degree of freedom
under the null hypothesis Hé,o and is consistent under the alternative hypothesis Hg,l, i.e., for any

0<a<1asn— oo, we have

P(S; > q(1 — a) | Ht,,O) — a, (5.30)

P(S;>q(l—a)| H{;)— 1. (5.31)
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6 Empirical application

6.1 Testing

Our empirical application focuses on the S&P 500 E-mini futures, which are liquid contracts traded on
the Chicago Mercantile Exchange. We obtain the mid-quote price, i.e., the average price between best
bid and ask prices, and time stamps from the consolidated trade history in the transaction Tickdata-
market database. The data set covers the period from January 2020 to December 2021. All quotes are
considered during normal trading hours.

In Figure 1, we plot the estimated intensity for the whole sample by averaging the intraday estimates
)/\\Z- across days, each day with a normalized time of [0,1]. The intensity reported shows the U-shaped
pattern captured by u and the intensity bursts captured by p? in our simulation design based on

Equation (9.1) in Section 9. The most pronounced bursts occur at the beginning of the trading session

and just before closing.

0.8 1

0.6 -

0.4 4

0.2 1

Estimated trading intensity

0.0
0.0 0.2 0.4 0.6 0.8 1.0
Normalized time

Figure 1: Estimated intensity of the S&P500 E-mini futures quotes. The number of the mid-quote

price changes in millions per minute is shown.

Now, we turn to testing the hypotheses formulated in Sections 5.4 and 5.5, namely the absence

of a Hawkes component and constant baseline. For each day in the sample, we perform the tests
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following Corollaries 4 and 5. Figure 2 shows corresponding test statistics revealing rejection of the
null hypothesis in both cases. Namely, we confirm the presence of a Hawkes component (blue line) and

the time-varying baseline (orange line) for all days at the 5% level.

—— Hawkes absence
——- Baseline constancy
-+ 5% line
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Figure 2: Test statistics for the null hypothesis in the two tests from Sections 5.4 and 5.5 with the 5%

critical value. Test statistics are computed for each day in the sample.

To verify that a multiple statistical inference problem does not distort our test results, we implement
the sequential Bonferroni procedure of Holm (1979) for all p-values. The adjusted p-values computed
at the 1% level provide identical conclusions about all hypotheses, confirming the statistical robustness
of our results. We have conducted another robustness check of our test results following Bajgrowicz

et al. (2016), and the results are in agreement with the Bonferroni corrected tests.

6.2 Sub-sample analysis and robustness

The empirical findings favor Hawkes processes with a time-varying baseline. Now, we check how
different types of stock market trading activities affect the result of the time-varying baseline and the
presence of a Hawkes component in the data. Indeed, different trading patterns can create various
trading strategies and provide different implications for asset pricing. Although the reported U-shaped
behavior is identified for our data set, other stock exchanges create different patterns, namely J-shaped,

associated with high trading activity earlier in the day and lower activity later in the day (see Huber
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(2007)), or reverse J-shaped. In our case the J-shaped pattern can be associated with the trading
between 9.30 and 12.45 and the reverse J-shaped pattern starts with trading at 12.45 and finishes at
16.00. We split each day into these two sub-samples and repeat the two tests discussed earlier.
Figure 3 reports the results of the two tests for the morning trading hours. At the 5% significance
level, we confirm that the J-shaped pattern is not rejected for all days. In this case, better-informed
traders trade in the opening, while worse-informed delay and trade later in the day. The identified

trading pattern can be associated with very short-lived private information.
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Figure 3: Test statistics for the null hypothesis in the two tests from Sections 5.4 and 5.5 with the 5%

critical value. Morning trading hours, 9.30 to 12.45.

Figure 4 reports the results of the two tests for the afternoon hours. Again, we confirm the reverse J-
pattern for all days. This finding provides a partial explanation of the significant hour-of-the-day effect
on the CME. These intraday ’seasonal’ patterns emerge as consequences of the interacting strategic
decisions of informed and liquidity traders. Similar patterns can be assessed in bid/ask spreads,
volumes, and volatility over the trading day, but this will require incorporating these characteristics
(commonly called marks in the point processes literature) into the model. This development is beyond
the scope of this paper and left for future research.

To summarize, the empirical findings favor Hawkes processes with time-varying baselines.
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Figure 4: Test statistics for the null hypothesis in the two tests from Sections 5.4 and 5.5 with the 5%

critical value. Afternoon trading hours, 12.45 to 16.00.

7 Conclusion

In this paper, we have considered Hawkes processes with Itd6 semimartingale baseline. This baseline
can accommodate time variation, stochasticity, and locally bounded bursts. We have derived CLT for
empirical average and preaveraging of local Poisson estimates. For the applications, we have studied
the integrated intensity, the integrated baseline, and the integrated volatility of the baseline. We have
also developed a test for the absence of a Hawkes component and a test for constant baseline. The
empirical application shows that the absence of a Hawkes component and constant baseline is always

rejected, highlighting the presence of U-shaped and J-shaped patterns of trading.
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SUPPLEMENTARY MATERIAL: This supplementary material (see Section 8) provides the
proofs for the theoretical results, namely Proposition 1, Theorem 1, Proposition 2, and the five corol-
laries of Section 5 in "High-frequency estimation of Ito semimartingale baseline for Hawkes processes"
by Yoann Potiron, Olivier Scaillet, Vladimir Volkov, and Seunghyeon Yu. In Section 9, we carry out a

finite sample analysis, which corroborates the asymptotic theory.

8 Proofs

This section of the supplementary material gives detailed proofs for the theoretical results, namely
Proposition 1, Theorem 1, Proposition 2, and the five corollaries of Section 5. They rely on theory
developed in Bacry et al. (2013), Barndorff-Nielsen et al. (2006), Brémaud and Massoulié (1996), Clinet
and Potiron (2018b) , Erdemlioglu et al. (2025b), Girsanov (1960), Jacod and Shiryaev (2013), Jacod
and Protter (2011), Novikov (1972), Potiron (2025b), and Todorov and Tauchen (2011).

To start, we introduce some notations we will use for convenience in the proofs. We have that f, g
and h are temporary functions, which may vary in the proofs. Moreover, C' denotes a generic constant
that does not depend on n and may differ.

We begin with the proof of the existence of a Hawkes process with a time-varying baseline driven by
an Itd6 semimartingale. It extends the proof of Theorem 4 (pp. 1574-1575) in Brémaud and Massoulié
(1996) to the time-varying baseline case and the proof of Theorem 5.1 (pp. 3-4) in the supplement
of Clinet and Potiron (2018b) in which the kernel is exponential to the general kernel case. It also
complements the proof of Theorem 1 in Cai et al. (2024) in which the form of the kernel is also
restricted. See also Erdemlioglu et al. (2025b), who consider a generalized gamma kernel and Potiron

(2025a) who studies a general baseline process.

Proof of Proposition 1. The strategy of the proof consists of defining a suitable sequence of point
processes and intensity (NF, \F);>o such that their limit defined as (Ng, A¢) = limy_,00 (N, AF) exists,

and the point process Ny admits A; as an Fi-intensity in the sense of Equation (2.1).
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We first define for any time t € [0,7] the starting intensity A\°(¢#) = u; and NP, namely the
point process counting the points of the Poisson process N below the curve ¢t — A} as N =

f[(me Ljo,0) ()N (ds x dz). We then define recursively the sequence of (NF,AF) k>t as

Ntk"‘l - / 1[07>\k+1}($)ﬂ(d8 X dx). (8.1)

First, we have that the intensity )\f is a.s. positive as an application of Condition 1 (a) so that /\f is
a well-defined intensity. Then, an extension to the time-varying case of the arguments from Lemma 3
and Example 4 (pp. 1571-1572) in Brémaud and Massouli¢ (1996) yields that the point process NF is
Fi-adapted, the process AF is Fj-predictable and an Fi-intensity of the point process NF. Moreover,
nonnegative ¢ implies that (NJ, \F) is componentwise increasing with k and thus converges to some
limit (N, A¢) a.s. for any time ¢ € [0, 7).

