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Supplementary material of ”Nonparametric estimation of
hitting-time variance” by Julian Kota Kikuchi, Chang Yuan Li and
Yoann Potiron published in the Annals of the Institute of Statistical
Mathematics.

This is the supplementary material of ”Nonparametric estimation of hitting-time
variance” by Julian Kota Kikuchi, Chang Yuan Li and Yoann Potiron published
in the Annals of the Institute of Statistical Mathematics. This supplementary
material specifies the hitting-time variance for some standard parametric distri-
bution in Section 9 and provides the detailed proofs of the results from Section
4 in Section 10.

9. Parametric case

This supplement specifies the hitting-time variance for some standard paramet-
ric pdfs such as Levy pdfs, inverse gamma pdfs, inverse Gaussian pdfs, gamma
pdfs and pdfs for the FHT of a standard Brownian motion to a linear boundary.

We first introduce some notation. We define the error function and its inverse
as

erf(z) =
2√
π

∫ z

0

e−t2dt for any z ∈ R, (49)

erf(erfinv(z)) = z for any z ∈ (−1, 1). (50)

If we introduce the notation h(t) = erfinv {1− F (t)} and substitute

fW
g ((PW

g )−1(F (t)))

in Equation (4) with Equation (68) from Lemma 2, we can reexpress the hitting-
time variance as a closed-form expression, i.e.

σ2
t,g = f(t)

2
g2

√
π
h(t)3e−h(t)2

1{0<F (t)<1} for any t ≥ 0. (51)

9.1. Levy pdf

The Levy pdf and cdf satisfy f(0) = 0, F (0) = 0,

f(t) =

√
c

2π

e−
c
2t

t
3
2

for any t > 0, (52)

F (t) = 1− erf
(√ c

2t

)
for any t > 0. (53)

Here, c > 0 is the scale parameter. It is right skewed, has an infinite mean and
a fat tail with an asymptotic polynomial decay of order t− 3

2 . By Equations (65)
and (66) from Lemma 2, it corresponds to the pdf of the FHT by a standard
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Fig 8: Square root of hitting-time variance related to Levy distribution for sev-
eral scale parameters

Brownian motion to the boundary g =
√
c. We can reexpress the hitting-time

variance for any t ≥ 0 as

σ2
t,g =

f(t)

fW
g ((PW

g )−1(F (t)))
1{0<F (t)<1}

=
f(t)

fW
g ((PW

g )−1(1− erf(
√

c
2t )))

1{t>0}

=
f(t)

fW
g

(
g2

2(erfinv(erf(
√

c
2t )))2

)1{t>0}

=
f(t)

fW
g ( g

2

c t)
1{t>0}

=
g2

c
1{t>0}, (54)

where the first equality corresponds to Equation (4), the second equality is due
to Equation (53), the third equality comes from Equation (67) in Lemma 2, the
fourth equality is obtained with algebraic manipulation, we use Lemma 2 along
with Equation (52) in the fifth equality. The hitting-time variance is constant
since the square of the boundary and the scale parameter play a symmetric role.
Figure 8 shows the square root of hitting-time variance related for several scale
parameters.

9.2. Inverse gamma pdf

The inverse gamma pdf and cdf satisfy f(0) = 0, F (0) = 0,

f(t) =
βα

Γ(α)

e−
β
t

tα+1
for any t > 0, (55)

F (t) =
Γ
(
α, β

t

)
Γ(α)

for any t > 0. (56)
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Fig 9: Square root of hitting-time variance related to the the inverse gamma
distribution for several shape and scale parameters

Here, α > 0 is the shape parameter, β > 0 is the scale parameter, Γ(α) =∫∞
0

xα−1e−xdx is the gamma function, and Γ(α, x) =
∫∞
x

xα−1e−xdx is the
upper incomplete gamma function. It is right skewed and has a fat tail with an
asymptotic polynomial decay of order t−1−α. When 0 < α < 1/2, the polynomial
decay is slower than the decay of the Levy pdf. When α = 1/2, the polynomial
decay is the same and in fact both pdfs are equal when β = c/2. When 0 < α <
1/2, the polynomial decay is faster than the decay of the Levy pdf. By Equation
(51) and Equations (55) and (56), we can reexpress the hitting-time variance
for any t ≥ 0 as

σ2
t,g =

βαg2
√
π

2Γ(α)

eh(t)
2− β

t

tα+1h(t)
31{t>0}.

Figure 9 shows the square root of hitting-time variance related for several shape
and scale parameters.

9.3. Inverse Gaussian pdf

The inverse Gaussian pdf and cdf satisfy f(0) = 0, F (0) = 0,

f(t) =

√
λ

2π

e
−λ(t−µ)2

2µ2t

t
3
2

for any t > 0, (57)

F (t) = Φ

(√
λ

t

(
t

µ
− 1

))
+ e

2λ
µ Φ

(
−
√

λ

t

(
t

µ
+ 1

))
for any t > 0.(58)

Here, λ > 0 is the shape parameter, µ > 0 is the mean parameter and Φ is
defined as the cdf of the standard Gaussian distribution, i.e.

Φ(z) =

∫ z

−∞

1√
2π

e−
t2

2 dt for any z ∈ R. (59)

It has an asymptotic exponential decay. It corresponds to the pdf of the FHT of
a Brownian motion with drift ν = g/µ and variance σ2 = g2/λ to the boundary
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Fig 10: Square root of hitting-time variance related to the inverse Gaussian
distribution for several shape and mean parameters

g. By Equation (51) and Equations (57)-(58), we can reexpress the hitting-time
variance for any t ≥ 0 as

σ2
t,g =

g2
√
λ

2
√
2

e
h(t)2−λ(t−µ)2

2µ2t

t
3
2h(t)

3 1{t>0}.

Figure 10 shows the square root of hitting-time variance for several shape and
mean parameters.

9.4. Gamma pdf

The gamma pdf and cdf satisfy

f(t) =
βαtα−1e−βt

Γ(α)
for any t ≥ 0, (60)

F (t) =

∫ βt

0
xα−1e−xdx

Γ(α)
for any t ≥ 0. (61)

Here, α > 0 is the shape parameter and β > 0 is the rate parameter. When
α = 1, it becomes exponential whose pdf and cdf satisfy

f(t) = βe−βt for any t ≥ 0,

F (t) = 1− e−βt for any t ≥ 0.

The gamma pdf has an asymptotic exponential decay. By Equation (51) and
Equation (60)-(61), we can reexpress the hitting-time variance for any t ≥ 0 as

σ2
t,g =

βαg2
√
π

2Γ(α)

tα−1eh(t)
2−βt

h(t)
3 . (62)

When α = 1, the closed-form solution can be specified as

σ2
t,g =

βg2
√
π

2

eerfinv(e
−βt)

2−βt

erfinv(e−βt)
3 .
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Fig 11: Square root of hitting-time variance related to the exponential distribu-
tion (left panel) and the gamma distribution (right panel) for several shape and
rate parameters

Figure 11 shows the square root of hitting-time variance for several shape and
rate parameters.

9.5. Linear boundary pdf

The next lemma gives the pdf and cdf of the FHT by a standard Brownian
motion to the linear boundary g(t) = at+ b, where a ∈ R is the slope and b > 0
is the intercept, which are known results from Malmquist (1954) (Theorem 1,
p. 526).

Lemma 1. We obtain f(0) = 0, F (0) = 0,

f(t) =
be−

(at+b)2

2t

√
2πt3

for any t > 0. (63)

F (t) = 1− Φ

(
at+ b√

t

)
+ e−2abΦ

(
at− b√

t

)
for any t > 0. (64)

When a = 0, the boundary becomes constant and we obtain a Levy distribution
with parameter b2 as in Lemma 2 and Section 9.1. When a 6= 0, the pdf has
an exponential decay. By Equations (51),(63) and (64), we can reexpress the
hitting-time variance for any t ≥ 0 as

σ2
t,g =

g2be−
(at+b)2

2t

2
√
2t3

eerfinv(h(t))
2

erfinv (h(t))
3 .

Figures 12 and 13 show the square root of hitting-time variance for several slope
and intercept parameters.
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Fig 12: Square root of hitting-time variance related to the hitting-time of a
linear upper boundary of the form at+b by a Brownian motion for several slope
and intercept parameters

Fig 13: Square root of hitting-time variance related to the hitting-time of a con-
stant upper boundary of the form b by a Brownian motion for several intercept
parameters
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10. Proofs

This supplement provides the detailed proofs of the results from Section 4.
To obtain the form of the variance solution in the IFHT problem, the key

result in Potiron (2026) states that the cdf for the FHT of a continuous local
martingale is equal to the cdf for the FHT of a standard Brownian motion, which
is time-changed by the martingale quadratic variation. Thus, we now consider
the case when Zt = Wt for any t ∈ R+ and recall a basic lemma from Potiron
(2026). This lemma gives fZ

g and PZ
g , i.e. Levy distribution, in Equations (65)-

(66) which are known results from Malmquist (1954) (Theorem 1, p. 526). It
also shows that there exists an invert of PW

g which we denote (PW
g )−1 and gives

(PW
g )−1(t) and fW

g ((PW
g )−1(t)) for any 0 ≤ t < 1.

Lemma 2. We obtain a Levy distribution with fW
g (0) = 0, PW

g (0) = 0,

fW
g (t) =

g√
2πt3

e
−g2

2t for any t > 0, (65)

PW
g (t) = 1− erf( g√

2t
) for any t > 0. (66)

Moreover, there exists an invert of PW
g which we denote (PW

g )−1 : [0, 1) → R+

and is strictly increasing such that (PW
g )−1(0) = 0,

(PW
g )−1(t) =

g2

2 erfinv(1− t)2
for any 0 < t < 1. (67)

Finally, we have fW
g ((PW

g )−1(t)) = 0,

fW
g ((PW

g )−1(t)) =
2

g2
√
π
erfinv(1− t)

3
e−erfinv(1−t)2 for any 0 < t < 1. (68)

Proof of Lemma 2. This corresponds to Lemma 6 in Potiron (2026).

The next lemma is a direct consequence of the previous lemma.

Lemma 3. We have

fW
g ∈ C1(R+,R+) and PW

g ∈ C1(R+, [0, 1)), (69)
(PW

g )−1 ∈ C1([0, 1),R+). (70)

Proof of Lemma 3. This is a direct consequence of Lemma 2.

We provide the following lemma, which corresponds to the L2 convergence
of F̂n(t) to the limit F (t).