We now introduce the sequence of processes pf defined as pf = E[Af — )\f_1|]::T]. Then, we have
Pt = E[f(f ¢(t—s)()\’§—)\§_1)ds‘]?gp} = fot $(t—s)pkds, where the first equality is obtained by Lemma
10.1 (p. 2) in the supplement of Clinet and Potiron (2018b), when G = Fr, along with Equation (8.1),
and the second equality by Tonelli’s theorem and the definition of p¥. If we define the sequence of

random variables ®F as ®F = fot pFds, we have by another application of Tonelli’s theorem that

PR — /Ot ( Ots qﬁ(u)du) plds. (8.2)

By definition of the L' norm, we deduce that f(f*s d(u)du < ||@||1. Thus, an application of the definition
of ®F along with Equation (8.2) implies that ®F1 < [|¢|;®F a.s..

Then, we can deduce that F : ®F — @f“ is a.s. a contraction function since Condition 1 (d) states
that ||¢]1 < 1. It turns out that the limit of the telescopic series (Zf:o ®l))>1 exists by arguments
used in Banach fixed-point theorem. Working with the telescopic series and applying the monotone

convergence theorem to the series yields

E[/Otxsds‘fﬂ < /Otusder yqbulE[/OtAsds‘fT] (8.3)
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By rearranging the terms in Equation (8.3), we get that

[/ A ds‘fT} <(1- quHl)_l/Otusds. (8.4)

Given Condition 1 (b), the expression on the left side of Equation (8.4) is finite a.s.. Given that its
conditional expectation is finite, fot Asds is finite a.s.. Moreover, the intensity A; is Fy-predictable as
a limit of such processes. The point process N; counts the points of the Poisson process N under the
curve t — A\ by applying the monotone convergence theorem. Therefore, the point process N; admits
A+ as an JFy-intensity by an extension to the time-varying case of the arguments from Lemma 3 (p.
1571) in Brémaud and Massoulié (1996). It implies that the point process IV is finite a.s.. It remains
to show that the intensity ); is of the form (2.1). The monotonicity properties of the processes N/
and Af ensure that \¥ < p; + fg d(t—s)dNg and Ay > s+ fot ¢(t — 5) AN for any nonnegative integer
k € N and any time ¢ € [0, T]. Finally, this gives Equation (2.1) by taking the limit & — 400 in both

inequalities. O

Before giving the first lemma in the proof of the main CLT, we introduce some definitions. We
define ¢"(t) as ¢"(t) = ng(nt) and the Laplace transform of the kernel as ¢(s) = I~ e o(t) dt. For
two integrable functions f and g, we define the convolution of f and g as f * g; = f flt—1s)g(s)ds.
In particular, we define recursively f*! = f and f** is the convolution product of f**=1 with the
function f for any integer £ > 2. For an integrable function f and a stochastic process X, we define
the convolution of f and X as f*dX; = ffooo f(t —s)dX,. In addition, we denote by ¥: Ry — Ry
the resolvent kernel of ¢ which satisfies 1 (t) = ¢(t) + ¢ * ¢, for any time ¢ € R;.. Similarly, we denote
by ¥™ the resolvent kernel of ¢", namely ¥"(t) = ¢™(t) + ¢™ * ¢j* for any time ¢ € R;. Moreover,
we define the integral of ¥™ as WU™(¢ fo Y™(s) ds and the integral between (i — 1)A,, and iA,, as
AU (— f(z DA Y"(s — t)ds. Finally, we denote the uniform big O by O. It is defined through
f(n,t) = Q(g(n, t)) < |f(n,t)] < Cg(n,t) for any nonnegative integer n € N, any time ¢ € [0, 7]
and some positive real number C' € R, which does not depend on n and ¢.

The first lemma gives the asymptotic properties of the resolvent kernel, which can be expressed as
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a Laplace transform of the kernel.

Lemma 1. Under Condition 1 and Condition 2 (a), we have for any time t € Ry as n — oo that

U(t) 2 0, (55)
vn(t) = nu(nt), (36)
w0 =50+ 0(1n ). 57)

A(—1) :o(m n((i_sAn_t)) (.8)

Proof of Lemma 1. Since ||¢||1 < 1 by Condition 1 (d), the function §: f — (u+ ¢ = f) is a contraction
function. Thus, we can apply Banach fixed-point theorem to get a fixed-point ¥ = f. with recursion

fr = 0(fx—1). Then, we obtain recursively that

Je=0(fi-1) =pu+oxfrer=p+ % (0(fe2) =pn+é¢*(pu+o* fr2)

k—2
:M_’_Zd)*l*'u_’_gs*(kfl)*fl
=1

For the initial value, we can set f; = 0. Then, fi(¢) is nonnegative for any integer k£ > 1 and any
time ¢ € R, since the kernel ¢ is nonnegative. Thus, we have shown Equation (8.5). By the scaling
property of the Laplace transform, we have that @(s) = (g(s /n), and hence Equation (8.6) holds.

To show Equation (8.7), we have that

~

5(0) —$<1> _ /OOO (1— e it )(s)ds > /:O (1 e w)eh(s) ds

nt ¢

>(1—eh /:o¢(s) ds. (8.9)

This is because the two functions ¢ and ¢ are nonnegative. From Condition 2 (a), we obtain that
¢ (0) = Jo~ té(t)dt < co. Then, we can apply Taylor’s theorem for ¥(s) = ¢(s)/(1 — ¢(s)) with the
remainder 12(5) = {Z)\(O) + 121\/(0)8 + h(s)s, where lims_,o h(s) = 0. As the function ¢ is decreasing, i.e.,

~

¥(s) > §(t) for any time 0 < s < t, and (0) < 0o, we can deduce that

0 < B(0) —15(@ = ‘@'(0) +h(rit>>nlt
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. 1 -
< ([¢'(0)| + |h(=) Dﬁl{ntzl} + Y (0)1ini<1y-

Since sup,¢jo 1) [h(z)| < 0o, we obtain

¥ (0) - @(;)‘ < C(l A ;t) (8.10)

It implies for sufficiently big n that

— 3(0) - 0017[)(3) ds < 9(0) + 1 -1 <$(0) - $<1>>

nt 1—e
—(0)+C(1A !
N nt)
Here, we have used successively Equation (8.6), the change of variable ns — s, Expressions (8.9)

and (8.10). Thus, we have proven Equation (8.7). With the same arguments, we can also show that

Equation (8.8) holds. O

We define the point process N; compensated by its intensity A; as M; = Ny — fot Audu for any
time t € [0,T]. By definition of a compensator, we have that the process M, is an F;-martingale a.s..
Then, we denote the sum of the baseline and the convolution of the resolvent kernel and baseline by
v = g+ "y for any time ¢ € [0, 7). Moreover, we define the limit of vf* as v, = (1+1Z(0)),ut. Finally,
we introduce O px, which is the strict big O in L*-norm O« defined through f(n,i) = O (g(n,i)) <=
E[(£(n.)"]* = O(g(n, ).

The following lemma exhibits a martingale representation of the intensity A;. It is based on the
convolution of the resolvent kernel and the martingale. It extends Lemma 3 in Bacry et al. (2013) and
Proposition 2.1 (p. 606) in Jaisson and Rosenbaum (2015), which considers an invariant baseline and

asymptotics when the final time T' — 0o, to the time-varying baseline and in-fill asymptotics case.

Lemma 2. Under Condition 1 and Condition 2 (a), we have for any time t € [0,T] that the intensity

At has the martingale representation
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Moreover, we have

U — vy = Ok (1/V/n). (8.12)

Proof of Lemma 2. By Lemma 3 in Bacry et al. (2013), the solution of the equation f(t) = h(t) + ¢™
f(t) with measurable locally bounded function h(t) is f(¢) = h(t) +¢" x h(t). In our case, we consider

the process \;, which satisfies for any time ¢t € [0, 7] that
At =np + " x dNy = npiy + ¢« (A + dMy) = (npu + ¢« dMy) + ¢ * A¢.