Lemma 4. We assume that Assumption 2 holds. We have that the L2 conver-
gence of F̂n(t) to the limit F (t), i.e. for t ≥ 0 that

E[(F̂n(t)− F (t))2] → 0.
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Proof of Lemma 4. We can express the L2-distance as the sum of the square of
the bias and the variance, i.e.

E[(F̂n(t)− F (t))2] = (E[F̂n(t)]− F (t))2 +Var[F̂n(t)].

Then, the first term and the second term in the right-hand side of the above
equation tend to 0 respectively by Theorem 6 (i) and Theorem 6 (ii) in Watson
and Leadbetter (1964b) (p. 112), along with Assumption 2.

We give another lemma, which establishes the L2 convergence of f̂n(t) to the
limit f(t).

Lemma 5. We assume that Assumption 2 and Assumption 3 Expressions (19)-
(20)-(21)-(22) hold. We have L2 convergence of f̂n(t) to the limit f(t), i.e. for
any t ≥ 0 assuming that it is a continuity point of f , that

E[(f̂n(t)− f(t))2] → 0.

Proof of Lemma 5. As L2-convergence implies P-convergence, it is sufficient to
show the L2-convergence. We have that

E[(f̂n(t)− f(t))2] = (E[f̂n(t)]− f(t))2 +Var[f̂n(t)].

Then, the squared bias term vanishes asymptotically as an application of The-
orem 5 (p. 111) from Watson and Leadbetter (1964b) (p. 112) and the variance
term goes to 0 using Theorem 4 (p. 110) from the aforementioned paper, to-
gether with Assumption 2, Assumption 3 Expressions (19)-(20)-(21)-(22) and
the fact that t is a continuity point of f .

We now give the proof of Theorem 1.

Proof of Theorem 1. First, we prove the standard CLT (27). We can write for
any t > 0, assuming that it is a continuity point of f , that√

n

αn
(σ̂2,n

t,g − σ2
t,g) =

√
n

αn

(
σ̂2,n
t,g − f(t)

fW
g ((PW

g )−1(F (t)))

)
=

√
n

αn

( f̂n(t)1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
− f(t)

fW
g ((PW

g )−1(F (t)))

)
=

√
n

αn

( f̂n(t)

fW
g ((PW

g )−1(F (t)))
− f(t)

fW
g ((PW

g )−1(F (t)))

)
+

√
n

αn

( f̂n(t)1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
− f̂n(t)

fW
g ((PW

g )−1(F (t)))

)
= I + II.

Here, the first equality is due to Equation (4) along with the assumption that
f(t) > 0 and t > 0, the second equality corresponds to Equation (7), and the
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third equality is obtained with algebraic manipulation. In what follows, we will
show that

I
D→ N

(
0,

f(t)

fW
g ((PW

g )−1(F (t)))2

)
, (71)

II
P→ 0. (72)

We start with the proof of I. We can decompose it as

I =

√
n

αn

( f̂n(t)− E[f̂n(t)])
fW
g ((PW

g )−1(F (t)))
− f(t)− E[f̂n(t)])

fW
g ((PW

g )−1(F (t)))

)
:= IA + IB .

We can see that IB
P→ 0 by Assumption 3 Expression (23). We turn now to the

IA term. Note that by Theorem 5 (p. 111) in Watson and Leadbetter (1964b)
together with Assumption 2, Assumption 3 Expressions (19)-(20)-(21)-(22) and
the assumption that t is a continuity point of f , we obtain that√

n

αn
(f̂n(t)− E[f̂n(t)])

D→ N (0, f(t)). (73)

We have thus shown Equation (71).
We now continue with the proof of II. With an algebraic manipulation, we

can decompose it as

II =

√
n

αn

( (f̂n(t)− E[f̂n(t)])1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
− f̂n(t)− E[f̂n(t)]

fW
g ((PW

g )−1(F (t)))

)
+

√
n

αn

( (E[f̂n(t)]− f(t))1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
− E[f̂n(t)]− f(t)

fW
g ((PW

g )−1(F (t)))

)
+

√
n

αn

( f(t)1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
− f(t)

fW
g ((PW

g )−1(F (t)))

)
= IIA + IIB + IIC .

We start with IIA term. First, we note that by Theorem 5 (p. 111) in Watson
and Leadbetter (1964b) along with Assumption 2, Assumption 3 Expressions
(19),(20),(21) and (22), and the fact that t is a continuity point of f , we obtain√

n

αn
(f̂n(t)− E[f̂n(t)]) = OP(1). (74)

As a consequence of Equation (74), proving that IIA
P→ 0 amounts to showing

that
1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))

P→ 1

fW
g ((PW

g )−1(F (t)))
. (75)
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Equation (75) holds as an application of Lemma 4 along with the continuous
mapping theorem and the fact that fW

g and (PW
g )−1 are continuous functions

by Lemma 2. This is also due to the assumption that f(t) > 0 and t > 0.
We turn to IIB term. First, we can see that by Lemma 4 along with the

assumption that f(t) > 0 and t > 0 we have

1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
= OP(1). (76)

From Equation (76), the proof of IIB
P→ 0 amounts to showing that the bias

vanishes asymptotically, i.e. that√
n

αn
(E[f̂n(t)]− f(t)) = oP(1), (77)

which corresponds exactly to Assumption 3 Expression (23).
For IIC term, we define the function u : (0, 1) → R+

∗ as

u(s) =
1

fW
g ((PW

g )−1(s))
. (78)