Applying Lemma 3 in Bacry et al. (2013) with the function h(t) defined as h(t) = nuy + ¢™ * dMy, we

have for any time ¢ € [0, 7] that
At = h(t) 4+ @" x Ay = h(t) + " * h(t) = nuy + @™ « dMy + " * (nue + @™ x dMy)
= n(pe + 9" 5 ) + (O + " % @") x dMy = npg + " x pe) + " 5 dMy.

Thus, we can obtain Equation (8.11).

We now show Equation (8.12). First, we get

t 00 o)
= [ o= omds = [T orepueds = [T oo ds

Here, we use Equation (8.6) from Lemma 1. Then, we can deduce that

== 0= DO = [ zds =00 = [T 0(6) s =) (819

By the use of Burkholder-Davis-Gundy inequality (see Expression (2.1.32) in Jacod and Protter (2012)

(p- 39)) along with the baseline u; being an It6 semimartingale, we get Equation (8.12). O

The following lemma extends Lemma 10.3 from Clinet and Potiron (2018b) (pp. 4-6 in the sup-
plement) in which the kernel is exponential and Lemma 6 in Erdemlioglu et al. (2025b) in which the

kernel is generalized gamma.

Lemma 3. We assume that Condition 1 and Condition 2 (b) hold. Then, there exists C such that

SUP;e(o,7] EXF < CnF for any nonnegative integer k € N.
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Proof of Lemma 3. Since the baseline is an It6 semimartingale, we can deduce that SUP;eo,7] Euf <
Cn®. Moreover, we can extend the arguments from the proof of Lemma 6 in Erdemlioglu et al. (2025b)
along with Condition 1 (d) and Condition 2 (b) to obtain sup,cp 7 E[(f(f ot —s) st)k] < Cn*.

Finally, we can deduce the lemma since the baseline u; and the Hawkes component fg o(t —s) dN; are

independent by Condition 1 (c). O

For any interval number ¢ = 1,..., M, we denote by X; the process X evaluated at the end of
the ith interval, i.e., X; = X;a, . We also define X, as the average of X; on the ith interval, i.e.,
Xi=A1 [ (lﬁ’ll) A, Xt dt. Moreover, we define the estimator of rescaled integrated intensity on the ith
interval as v, = % In addition, we define the rescaled increment of the martingale on the ith interval

as g; = ﬁ f(iﬁ’{) A, dM;. Furthermore, we denote the rescaled increment related to the Hawkes

component on the ith interval by

1 (i—1)An, iAn
6=} / AU (—t) dM; + / W (iA, —t) dM; ).
nly ~ Jo (i—1)Ap

Finally, we define the sum of ¢; and ¢; as u; = ¢; + ;.
The following lemma is a decomposition of the estimation error u; as the sum of the error originating

from the time-varying baseline ¢; and another related to the Hawkes component e;.

Lemma 4. Under Condition 1 and Condition 2 (a), we have for any interval number i = 1,..., M

the decomposition

~n -n

v =0+ u;. (8.15)
Proof of Lemma 4. 1t is obtained using Lemma 2 and Fubini’s theorem. O

We denote the LP-norm of X by ||X||,. We also denote the big O in probability and the big O in
LP-norm by Op and Opp. They are defined through X,, = Op(a,) <= )a(—: is stochastically bounded,
and X,, = Opr(ay,) <= || Xy|lp = O(ay). Moreover, we use E;—q, Var;_; and Cov,;_; in place of
E[-|Fi—nanl, Var[-|Fi_1)a,] and Cov[:|F;_1)a,] for any interval number ¢ = 1,..., M. Finally, we

introduce 97 = (1 + (0))2* for any t € [0, T].
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The following lemma provides moments of ;.

Lemma 5. We assume that Condition 1, Condition 2 (a) and (b) hold. Then, we have for any

nonnegative integer k € N as n — oo that

Efjuil*] < (HACWQ, (8.16)
Eioifu; | FH] = Om(loi:>, (8.17)
Eraugy | F¥] = O (%) for any i < j, (8.18)
Eiq[u? | F1] = +0Lk< logn ) (8.19)
b | ] = (1+3¢(<2>A §+$< >79n N OL(Si’i"ii) (8.20)
Eiifu | F¥] = (nzn)Z (07)% + O < w Aln)g + Efi:;i) (8.21)

Proof of Lemma 5. Without loss of generality and for convenience of notation, we assume that the base-

line ut and thus 14 are nonrandom throughout this proof. We first calculate the moments of €;. We have

that E;_1[e;] = Opr (1%2) holds for k =1 and k = 2 since E;_1[e;] = (nA,) " [V A0 (—t) dy

by Lemmas 3 and 4 and It isometry for point processes. We thus obtain that

2 Cn (i-1)Ap—n~" 1 ((=1)An Cn (logn 1
. . < " < n)
E[(El—l[el}) ] = (nA,)? </o n((i —1)A, —t) dt+/(i—1)An—n—1 dt) = (nAy)? < n +”>

For k > 2, by Lemma 2.1.5 in Jacod and Protter (2011), Lemma 3, and Holder’s inequality, we have

k
that (nAn)kE{(Ei,l[ei]) } < O((logn)*). To calculate the moments of €;, we can use the same
arguments and Lemma 2. Thus, we can deduce Expression (8.16). With the same arguments, we can

get Equations (8.17), (8.18), (8.19), (8.20), and (8.21). O

For any time t € [0,7T], we define I; as l; = A%l’ reasr; =1— A%l and Ir; as lry = W. The

next lemma greatly simplifies notations for the proofs.

_ A — A — 2A
Lemma 6. We have v; —v;_1 = fo "redyvio1qe, Vi — Uy = fo "l dvi—14¢ and A;D = fo "lry dvi—o4y

for any interval numberi=1,..., M.
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Proof of Lemma 6. We have

1 1Ay t 1 1Ay t
UV, — Vi1 = — </ <I/Z'_1 + / dl/s>dt — Vi—lAn> = — </ / dv, dt)
An \ Ji—na, (i-1)A, An \ Jii—van Jii-1)a,

1 iAn iAp 1 iAp An
= A/ / dtdvy, = — (1A, — s)dvs = / rsdvi_14is.
n J(i—-1)A, Js n 0

An Ji—na,
Then, symmetry yields v; — v; = fOA" ly dv;—14¢. We also have that

20y,

Ap 24,
Ui — Vi1 =V — Vi1 + Vi1 — Vi1 = / redvi_oys + / ly dvi_gqy = / Iry dvi—aqy.
0 0

An

Finally, we can support the third assertion with similar arguments. O

Without loss of generality and with a slight abuse of notation, we rewrite v; itself as an Itd semi-
martingale with Grigelionis representation of the form (2.2). This is possible since 14 is the product of
a deterministic constant and the baseline u; by definition. Condition 2 (d) implies that the jumps are
absolutely summable, i.e., > o<t |Avg| < 00, a.s. for any time t € [0,7]. Moreover, it implies that we

can express the baseline 14 as
t t
v :/ b ds—l—/ osdWs+ ) A, (8.22)
0 0 s<t

Thus, we can define the continuous part of the baseline 1, as l/t(c) = f(f b‘; ds + fot osdWs and the

(d

discontinuous part of the baseline v; as v, ) = Y s<t Avg. For any interval number i = 1,..., M, we

© a9 = 509 ©

+5\ 9, Moreover, we denote by AX; the difference

also define 7 +u;and D as v, = 0 ;
for the process X between the start and the end of the ith interval, i.e., A; X = X; — X;_1. Finally,
we define Xy, = op(1) if X, “EP 0 as n — oo,

The next lemma shows that we can remove the discontinuous part of the baseline 14 in the remainder

of the proofs. This is based on the proof of Theorem 3 in Jing et al. (2014) which study estimation of

integrated volatility in the presence of market microstructure noise.

Lemma 7. We assume that Condition 1, Condition 2 (a), (c), (d), (e¢) and (f) hold. Then, we have

as n — oo uniformly for any time t € [0,T] that

VT U
An? Z (AD") 15" <ans) = An? Z (Ai™)" + 0p(1). (8.23)
=1 i=1
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Proof of Lemma 7. We first show as n — oo that

| [t/An] | [t/An]
A Y (AD) L asicansy = An? Y (A7) 4 0p(1) (8.24)
i=1 =1
From the definition of 7, we can deduce that
4AD) = (AT +2A5) (A0 D) + (A D)2,
Thus, we get

2

| L[t/An]
1 — ~(c)
n’ Z (AD)’ 1A 1<anz) = Dn g > AT Lr sicang)
pot i=1
_ [t/An] -9
+ A2 Z 2(A; v )(Az‘ﬁ(d))l{m Dl<aAF}
i=1
1t/An)
-1 _(d
+ A2 Z (A7 ))21{|A Pl<aAw}

=1

We introduce ( )y = A ZLYA”J (AiD(C))21{|Ai§|gaAg}- In what follows, we first show that (I), =

t
(C)) +0p(1) as n — co. The domination 154} < 2| 2|F /a* along with Lemma 5
and Lemma 6 for any positive integer k > 0 gives as n — oo that

’ [t/An]

0, - > (a5'9)’

i=1

7§A(k+2)/2 + (nA )—(k+2)/2
=05 A, =
w

o (Ai (An+ (mn)—l))

By Condition 2 (e) and choosing sufficiently large integers k and p, we get (I), =

hSA

(8.25)
_ A (A 52

op(1).

+
We now introduce (II), = A, ZWA”J 2(A,

(C))(A 7 ))l{lAﬁ\SaAw}‘ First, we have by an exten-
sion of the proof of Theorem 3 in Jing et al. (2014), Holder’s inequality, and Condition 2 (d) as n — oo
that

1

1
A2 7
|(H)t’ = QP (w

Thus, we can deduce that (II)

(AG+D/2 4 (”An)(k+1)/2)>+0p(A_lw )

op(1l) as n — oo by Condition 2 (e) and with a sufficiently large
_1

integer k. Finally, we can show that A, 2 Z}Zf‘“ (A,-D(d))QlﬂA Sl<aaz} = 0p(1) as n — oo with the
same arguments as for the proof of (II)

(1). Thus, we have shown that Equation (8.24) holds
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We show now as n — oo that

WA lyd
An® Y (AT s cansy = An? D (Ai0) Lazi<angy +op(L). (8.26)
i=1 i=1

1
We first prove that (E’A "(C) — D(C))}k)g < Cn=% for all nonnegative integer k > 0 by Equation

(8.13), Burkholder-Davis-Gundy inequality along with Condition 2 (c¢) and (f). By similar arguments,

we show that ZZLt:/IA"J ‘Ai(ﬂn(d) — pld ! =0p(n~ 8) We define (IV), as
WA )
(V) = A0 37 (A7) (Laim<ong) ~ Liadizars))-
i=1

To prove Equation (8.26), it is then sufficient to show that (IV), = op(1) as n — oco. By some

algebraic manipulation, we first get that

Liai"canzt ~ Yadli<aary = Ljadi>aaz a5 <anz) ~ Lad<aar ja5" [>anz}

We also note that {|A;7] > aAZ, |AD"| < aAT} C {|A;@" — D) > aAT,|AD"| < aAT} U
{|Al(f7\n — )| < aAT,|A7| € (aA7,2aA7]}. Moreover, we have that {]Aﬁ/_\] < aAT A" >
aAZL C {|A@" = D) > aAT|AD] < aAT} U {|AT" = )| < aAT,|AD"] € (aAT,20AT]}.

Then, we obtain as n — oo that
An
Z (A 1{|A Fl>anz (A" |<anz} = op(1).
=1

_1 ~
We can also show as n — oo that A, ? Zthz/lA”J (Aiﬁn)zl{migKaAw A" |>aaz) = 0p(1), so we can

deduce that (IV), Y0 as n — oo, O

The next lemma shows that we can remove the drift from the baseline v; if we assume Novikov
Condition 2 (g) (see Novikov (1972)), which is required to apply the Girsanov theorem (see Girsanov
(1960)). We consider an equivalent probability measure P* under which the baseline v, is a local

. . t . .
martingale, i.e., vy = 1y + fo osdW7¥, where W} is a standard Wiener process under P*.

Lemma 8. Under Condition 2 (g) and if we assume that the statement of Theorem 1 holds under the

equivalent probability measure P*, the same statement holds under the probability measure P.
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=7 == t b 1t (b9)? .
Proof of Lemma 8. We define M, as M; = exp (fo U—SdVVS —35Jo 2 ds) for any time 0 < ¢t < T,

which by Condition 2(g) satisfies the Novikov condition and thus is a positive martingale. By the
Girsanov theorem, we can thus consider an equivalent probability measure P*. Then, we have that
the Radon-Nikodym derivative is defined as %\]—"T = M7 and Wi =W + fg g—%dWs is a standard
Wiener process under the equivalent probability measure P*. To show that the statement of Theorem 1
holds under the probability measure P, it is sufficient to prove for any eveet E € Fp, any measurable

function h and jointly for any time ¢ € [0,7] as n — oo that
t —~—
Ep [h(Xt)1E} S Ep [h( / wdes) 1E] (8.27)
0
By a change of probability in the expectation, we obtain
———1
Ep [h(xtnE} — Ep- [h(Xt)lEMT }

Since M;l € Fr and the statement of Theorem 1 holds under the equivalent probability measure P*,

we can deduce as n — oo that
Eo- [nX)1T7] = B [ [ wndW.)16777 ],

Finally, we obtain Ep+ [h(fot wdeS> 1EM;1} =Ep [h(fg deWS) 1E}, by another change of proba-

bility in the expectation. Thus, we have shown Equation (8.27). O]

By Lemmas 7 and 8, we can assume that the baseline 14 is continuous with no drift in what follows.
We write the Fiy-martingale X; for any time 0 <t < 7T as
Agl?—l (M/Qin — Mean)t 1t/An]
Xe=1 A,2n2 (Var1 — Varl)t = Z (fz- — Ei_l[ﬁi]). (8.28)
Ap2n2 (Var2 — Varg)t '
Here, &; is a vector of dimension 3 defined by
1/ YAV
AL (ViAn - f(li—l)An vt dt)
((Az§)2 —E;1 [(AZ/E\)Q] + E; [(Al+1§)2j| — fééq)An (%O’? + 2’l§t)dt) : (829>

o=

§i = A;
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Moreover, Fy is the discretized filtration defined as Fy = Fa,,|¢/a,| for any time ¢ € [0,7]. In the
vector &;, we do not explicit the third component, which is similar to the second component. The proof
of Theorem 1 will be based on an application of Theorem 1X.7.28 (pp. 590-591) in Jacod and Shiryaev
(2013).

We first show that Condition (7.27) holds with B; = 0 in the following proposition. This proves

that the sum of the biases converges to 0 in probability and uniformly over time.

Proposition 3. We assume that Condition 1 and Condition 2 hold. Then, we have for any j =1,2,3

as n — oo that

[t/An]
su E; 8.30
ogth ; 1—1 §z \J ( )

Proof of Proposition 3. By Equation (8.15) from Lemma 4, we get

[T/ Ax ] 1 Tanl -1, iAn
E §in=—— g / AW (—t)dM; + / U(iA, —t)dM; + op(1).
= An = Jo (i—1)A
=1 =1 n

Then, we deduce Equation (8.30) in the case j = 1 from the martingale definition. By Lemma 6, we

obtain as n — oo that

1 i+1 1 rg /l§
. . 2 2 i+1 2 _ 7
Eiil6i2] = A - (lrt 3>EZ 02 dt + AL PE, 1{ R e ey w
1
+0; (A2 °i”>. (8.31)

Since fiijll (Irf — )o? ; dt = 0 and by Condition 2 (h), we obtain as n — oo that

[t/An] L pitl 1
(zrf - f)Ei,l[o—f] dt‘ — op(1).
i1 3

2
For the second term in the right side of Equation (8.31), we first get as n — oo that (log”) T =o0p(A,)

which holds by Condition 2 (c¢). Then, we obtain by Lemma 5 as n — oo that

sup = op(1).