First, we note that u ∈ C1((0, 1),R+
∗ ) since fW

g ∈ C1(R+,R+) and (PW
g )−1 ∈

C1([0, 1),R+) by Expressions (69)-(70) from Lemma 3. By the use of a Taylor
expansion, we can deduce that

u(F̃n(t))− u(F (t)) = u′(sn)(F̃n(t)− F (t)). (79)

Here, we introduce the truncated cdf estimator

F̃n(t) = min
(
1− (1− F (t))/2,max(F̂n(t), F (t)/2)

)
and sn is between F̃n(t) and F (t). We have

IIC =

√
n

αn

( f(t)1{0<F̂n(t)<1}

fW
g ((PW

g )−1(F̂n(t)))
− f(t)

fW
g ((PW

g )−1(F (t)))

)
=

√
n

αn
f(t)

(
u(F̃n(t))− u(F (t))

)
+ oP(1)

=

√
n

αn
f(t)u′(sn)(F̂n(t)− F (t)) + oP(1),

where the first equality is the definition of IIC , the second equality is due to
Equation (78) with Lemma 4 and the assumption that f(t) > 0 where t > 0, and
the third equality is obtained from Equation (79) with Lemma 4 the assumption
that f(t) > 0 where t > 0. Then, we have that | u′(sn) |≤ C as sn belongs to a
compact space [s−, s+] such that 0 < s− < s+ < 1 by the assumption f(t) > 0
where t > 0. Thus, we can deduce that

| IIC |≤ C

√
n

αn
| F̂n(t)− F (t) | . (80)
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By an algebraic manipulation, we can decompose F̂n(t)− F (t) as

F̂n(t)− F (t) = (F̂n(t)− E[F̂n(t)]) + (E[F̂n(t)]− F (t)). (81)

As a consequence of Equation (80) and Equation (81), along with the triangular
inequality, we deduce that

| IIC |≤ C

√
n

αn
(| F̂n(t)− E[F̂n(t)] | + | E[F̂n(t)]− F (t) |). (82)

First, we note that by Theorem 6 (iii) (p. 112) in Watson and Leadbetter (1964b)
together with Assumption 2, we obtain

√
n(F̂n(t)− E[F̂n(t)]) = OP(1). (83)

Then, from Equation (83) along with the fact that αn → ∞, i.e. Expression
(26), we can deduce that the first term in the right-hand side of Equation (82)
tends to 0 in probability. The second term in the right-hand side of Equation
(82) is a bias term and vanishes asymptotically by Assumption 3 Expression
(24). Thus we have shown Equation (72). We have thus shown the standard
CLT (27).

Now, we prove the feasible normalized CLT (28). First, as an application of
the continuous mapping theorem along with Lemma 4, Lemma 5 and the fact
that fW

g and (PW
g )−1 are continuous functions by Expressions (69)-(70) from

Lemma 3, we obtain that√√√√fW
g ((PW

g )−1(F̂n(t)))2

f̂n(t)

P→

√
fW
g ((PW

g )−1(F (t)))2

f(t)
. (84)

Now, an application of Equation (84), the standard CLT (27) and Slutsky’s
lemma yields √√√√ n

αn

fW
g ((PW

g )−1(F̂n(t)))2

f̂n(t)
(σ̂2,n

t,g − σ2
t,g) (85)

D→

√
fW
g ((PW

g )−1(F (t)))2

f(t)
N (0,

f(t)

(fW
g ((PW

g )−1(F (t)))2
).

Then, as
√
aN (0, b) = N (0, ab) for any a > 0 and b > 0, we can deduce that

the term in the right-hand side of Expression (85) is equal to N (0, 1).

We now give the proof of Theorem 2.

Proof of Theorem 2. We first show the standard CLT (45). First, we define the
hitting-time variance estimator truncated on the interval [σ2

t,g − η, σ2
t,g + η] as

σ2,n
t,g = min

(
σ2
t,g + η,max(σ̂2,n

t,g , σ
2
t,g − η)

)
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Then, we have√
n

αn
( ̂k(σ2

t,g)
n − k(σ2

t,g)) =

√
n

αn
(k(σ̂2,n

t,g )1{σ̂2,n
t,g >0} − k(σ2

t,g))

=

√
n

αn
(k(σ2,n

t,g )− k(σ2
t,g)) + oP(1),

where the first equality comes from Equation (8) and the second equality comes
from the assumption that f(t) > 0 with t > 0 and that f is continuous at time
t. Then, by a Taylor expansion along with Assumption 4 Expression (29) we
obtain that√

n

αn
(k(σ2,n

t,g )− k(σ2
t,g)) =

√
n

αn
k′(σ2

t,g)(σ
2,n
t,g − σ2

t,g)

+

√
n

αn

k′′(σ̃2
n)

2
(σ2,n

t,g − σ2
t,g)

2

:= I + II,

where σ̃2
n is between σ2,n

t,g and σ2
t,g. By an application of Theorem 1, Assumptions

1, 2, 3, the assumption that f(t) > 0 with t > 0 and that f is continuous at
time t, we obtain the convergence

I
D→ g′(σ2

t,g)N
(
0,

f(t)

fW
g ((PW

g )−1(F (t)))2

)
.

Given the fact that
√
aN (0, b) = N (0, ab) for any a > 0 and b > 0, we can

deduce that

I
D→ N

(
0,

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2

)
.