0<t<T

Yol {

ZA Ezl

19@+1 s Ui
A, T nAn]

Thus, we can deduce as n — oo that supg<i<r | E Anl E, i—1[&.2]| 50, The proof of the case j = 3

follows with the same arguments. O
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We show that Condition (7.28) holds in the following proposition. This proves that the sum of the

covariances converges to the asymptotic covariance in probability.

Proposition 4. We assume that Condition 1 and Condition 2 hold. Then, we have for any time

0<t<T asn — oo that

[t/An]
Z Cov;_1[&] —>/ wuwTdu (8.32)

Proof of Proposition /4. Since &1 = u; and E;_1[u;] = Oy2 (fi:) as n — oo, we have by Condition 2

(c) as n — oo that
[t/An] [t/An]

> (B 1)) Z OLl( (log ) ):OLl(l)-

i=1
Thus, Riemann integrability and Condition 2 (c) yield as n — oo that

[t/An]

.Z Vari-i[gi] ﬁ/ ToToTF

From Equation (8.31), we obtain as n — oo that

[t/An] [t/An]

Z Var;_1[& 2] = Z Ei- 1512 + op(1).

By Equation (8.21) from Lemma 5, Condition 2 (c), (f) and (h), we obtain as n — oo that

[t/An]
Z Ei—1] 12 —>/ Tu +40219 —|—12192du

The proof of Z Anl Var;_1[&; 3] follows with the same arguments if we replace A,, by 2A,,. Since the

baseline 1, is a martingale, this yields as n — oo that

[t/An ] [t/An]
> Covialéin ol = > Eial&ia&ial +op(1) = op(1)
=1 =1

and ZWA"J Covi—1[&1, &3] = op(1). Finally, we obtain with the same arguments that

[t/(24n)] e 1 t 99

Z Covinaléinbual = 5 | 5700+ 5000t S0du
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We show now that Condition (7.30) holds in the proposition that follows. This proves the Lindeberg

condition for the CLT.

Proposition 5. We assume that Condition 1 and Condition 2 hold. Then, we have for any time

0<t<T asn — oo that

[t/An] 5
> Eiallél e =e] = 0. (8.33)

=1

Proof of Proposition 5. By Holder’s inequality, we have

E||£ZH4 ngH €
= C\/ \/ 1/2 AL }

H4 —

[t/An]

> Eialllél® Ly
=1

Thus, it is sufficient to show as n — oo that E||¢; A2), whose proof follows from similar

arguments to the ones used in the proof of Proposition 4. O

We show that Condition (7.31) holds in the following proposition. This is based on the proof of
Proposition 4.1 (pp. 15-16) in Barndorff-Nielsen et al. (2006) and the proof of Equation (6.10) in

Todorov and Tauchen (2011).

Proposition 6. We assume that Condition 1 and Condition 2 hold. Then, we have for any time

0 <t <T and for any bounded F;-martingale M’ of dimension 3 as n — oo that

[t/An] .
> Eialg aM] S o0, (8.34)
=1

Proof of Proposition 6. When M{ = Wi, we have E;_1[&§1A,W] = Ei_1[u,AW] = QLl(nV\I;%) and

E( tht:/lA”J Ei,l[ﬁi’gAiW])Q = o(1) as n — oo from the proof of Proposition 4. We consider now the

case when M| is a continuous martingale orthogonal to W;. Since E|oy — O’Z‘_l‘k < C’Aﬁ7 for any
nonnegative integer k£ > 0, we can approximate locally and replace o? in &; by U?_l by using similar
arguments as in the proof of Proposition 4.1 (pp. 15-16) in Barndorff-Nielsen et al. (2006). We denote
the local approximation as £/, and its conditional expectation as &FM) = E[&] for any time 0 < ¢ < T.

By Theorem I11.4.34 (p. 189) in Jacod and Shiryaev (2013), we can express ft(M) into a stochastic
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integration of W; and M;. In particular, the orthogonality of M, implies that (dét(M))T(th/ ) =0 for
any time 0 <t < T. Thus, we can deduce that

Ay

Eial¢) AM{] =Ei [/ (de™)T (ant})| = 0.

(i—=1)An
If &; is C-tight and M] is a discontinuous martingale orthogonal to M; = N; — fg As ds, then ZE{A"J &
and ZE{A"J A;M' are jointly tight. This is obtained by the same arguments as in the proof of
Equation (6.10) in Todorov and Tauchen (2011) and Corollary VI.3.33 (p. 353) in Jacod and Shiryaev
(2013). Moreover, the left-hand side of Equation (8.34) converges as n — oo to the predictable
quadratic variation of the limit of E%Z{A"J & and EE{A"J A;M’. Then, this limit is zero due to the
orthogonality of continuous and discontinuous martingales. Finally, the C-tightness of ¢; is implied by
E}Z{A”J Eio1/& 51" R0 asn — oo for some nonnegative integer k > 2 and this can be derived from

the local boundedness of oy and Euf < C (nA,)~*/2. With similar arguments, we can show the case

when M| = M;A,,. O

The next proposition is useful for proving the normalized CLT with feasible variance. It is based

on the continuous mapping theorem along with Slutsky’s theorem.

Proposition 7. We assume that Condition 1 and Condition 2 hold. Then, we have as n — oo that

[t/An] ¢
i =\ uCp. 4 4 2 2
5, L (A0 / { S0+ 8020, + 1202 L ds, (3.35)
[t/An] t (9
Z EZ(A[D\)Q ugp / {30'2”3 + 21/3195}618, (836)
i=1 0
[t/An] ) ¢
A, Z oy / v2ds. (8.37)
i=1 0

Proof of Proposition 7. First, we have that Lemma 7 also holds for powers greater than 2. Thus, we
can assume, without loss of generality, that the baseline v; is continuous. For Expression (8.35), we

can show as n — oo that
[t/An] [t/An]
AY DY (At = AT Y {(Aiﬁ)“ + 6(Ai0)%(Agu)? + (Aiu)A‘} + 0p(1)

i=1 i=1

ol



[t/An]

DS {G/iiQ(lrgu)>2(dlrgV))2+6(/i 202 ds) (Eiafuf] + Eialu?))

i=1 =2

# (Brealuf) + Bl ]+ 0B DIEc-ali? 1) b+ 0p(1)
/2] ‘ 2 i Vo | Vio
= At 2 2 / 2 = =
Z { </z— 7 ds) +6<a’_2 i_ersds cnd, | enA,
Oi—a \° V2 v; 2
+(3<ann) +?)(ann> +6<an > +op(1)
t
= / {§o§+80§295+1219§}dt.
0

Here, we use Lemma 6 in the second equality and Condition 2 (¢) in the convergence.

For Expression (8.36), we have as n — oo that

[t/An] R [t/An]
Z ﬁi(AiD)Z = Z v; ((AZD)Q + (Azu)2> +Qp<1)
=1 =1
[t/An]
= Z U; / lT‘ dS + Ei_lu? + Ei_zu?,l) + Qp(l)

Lt/AnJ ‘ ¥ Vo
— . 2 T
= Z Vi_o (01_2/1 Ir?ds + an + ann> +op(1)

=1

)
/ {30§V5+2V3198}dt.
0

Here, we use Lemma 6 in the second equality and Condition 2 (¢) in the convergence.

1o

Finally, we get for Expression (8.37) as n — oo that

[t/An] [t/An]

Ay, Zl AN Z 72 +op(1 uip'/otl/zds.

O

In what follows, we deliver the proof of Theorem 1, which is based on an application of Theorem

IX.7.28 (pp. 590-591) in Jacod and Shiryaev (2013).

Proof of Theorem 1. We first prove Expression (4.1). This is based on an application of Theorem

IX.7.28 (pp. 590-591) in Jacod and Shiryaev (2013). We now verify that all the conditions, namely

the five Conditions (7.27) to (7.31) are satisfied. We set Z; = 0, which is obviously a square-integrable
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Fi-martingale. Thus, Condition (7.29) is directly satisfied. We also have that each ; is componentwise
square-integrable, because 7;, 14, and oy have bounded fourth moments by Lemma 3. In addition, we
have that Condition (7.27) holds by Proposition 3. Moreover, we can deduce that Condition (7.28)
is satisfied with the use of Proposition 4. We also get that Condition (7.30) holds by Proposition 5
Finally, we obtain that Condition (7.31) is satisfied by applying Proposition 6.

We now give the proof of Expression (4.2). First, we have by Expression (4.1) and Condition 2 (c)

as n — oo that

P ¢ K
Et 11 h / 7sd8.
o 1—=1¢lh)?

For the component it,22; we obtain by Expression (8.35) from Proposition 7 as n — oo that
[t/ AnJ

4A

1/4ui> / o +60219 +9192)dt

By subtracting ;- H¢|I1 ZLt/AnJ v;(A;D)? to it, we get by the use of Expression (8.36) from Proposition

7 as n — oo that

[t/An] [t/An]

3 ~ ~ u.c.p. t > =
0 (AP " | (oh+ 4020, + 302) ds.
4A .Z = ;M ) /0 o + 4020, + 302) ds
If we add a=Ten? H¢>|I ZWA"J 77 to it, we can deduce by Expression (8.37) from Proposition 7 as
n — oo that
Lt/AnJ 3 [t/An] [t/An] e
3 N A — 2 5
vw STqel & A hE Ao )
t
wep- / (aﬁ + 4029, + 12193) ds.
0
Since 2YAruiVares ®EP 1 a9 — 00 and by Condition 2 (c), this yields as n — oo that
3 Meany (1- ||¢|| )
- A
Yoo = 2 <4 t,4,1 — 3Meke3,1 + 9N; Ht,z,l)
t
ey /0 (08 + 4020, + 129?2) ds. (8.38)

Moreover, we can show the other components with similar arguments. Finally, we can show Expression
(4.4) by an extension of Slutsky’s theorem to the case of functional convergence with Expressions (4.1)

and (4.2). 0
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We now give the proofs from Section 5. We start with the proof of Corollary 1. This is obtained

by a direct application of Theorem 1 on the first component of the vector X.

Proof of Corollary 1. We focus on the first component of the vector X and the case when the kernel is
equal to ¢(t) = 0 for any time t € R™. Then, a direct application of Theorem 1 on the first component

of the vector X gives the corollary. O

We continue with the proof of Corollary 2. This is obtained by applying the delta method (see

Theorem 20.8 (p. 297) in Van der Vaart (1998)) to Theorem 1.

Proof of Corollary 2. We focus on the function f;1(x) = 1—, /% where ; = [0, Vary 1, Varg o]T.

We also focus on the function fo(7;) =1 — 4/ % where z; = [0, Vartyl,Varm]T. Then, we can

show that the conditions from Theorem 20.8 (p. 297) in Van der Vaart (1998) applied on the functions
fia(zy) and fr2(z;) hold. In particular, we can show the Hadamard differentiability. Finally, an
application of Theorem 20.8 (p. 297) in Van der Vaart (1998) on the functions f;1(z¢) and fi2(Z¢) to

Theorem 1 yields the corollary. O

We now deliver the proof of Corollary 3. This is also obtained by applying the delta method to

Theorem 1.

Proof of Corollary 3. We focus on the function g;1(z¢) = (%)(2%73 — %xtjg). We also focus
on the function g;2(x¢) = (%) (2.%15,3 — %:Utg). Then, we can show that the conditions from

Theorem 20.8 (p. 297) in Van der Vaart (1998) applied on the functions g;1(x;) and g 2(z;) hold.
In particular, we can show the Hadamard differentiability. Finally, an application of Theorem 20.8
(p. 297) in Van der Vaart (1998) on the functions g 1(x:) and g¢2(x¢) to Theorem 1 provides the

corollary. O

In addition, we provide the proof of Corollary 4. The proof of the convergence under the null

hypothesis Hy is also obtained by applying the delta method to Theorem 1.
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Proof of Corollary 4. We focus on the function fii(x;) = 1 — ,/%. We also focus on the

1— 3Mean;

sarr Mt — - Then, we can show that the conditions from Theorem 20.8 (p.
2A2 (xo—x3)¢

function fio(zy) =
297) in Van der Vaart (1998) applied on the functions f;(z¢) and fi2(x¢) hold. In particular, we can
show the Hadamard differentiability. Finally, an application of Theorem 20.8 (p. 297) in Van der Vaart
(1998) on the functions f;1(z¢) and f2(x:) to Theorem 1 yields as n — oo that Sy z X3 under the
null hypothesis Hy. Under the alternative hypothesis Hy, we can show as n — oo that S; — oo since

—

AVar(||¢|l¢,1) = Op(1) . It comes from % = Op(1) and A 2Mean; = Op(1) asn — co. [

Moreover, we give the proof of Proposition 2. The proof slightly extends the proof of Theorem 1.

Proof of Proposition 2. By Theorem 1, it is sufficient to consider only the components of @t. We

have
iVaur = WZA:HJ U — Mean,
2 "t — ’ nt

[t/An] A [t/An] 2

= Z (1/+ui Z (V—i—uj))
i=1 j=1
I.t nJ ( An I.t/AnJ >2

=2 (w7 2w
i=1 j=1
[t/An] [t/An] 2

A

_ Y 2o b u)

> -2

For the second term, we can deduce as n — oo that %(Z}’Zf” Ui)2 = op(1). For the first term, we

have by Lemma 5 as n — oo that Ei,l[u% - Anlétc_l] =0 ((;X%")Q). Thus, we obtain as n — oo that

/4] y 5
sup A, 2 Z Eio1[u? — Apdc™'] = 0.
0<t<T |
We also have as n — oo that
[t/An] 5 [t/An] 5 5
A;l Z E;,_1 [(U? - Anﬁtc_l)ﬂ = A;l Z E;_1 [uf - 229tc_1Anu12 + (ﬁtc_lAn)z]
i=1 i=1

[t/An] 9, 2
a0y 2<an > + op(1)
i=1 n
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Iy
cnA2

n

=2

T + Op(l).

Thus, we obtain AVar(\//a\rt) = 29;T by Condition 2 (c¢). For ACov (\//a\rt,\fl;l), we first have that

(A;D)? = (Asu)?. Then, we obtain as n — oo that

R
n_ZVarm = Z 2(u; — uj—1)u; + op(1).
i=1
Thus, we get as n — oo that
[t/An] y y
At Z E,_1 [(u? — ApDe)2(u? — ui_qu; — Anﬁtcfl)}
i=1
[t/An] 2
9 s s
= 2A 1 Eiq|ud — wyqud — 2—— 2 + uy_quj— t
" Zz; ! [uz Yim1t cnl\, Ui Uiy cnl\, + cnl\,
[t/An] 9, \2
= 4A1 1
" ; <ann> +oe(l)
B 49?1 (8.39)

— 2
Here, we use Condition 2 (¢) in the convergence. We obtain Acov (Vart,Varmg) = %(%) t with the
same arguments. We can apply Theorem IX.7.28 (pp. 590-591) in Jacod and Shiryaev (2013) since we

can show that all the remaining conditions are satisfied with the same arguments as in the proof of

Theorem 1. Thus, we get Equation (5.29). O

Finally, we give the proof of Corollary 5. The proof of the convergence under the null hypothesis

Hj is obtained by applying the delta method to Proposition 2.

—

Proof of Corollary 5. We focus on the function fi(Zy;) =1 — %% where

N — — \T
Tt1 = (0, 0, Varm, Varng) .