As for II, we can calculate that

II =

√
n

αn

k′′(σ̃2
n)

2
(σ2,n

t,g − σ2
t,g)

2

≤ C

√
n

αn
(σ2,n

t,g − σ2
t,g)

2 + oP(1)

= OP(σ
2,n
t,g − σ2

t,g)

= oP(1),

where the first equality comes from the definition of II, the inequality is due
to Assumption 4 Expression (30) and that σ̃2

n belongs to the compact interval
[σ2

t,g−η, σ2
t,g+η], the second and third equalities are consequence of Theorem 1

by Assumptions 1-2-3 along with the assumption that f(t) > 0 with t > 0 and
that f is continuous at time t. Thus we have proven the standard CLT (45).
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Now, we prove the feasible normalized CLT (46). First, by Assumption 4
Expression (30) we can deduce that k′ ∈ C2([σ2

t,g − η, σ2
t,g + η],R) and thus

apply the standard CLT (45) to the function k′ and obtain

k′(σ2,n
t,g )

P→ k′(σ2
t,g).

Then, the proof follows with extending the arguments from the normalized fea-
sible CLT in the proof of Theorem 1.

Before we turn to the proof of Theorem 3, we introduce several lemmas. The
next lemma extends Lemma 3 (p. 104) in Watson and Leadbetter (1964b) to a
statement uniform on [T−, T+].

Lemma 6. We assume that Assumption 2 and Assumption 5 Expressions
(34),(35) and (36) hold . Then for any t ∈ [T−, T+] we have s 7→ f(s)δn(s− t) ∈
L1(R+) and

sup
T−≤t≤T+

∣∣∣ ∫
R+

δn(s− t)f(s)ds− f(t)
∣∣∣→ 0. (86)

Proof of Lemma 6. First, we show that for any t ∈ [T−, T+] we have s 7→
f(s)δn(s − t) ∈ L1(R+). Let t ∈ [T−, T+]. Given that f is continuous and
positive in t by Assumption 5 Expressions (35) and (36), that f ∈ L1(R+) since
it is a density, δn is a positive delta-sequence, then s 7→ f(s)δn(s− t) ∈ L1(R+)
as an application of Lemma 3 (p. 104) in Watson and Leadbetter (1964b).
Then, we prove Expression (86). By Assumption 2 Equation (15), we can reex-
press the expression as

sup
T−≤t≤T+

∣∣∣ ∫
R+

δn(s− t)f(s)ds− f(t)
∣∣∣

= sup
T−≤t≤T+

∣∣∣ ∫
R+

δn(s− t)(f(s)− f(t))ds
∣∣∣.

Note that f is continuous on [T−, T+] by Assumption 5 Expression (35), which
is a compact space of R+ by Assumption 5 Expression (34). Thus f is uniformly
continuous on [T−, T+]. Then, for any arbitrary small ε > 0, λ > 0 may be
chosen so that

sup
T−≤t≤T+,|s−t|≤λ

| f(s)− f(t) |< ε. (87)
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If we define A as A = supT−≤t≤T+

∣∣∣ ∫R+ δn(s− t)(f(s)−f(t))ds
∣∣∣, we obtain that

A = sup
T−≤t≤T+

∣∣∣ ∫
|s−t|≤λ

δn(s− t)(f(s)− f(t))ds

+

∫
|s−t|>λ

δn(s− t)(f(s)− f(t))ds
∣∣∣

≤ sup
T−≤t≤T+

∣∣∣ ∫
|s−t|≤λ

δn(s− t)(f(s)− f(t))ds
∣∣∣

+ sup
T−≤t≤T+

∣∣∣ ∫
|s−t|>λ

δn(s− t)(f(s)− f(t))ds
∣∣∣

= I + II,

where we use algebraic manipulation in the equality, and the triangular inequal-
ity in the inequality. On the one hand, we have that

I ≤ sup
T−≤t≤T+

∫
|s−t|≤λ

δn(s− t)ds sup
s∈R+,|s−t|≤λ

| f(s)− f(t) |

≤ sup
T−≤t≤T+,|s−t|≤λ

| f(s)− f(t) |

≤ ε,

where we use algebraic manipulation with sup domination in the first inequality,
Assumption 2 Equation (15) in the second inequality, and Equation (87) in the
last inequality. Then, if we choose ε → 0, we obtain that I → 0.
On the other hand, we have that

II = sup
T−≤t≤T+

∣∣∣ ∫
|s−t|>λ

δn(s− t)f(s)ds−
∫
|s−t|>λ

δn(s− t)f(t)ds
∣∣∣

≤ sup
T−≤t≤T+

∣∣∣ ∫
|s−t|>λ

δn(s− t)f(s)ds
∣∣∣+ sup

T−≤t≤T+

∣∣∣ ∫
|s−t|>λ

δn(s− t)f(t)ds
∣∣∣

= IIA + IIB ,

where the equality is due to the definition of II with algebraic manipulation,
we employ the triangular inequality in the inequality. We have that

IIA = sup
T−≤t≤T+

∣∣∣ ∫
|s−t|>λ

δn(s− t)f(s)ds
∣∣∣

≤ sup
T−≤t≤T+

sup
|s|≥λ

δn(s)

∫
|s−t|>λ

f(s)ds

≤ sup
T−≤t≤T+

sup
|s|≥λ

δn(s)

= sup
|s|≥λ

δn(s)