We also focus on the function g,(z;2) = 1 — ”Al\g%igig where ;9 = (0, \//'z;t, 0, O)T. Then, we
can show that the conditions from Theorem 20.8 (p. 297) in Van der Vaart (1998) applied on the
functions fi(Z;,1) and g;(Z2) hold. In particular, we can show the Hadamard differentiability. Finally,
an application of Theorem 20.8 (p. 297) in Van der Vaart (1998) on the functions fi(Z¢1) and g¢(Z¢2)

to Equation (5.29) to Proposition 2 yields as n — oo that S LA x7 under the null hypothesis Hj ;.
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Under the alternative hypothesis H{J, we get as n — oo that

— S e Mean; \?
2 — A2 C_
A7 Var, = Ay, g <)\Z " >

=1
[t/An] A [t/An] 2
= A?an Z (VZ' — T Z I/j>
i—1 =1

[t/An] < A [t/An]

2
:AZTI? Z 171‘—? Z I/j) +Op(1)

i=1 j=1

t
= Ann2/ (ve — D)2 dt 4 op(1).
0

This implies as n — oo that @M(A%@“t) B 0 because P(fot(ut —)?dt > 0) = 1. Thus, we obtain
as n — oo that ||<;3||f{1 5 1 and A/VE’(H?&H: - H¢||{{1) = Op(1). This implies that the test statistic S’

explodes as n — oc. O

9 Simulation study

In this section, we conduct a simulation study to document how the estimators and tests behave in

finite samples.

9.1 Simulation design

We consider the following simulation design to replicate features observed in financial markets. All
the models we introduce satisfy the conditions of the theory discussed in the previous sections. We set
T =1, i.e., 6.5-hour-long day of trading. The order of the observation number n varies from 50,000
to 1,000,000 for checking the asymptotic approximation and from 10,000 to 1,000,000 for hypothesis
testing. With these realistic values, the simulation design allows for both less traded and highly traded
stocks. The number of replications is equal to 1,000. We use the Python package tick (Bacry et al.,
2017) for the generation of the point process.

We define the intensity process as
C B ¢
N = n(l— (6l (1€ + i) + /O n(n(t - s))dN,. (9.1)
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Here, the component of the baseline ,utC satisfies a square root process (SRP)
dul = 30(by — pul)dt + 31/ uCdw;. (9.2)

The nonrandom function b; is a solution of the ordinary differential equation dr; = 30(b; — r¢)dt with

U-shape r; defined as rg = ,ug and

= 20<(t —0.53)* + 214> (9.3)

The tune parameter 0.53 centers the U-shaped component in the middle of the trading day. The drift
term in Equation (9.2) ensures mean reversion of the process uf to the function b;. Moreover, the
function b; pushes the process ,utc to follow the U-shape nonrandom term r;. In Equation (9.2), the
diffusion term {/uSdW; captures the random fluctuation. The Feller condition (Feller, 1951) is satisfied
with 30 x by > 32 for any time t € [0, T, thus the process uf is positive.

In Equation (9.2), the process u correspond to the intensity bursts (Rambaldi et al. (2018)). They
are defined as a sudden occurrence of a large number of exogenous points for a short period of time,
i.e., around one second. We assume that the bursts are locally bounded. The arrival time of bursts z;
is sampled from a homogeneous Poisson process with rate 2/7. The size of the bursts Z; are drawn
from max (N (200m, (50n)2), 50n). Thus, we have that the bursts Z; are positive. The intensity bursts
have the form

pp = Z Zil{(1—2)€[0,1/(3600x6.5)]} - (9.4)

2 <t
The parameter values are taken from our empirical application and the results from Rambaldi et al.
(2018) (p. 6), where the authors report an average number of bursts between 1.95-3.25 for a 6.5-hour
period. With this choice, the intensity remains locally bounded and the conditions of the theory hold.
Kernels are specified as follows. An exponential kernel is defined as ¢(t) = 1.6e~2! and a power
kernel defined as ¢(t) = 1.6(1 +¢)~3. With these kernel values, the L' norm is equal to ||¢||; = 0.8,
which is the average value that we obtain in our empirical application and in the results of Filimonov

and Sornette (2012). Finally, we set the truncation parameters as a = ag ( ZZLZQA"J (Ai//\\)2/T) Y2 With
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ap = 3 and w = 0.48. The values oy = 3 and w = 0.48 are equal to the values used in Ait-Sahalia and
Xiu (2019) and Clinet and Potiron (2019). The value of « is set to ap multiplied by the preaveraging of
local Poisson estimates without truncation. The idea is similar to the idea used in Ait-Sahalia and Xiu
(2019) and Clinet and Potiron (2019). The truncation parameter influences the variance estimation
and test calibration. Thus, we have evaluated the sensitivity of test size and power to variations in the
parameters w, «a, and «g. However, we do not observe any meaningful change.

We consider the following model variants to disentangle the effects. First, we set Model 1 as a null
kernel and a constant baseline, i.e., Ay = n. Second, we set Model 2 as a null kernel and a U-shape
baseline, i.e., A\ = 20((75 —0.53)* + i)n Third, we set Model 3 as a null kernel and a U-shape +
SRP + burst baseline, i.e., Ay = n(uS + pP). Then, we set Model 4 as an exponential kernel and a
constant baseline, i.e., \y = n + f(f ng(n(t —s))dNs. We also set Model 5 as an exponential kernel and
a U-shape baseline, i.e., \y = nus + fg ne(n(t — s))dNs where 1, = 20(1 — ||¢[l1) ((t — 0.53)* + ).
We set Model 6 as an exponential kernel and a U-shape + SRP -+ burst baseline, ie., Ay = n(1 —
pll) (g + ) + fg no(n(t — s))dNs. We set Model 7 as a power kernel, and a constant baseline
as Ay = n + fot no(n(t — s))dNs;. We set Model 8 as a power kernel and a U-shape baseline, i.e.,
At = np + fot ne(n(t — s))dNs, g = 20(1 — | ¢]l1) ((t — 0.53)* + 55 ). Finally, we set Model 9 as a power
kernel and a U-shape + SRP + burst baseline, i.e., Ay = n(1 — [|¢[|1) (1S + ) + fg no(n(t — s))dNs.

These models are summarized in Table 1.

Table 1: Summary of models.

Baseline Model ()

Kernel Constant U-shape U-shape + SRP + burst
Null Model 1 Model 2 Model 3
Exponential Model 4 Model 5 Model 6
Power Model 7 Model 8 Model 9
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In general, the intensity bursts P follow Equation (9.4), but in the case of the power kernel, we
first generate points without the burst and then add points whose intensity follows (1 — ||@||1) ™ uP.
It is due to the implemented function in the package tick taking over a day to generate points when
there is a burst. However, results do not show any significant differences.

Figure 5 provides a comparison between simulated intensity from Model 9 (left panel) and intensity
based on AAPL (Apple) data on April 1st 2016 (right panel). The intensity is obtained from one-
minute intervals. The simulated process captures the U-shaped pattern and intensity burst well; it
also exhibits some random fluctuation of the baseline intensity. These patterns can also be seen in the

data that justify our simulation design being realistic.

1750 A 1750 4
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£ 1250 £ 1250
‘s ‘s
Q Q
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Q Q
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Figure 5: Comparison between simulated intensity with Model 9 (left panel) and intensity based on

AAPL data on April 1st 2016 (right panel).

9.2 Asymptotic approximation

Table 2 and Figure 6 report the summary statistics and the histogram for the integrated intensity with
Models 1-3. The order of the observation number n is 150,000 and 1,000,000. The absolute value of the
mean ranges from 1% to 15%, with an average of 5%. It has an average of 3% for the statistics with

unfeasible variance, and an average of 7% for the statistics with feasible variance. Overall, the mean
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is adequate, especially when the variance is feasible and when n increases. The variance ranges from
101% to 107%, with an average of 104%. It has an average of 102% for the statistics with unfeasible
variance, and an average of 106% for the statistics with feasible variance. Overall, the variance is close

to unity.