→ 0,
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where the first equality comes from the definition of IIA, a sup domination yields
the first inequality, we use the fact that f is a pdf in the second inequality, the
convergence is obtained by Assumption 2 Expression (16).
As for IIB , we obtain that

IIB = sup
T−≤t≤T+

∣∣∣ ∫
|s−t|>λ

δn(s− t)f(t)ds
∣∣∣

= sup
T−≤t≤T+

f(t)

∫
|s−t|>λ

δn(s− t)ds

= sup
T−≤t≤T+

f(t)

∫
|u|>λ

δn(u)du

= C

∫
|u|>λ

δn(u)du

→ 0,

where the first equality comes from the definition of IIA, the second equality
comes from algebraic manipulation, the third equality is obtained by a change
of variable in the Riemmann integral, the fourth equality is due to the fact f is
continuous on [T−, T+] by Assumption 5 Expression (35) so that f is bounded,
and the convergence is a consequence of Assumption 2 Expression (17).

The next lemma extends Theorem 4 (p. 110) in Watson and Leadbetter
(1964b), i.e. convergence of the pdf estimator rescaled variance, to a statement
uniform on [T−, T+].

Lemma 7. We assume that Assumption 2, Assumption 3 Expressions (19) and
(20), and Assumption 5 Expressions (34) ,(35) and (36) hold. We have

sup
T−≤t≤T+

∣∣∣ n
αn

Var[f̂n(t)]− f(t)
∣∣∣→ 0. (88)

Proof of Lemma 7. From Equation (4.1) in Watson and Leadbetter (1964b) (p.
110), we can deduce that

n

αn
Var[f̂n(t)] =

1

αn

∫
R
δ2n(t− s)f(s)ds− 1

αn

(∫
R
δn(t− s)f(s)ds

)2
.(89)

Then, substituting Equation (89) into Equation (88), we can obtain that

sup
T−≤t≤T+

∣∣∣ n
αn

Var[f̂n(t)]− f(t)
∣∣∣ = sup

T−≤t≤T+

∣∣∣ 1
αn

∫
R
δ2n(t− s)f(s)ds

− 1

αn

(∫
R
δn(t− s)f(s)ds

)2
− f(t)

∣∣∣.
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An use of the triangular inequality along with sup manipulation yields that

sup
T−≤t≤T+

∣∣∣ n
αn

Var[f̂n(t)]− f(t)
∣∣∣ ≤ sup

T−≤t≤T+

∣∣∣ 1
αn

∫
R
δ2n(t− s)f(s)ds− f(t)

∣∣∣
+ sup

T−≤t≤T+

∣∣∣ 1
αn

(∫
R
δn(t− s)f(s)ds

)2∣∣∣.
(90)

By Lemma 2 (p. 103) in Watson and Leadbetter (1964b), δ2n(t)/αn defines a
delta-sequence. Thus, we can deduce that the upper term in the right-hand side
of Equation (90) goes to 0 by an application of Lemma 6 along with Assump-
tion 2 and Assumption 5 Expressions (34)-(35)-(36). By a direct application of
Lemma 6 along with Expression (26), i.e. that αn → ∞, we can also deduce
that the lower term in the right-hand side of Equation (90) goes to 0.

In the next lemma, we show the convergence uniform on [T−, T+] of the
rescaled variance of σ̂2,n

t,g .

Lemma 8. We assume that Assumptions 1-2-3 and Assumption 5 Expressions
(34)-(35)-(36) hold. Then, we have

sup
T−≤t≤T+

∣∣∣ n
αn

Var
[
σ̂2,n
t,g

]
− f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣→ 0.

Proof of Lemma 8. We define I as

I = sup
T−≤t≤T+

∣∣∣ n
αn

Var
[
σ̂2,n
t,g

]
− f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣.
We have that

I = sup
T−≤t≤T+

∣∣∣ n
αn

Var
[ f̂n(t)

fW
g ((PW

g )−1(F̂n(t)))
1{0<F̂n(t)<1}

]
−

f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣
= sup

T−≤t≤T+

∣∣∣ n
αn

Var
[ f̂n(t)

fW
g ((PW

g )−1(F̂n(t)))

]
− f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣+ o(1)

= sup
T−≤t≤T+

∣∣∣ n
αn

Var
[ f̂n(t)

fW
g ((PW

g )−1(F (t)))

]
− f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣+ o(1)

= sup
T−≤t≤T+

1

(fW
g ((PW

g )−1(F (t)))2

∣∣∣ n
αn

Var[f̂n(t)]− f(t)
∣∣∣+ o(1)

≤ sup
T−≤t≤T+

1

(fW
g ((PW

g )−1(F (t)))2
sup

T−≤t≤T+

∣∣∣ n
αn

Var[f̂n(t)]− f(t)
∣∣∣+ o(1)

= C sup
T−≤t≤T+

∣∣∣ n
αn

Var[f̂n(t)]− f(t)
∣∣∣+ o(1)

→ 0,
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where the first equality is obtained by Equation (7), the second and third equal-
ities can be deduced following similar arguments as in the proofs of Theorem 1
together with Assumptions 1-2-3 and Assumption 5 Expressions (34)-(35)-(36),
the fourth equality is due to the elementary fact that Var[cX] = c2 Var[X] for
any random variable X and any deterministic c ∈ R, the first inequality is due
to sup domination, we use the fact that the function (fW

g ((PW
g )−1(F (t)))2 is

continuous and positive by Equation (68) on [T−, T+] which is compact by As-
sumption 5 Expression (34) in the fifth equality, and the convergence is deduced
with the application of Lemma 7 along with Assumption 2, Assumption 3 Ex-
pressions (19)-(20) and Assumption 5 Expressions (34)-(35)-(36). We have thus
shown the lemma.

In the next lemma, we show the convergence uniform on [T−, T+] of the
rescaled variance of ̂k(σ2

t,g)
n.

Lemma 9. We assume that Assumptions 1, 2 and 3, and Assumption 5 Ex-
pressions (34),(35),(36) and (39) hold. Then, we have

sup
T−≤t≤T+

∣∣∣ n
αn

Var
[ ̂k(σ2

t,g)
n
]
−

k′(σ2
t,g)

2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣→ 0. (91)

Proof of Lemma 9. We define I as

I = sup
T−≤t≤T+

∣∣∣ n
αn

Var
[ ̂k(σ2

t,g)
n
]
−

k′(σ2
t,g)

2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣.
First, we have

I = sup
T−≤t≤T+

∣∣∣ n
αn

Var
[
k(σ̂2,n

t,g )1{σ̂2,n
t,g >0}

]
−

k′(σ2
t,g)

2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣
= sup

T−≤t≤T+

∣∣∣ n
αn

Var
[
k(σ̂2,n

t,g )
]
−

k′(σ2
t,g)

2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣+ o(1) (92)

where the first equality comes from Equation (8) and the second equality comes
from the assumption that f is positive and continuous on the compact space
[T−, T+] by Assumption 5 Expressions (34)-(35)-(36). For any t ∈ [T−, T+], we
have that

Var[k(σ̂2,n
t,g )] = Var[k(σ̂2,n

t,g )− k(σ2,n
t,g )], (93)

since Var[X − c] = Var[X] for any random variable X and any deterministic
c ∈ R. Then, by a Taylor expansion along with Assumption 5 Expression (39)
we obtain that

k(σ̂2,n
t,g )− k(σ2

t,g) = k′(σ2
t,g)(σ̂

2,n
t,g − σ2

t,g) +
k′′(σ̃2

n)

2
(σ̂2,n

t,g − σ2
t,g)

2, (94)
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where σ̃2
n is between σ̂2,n

t,g and σ2
t,g. We can thus reexpress the variance as

Var[k(σ̂2,n
t,g )] = Var[k′(σ2

t,g)(σ̂
2,n
t,g − σ2

t,g) +
k′′(σ̃2

n)

2
(σ̂2,n

t,g − σ2
t,g)

2]

= Var[k′(σ2
t,g)(σ̂

2,n
t,g − σ2

t,g)]

+2Cov[k′(σ2
t,g)(σ̂

2,n
t,g − σ2

t,g),
k′′(σ̃2

n)

2
(σ̂2,n

t,g − σ2
t,g)

2] (95)

+Var[
k′′(σ̃2

n)

2
(σ̂2,n

t,g − σ2
t,g)

2]

:= IA + IB + IC , (96)

where we substitute Equation (94) into Equation (93) in the first equality, and
use a variance-covariance elementary fact in the second equality. On the one
hand, we can reexpress IA as

IA = Var[k′(σ2
t,g)(σ̂

2,n
t,g − σ2

t,g)]

= k′(σ2
t,g)

2 Var[σ̂2,n
t,g − σ2

t,g]

= k′(σ2
t,g)

2 Var[σ̂2,n
t,g ], (97)

where the first equality corresponds to the definition of IA, we use the elementary
fact that Var[cX] = c2 Var[X] for any random variable X and any deterministic
c ∈ R in the second equality, the third equality is due to the elementary fact
that Var[X − c] = Var[X]. Then, we also have

I = sup
T−≤t≤T+

∣∣∣ n
αn

Var
[
k(σ̂2,n

t,g )
]
−

k′(σ2
t,g)

2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣+ o(1)

= sup
T−≤t≤T+

∣∣∣ n
αn

(IA + IB + IC)−
k′(σ2

t,g)
2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣+ o(1)

≤ sup
T−≤t≤T+

∣∣∣ n
αn

IA −
k′(σ2

t,g)
2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣+ n

αn
|IB |+

n

αn
|IC |+ o(1),

where the first equality corresponds to Equation (92), we substitute Var
[
k(σ̂2,n

t,g )
]

by its value in Equation (96) in the second equality, and the inequality comes
from the triangular inequality. We define J as

J = sup
T−≤t≤T+

∣∣∣ n
αn

IA −
k′(σ2

t,g)
2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣.
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On the one hand, we have that

J = sup
T−≤t≤T+

∣∣∣ n
αn

k′(σ2
t,g)

2 Var[σ̂2,n
t,g ]−

k′(σ2
t,g)

2f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣
≤ sup

T−≤t≤T+

k′(σ2
t,g)

2

× sup
T−≤t≤T+

∣∣∣ n
αn

Var[σ̂2,n
t,g ]−

f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣
= C sup

T−≤t≤T+

∣∣∣ n
αn

Var[σ̂2,n
t,g ]−

f(t)

(fW
g ((PW

g )−1(F (t)))2

∣∣∣
→ 0,

where we substitute IA by its value in Equation (97) in the first equality, the
first inequality is due to sup domination, the second equality is implied by the
fact that k′ is continuous on[

inf
T−≤t≤T+

σ2
t,g, sup

T−≤t≤T+

σ2
t,g

]
given Assumption 5 Expression (39) and by the fact that the instantaneous
variance σ2

t,g is bounded on [T−, T+] by Equation (4), and the convergence comes
from Lemma 8 along with Assumptions 1-2-3 and Assumption 5 Expressions
(34),(35) and (36). On the other hand, we can show that n

αn
|II| → 0 and

n
αn

|III| → 0 using similar proving techniques. We have thus shown Equation
(91).