Table 2: Summary statistics for the integrated intensity with Models 1-3. The order of the observation

number n is 150,000 and 1,000,000, and the number of replications is 1,000.

n 150,000 1,000,000
Variance Unfeasible Feasible Unfeasible Feasible
Model Mean  Variance Mean  Variance Mean  Variance Mean  Variance

Model 1 -0.0117  1.0398 -0.0215  1.0665  0.0318 1.0086  0.0842 1.0192
Model 2 0.0329 1.0183  0.0640 1.0406  -0.0176  1.0331  -0.0297  1.0575

Model 3 -0.0679  1.0435 -0.1541  1.0625 -0.0360  1.0105  0.0723 1.0119

Model 1 Model 2 Model 3
mean = — 0.0215 0.40 - mean = 0.0640 mean = —0.1541
0.40 - var = 1.0665 - var=1.0406 o4 var=1.0625
size(a = 5%) = 6.50% | size(a =5%) = 6.10% ' size(a =5%) =6.10%
0.35 - 0.35
>
(=
< 0.30 0.30 1
2 0.3 1
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w
2 0.20 1 0.20 o o
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Figure 6: Histogram of the normalized CLT with feasible variance (5.5) for the integrated intensity

using Models 1-3. The observation number n is 150,000, and the number of replications is 1,000.

Table 3 and Figure 7 report the summary statistics and the histogram for the integrated baseline

using Models 4-9. The order of the observation number n is 150,000 and 1,000,000. The absolute value
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of the mean ranges from 2% to 28%, with an average of 10%. It has an average of 5% for the statistics
with unfeasible variance, and an average of 15% for the statistics with feasible variance. Overall, the
statistics are slightly biased, especially when the variance is unfeasible. However, the bias gets smaller
when n increases. The variance ranges from 98% to 109%, with an average of 103%. It has an average
of 101% for the statistics with unfeasible variance, and an average of 105% for the statistics with

feasible variance. Overall, the variance is close to unity.

Table 3: Summary statistics for the integrated baseline using Models 4-9. The order of the observation

number is n=150,000 or 1,000,000, and the number of replications is 1,000.

n 150,000 1,000,000

Variance Unfeasible Feasible Unfeasible Feasible

Model Mean Variance Mean Variance Mean  Variance Mean Variance

Model 4 0.0664  1.0085  0.1582  1.0142  -0.0281  1.0558  0.0579  1.0753
Model 5 0.0589  1.0440 0.1302 1.0869  0.0638 1.0108  0.1141  1.0195
Model 6 0.0401 1.0186  0.0874  1.0421 0.0183 1.0048  0.0400  1.0098
Model 7 0.1612  0.9826  0.2838  0.9927  0.0593 1.0046  0.1215  1.0089
Model 8 0.1189  1.0176 0.2644 1.0179  0.0657  1.0113  0.1173  1.0220

Model 9 0.1032  1.0563  0.2056  1.0866  0.0332 1.0394  0.8122  1.0723

Table 4 and Figure 8 report the summary statistics and the histogram for the integrated volatility
of the baseline with Models 1-9. The order of the observation number n is 150,000 and 1,000,000.
The absolute value of the mean ranges from 1% to 49%, with an average of 11%. It has an average
of 7% for the statistics with unfeasible variance, and an average of 14% for the statistics with feasible
variance. Overall, the statistics are biased, especially when the variance is unfeasible. However, the
bias is smaller when n increases. The variance ranges from 98% to 120%, with an average of 110%.

It has an average of 107% for the statistics with unfeasible variance, and an average of 114% for the
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Figure 7: Histogram of the normalized CLT with feasible variance (5.12) for the integrated baseline

using Models 4-9. The observation number n is 150,000, and the number of replications is 1,000.
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statistics with feasible variance. Overall, the variance is reasonably close to unity.

Table 4: Summary statistics for the integrated volatility of the baseline using Models 1-9. The order

of the observation number n is 150,000 and 1,000,000, and the number of replications is 1,000.

n 150,000 1,000,000
Variance Unfeasible Feasible Unfeasible Feasible
Model Mean  Variance Mean  Variance Mean  Variance Mean  Variance

Model 1 -0.0292  1.0393 -0.0620 1.0634  0.0488 1.0020  0.0985 1.0035
Model 2 0.0256 1.0447  0.0369 1.0617  -0.0276  1.0449  -0.0447  1.0563
Model 3 -0.1596  1.0428 -0.4900 1.0765 -0.1204  0.9850 -0.2589  0.9772
Model 4 -0.0258  1.0810  0.0004 1.1992  0.0213 1.0859  0.0302 1.1512
Model 5 0.0189 1.1989  -0.0276  1.4319  0.0344 1.0356  0.0507 1.0591
Model 6 -0.1904  1.1476 -0.3378  1.3072  -0.1422  1.1550 -0.2834  1.1390
Model 7 0.0587 1.1671 0.0807 1.2958  0.0326 1.0954  0.0540 1.1422
Model 8 0.0183 1.0567  0.0315 1.0900  0.0055 1.0328  0.0172 1.0542

Model 9 -0.1573  1.2021  -0.2987 1.3761 -0.0871  1.0992  -0.1460  1.2037

9.3 Hypothesis testing

Table 5 reports the percentage of rejections at the 5% level of the null hypothesis for the two tests
using Models 1-9. The order of the observation number n is 10,000, 50,000, 150,000, and 1,000,000.
The size ranges from 4.2% to 8.7%, with an average of 5.5%. It has an average of 5.8% with the test
for the absence of a Hawkes component, and an average of 5.0% with the test for constant baseline.
Overall, the test for the absence of a Hawkes component is slightly oversized, while the size of the test
for constant baseline is adequate. The power varies between 99.8% and 100% for testing the absence

of a Hawkes component and between 62.9% and 100% for testing constant baseline, and thus is more
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Figure 8: Histogram of the normalized CLT with feasible variance (5.18) for the integrated volatility

of the baseline with Models 1-9. The order of the observation number n is 150,000, and the number of

replications is 1,000.
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adequate for the former test.

Table 5: Percentage of rejections at the 5% level of the null hypothesis for the two tests with Models
1-9. The order of the observation number n is 10,000, 50,000, 150,000 and 1,000,000, and the number

of replications is 1,000.

Test for the absence of a Hawkes component

Size Power

10,000 5.7 5.1 8.7 99.9 999 999 99.8 999 99.9
20,000 5.6 53 64 100 100 100 100 100 99.9
150,000 6.0 6.0 5.9 100 100 100 100 100 100

1,000,000 5.5 6.2 5.3 100 100 100 100 100 100

Test for constant baseline

Size Power

10,000 5.2 5.1 4.6 99.9 98.3 629 87.4 70.3 88.6
50,000 4.2 4.7 49 100 100 100 100 100 99.9
150,000 5.4 5.2 4.3 100 100 100 100 100 100

1,000,000 5.2 6.0 4.6 100 100 100 100 100 100

Table 6 reports the percentage of rejections at the 10% level of the null hypothesis for the two
tests using Models 1-9. The order of observation number n is 10,000, 50,000, 150,000, and 1,000,000.
The size ranges from 9.3% to 14.9%, with an average of 10.9%. It has an average of 12.4% for the
test for the absence of a Hawkes component, and an average of 10.3% for testing constant baseline.

Overall, the test for the absence of a Hawkes component is slightly oversized, while the size of the
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test for constant baseline is adequate. The power varies between 74.8% and 100% for testing constant
baseline and between 99.8% and 100% for testing the absence of a Hawkes component, and thus is
more adequate for the latter test.

Overall, the testing results confirm adequate size and power for both tests for the sample size

n = 50,000 or above. This number of observations is available in our empirical study.

Table 6: Percentage of rejections at the 10% level of the null hypothesis for the two tests using Models

1-9. The order of n is 10,000, 50,000, 150,000 and 1,000,000, and the number of replications is 1,000.

Test for the absence of a Hawkes component

Size Power

10,000 11.0 10.3 14.9 99.9 999 99.8 99.8  99.9 99.9
50,000 10.3 11.5 11.1 100 100 100 100 100 99.9
150,000 12.2 11.6 11.3 100 100 100 100 100 100

1,000,000 10.2 109 9.7 100 100 100 100 100 100

Test for constant baseline

Size Power

10,000 10.2 10.9 10.5 99.9 98.7 748 92.2 815 939
50,000 93 99 115 100 100 100 99.9 100 99.9
150,000 10.1 10.0 9.5 100 100 100 100 1.000 100

1,000,000 10.0 11.7 10.5 100 100 100 100 100 100
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