We show the convergence of the rescaled variance of Ĉn
g in the next propo-

sition. The asymptotic variance of Ĉn
g is equal to the cumulative asymptotic

variance of ̂k(σ2
t,g)

n.

Proposition 2. We assume that Assumptions 1, 2 and 3, and Assumption 5
Expressions (33), (34), (35), (36) and (39) hold. Then, we have

n

αn
Var[Ĉn

g ] →
∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt (98)

as n → ∞.

Proof of Proposition 2. We have that

n

αn
Var

[
Ĉn

g

]
=

n

αn
Var

[Mn−1∑
l=0

̂k(σ2
Tn
l ,g)

n∆n

]
=

n

αn

Mn−1∑
l=0

Var
[ ̂k(σ2

Tn
l ,g)

n∆n

]
+

n

αn

Mn−1∑
m,l=0 s.t. m6=l

Cov[ ̂k(σ2
Tn
m,f )

n∆n, ̂k(σ2
Tn
l ,f )

n∆n]

:= I + II,
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where the first equality is obtained by Equation (11), the second equality is
obtained by a variance-covariance elementary fact and algebraic manipulation.
On the one hand, we have that

I =
n

αn

Mn−1∑
l=0

Var
[ ̂k(σ2

Tn
l ,g)

n∆n

]
=

Mn−1∑
l=0

k′(σ2
Tn
l ,g)

2f(Tn
l )

fW
g ((PW

g )−1(F (Tn
l )))

2
∆n + o(1)

→
∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt,

where the first equality corresponds to the definition of I, the second equality
comes from Lemma 9 along with Assumptions 1, 2 and 3 and Assumption 5
Expressions (34),(35),(36) and (39), and we use Riemann integral definition
along with the fact that the integrated function is continuous on [T−, T+] and
Assumption 5 Expression (33) for the convergence. On the other hand, we have
that

II =
n

αn

Mn−1∑
m,l=0 s.t. m 6=l

Cov[ ̂k(σ2
Tn
m,f )

n∆n, ̂k(σ2
Tn
l ,f )

n∆n]

=
1

αn
O(1)

→ 0,

where the first equality corresponds to the definition of II, the second equality
is a consequence to the fact that nCov[f̂n(t), f̂n(s)] → −f(t)f(s) for any t 6= s
from Watson and Leadbetter (1964b) (Section 4, p. 110) along with Assumption
2, Assumption 3 Expressions (19)-(20) and Assumption 5 Expressions (35)-(36),
and the convergence is obtained as αn → ∞ by Expression (26).

In what follows, we give the proof of Theorem 3, which in particular extends
the arguments from the proof of Theorem 5 (pp. 111-112) in Watson and Lead-
better (1964b) based on CLT normal convergence criterion (p. 307) from Loeve
(1977) along with the use of Proposition 2.
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Proof of Theorem 3. We have that√
n

αn
(Ĉn

g − Cg) =

√
n

αn

(Mn−1∑
l=0

̂k(σ2
Tn
l ,g)

n∆n −
∫ T+

T−

k(σ2
t,g)dt

)
=

√
n

αn

(Mn−1∑
l=0

̂k(σ2
Tn
l ,g)

n∆n −
∫ Tn

l+1

Tn
l

k(σ2
t,g)dt

))
=

√
n

αn

Mn−1∑
l=0

(
̂k(σ2
Tn
l ,g)

n − E[ ̂k(σ2
Tn
l ,g)

n]
)
∆n

+

√
n

αn

Mn−1∑
l=0

(
E[ ̂k(σ2

Tn
l ,g)

n]∆n −
∫ Tn

l+1

Tn
l

k(σ2
t,g)dt

)
= I + II,

where we use Equation (11) and Equation (9) in the first equality, and the second
and third equalities correspond to algebraic manipulation. In what follows, we
will show that

I
D→ N

(
0, (T+ − T−)

∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt
)
, (99)

II
P→ 0. (100)

We can prove Expression (99) extending the arguments from the proof of Theo-
rem 5 (pp. 111-112) in Watson and Leadbetter (1964b), which is based on CLT
assumptions from Loeve (1977) along with the use of Proposition 2, Assump-
tions 1-2-3 and Assumption 5 Expressions (33)-(34)-(35)-(36)-(39).
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We now show that Expression (100) holds. We have that

| II | =

√
n

αn

∣∣∣Mn−1∑
l=0

(
E[ ̂k(σ2

Tn
l ,g)

n]∆n −
∫ Tn

k+1

Tn
k

k(σ2
t,g)dt

)∣∣∣
=

√
n

αn

∣∣∣Mn−1∑
l=0

(
E[ ̂k(σ2

Tn
l ,g)

n]− k(σ2
Tn
l ,f )

)
∆n

+

√
n

αn

Mn−1∑
l=0

(
k(σ2

Tn
l ,g)∆n −

∫ Tn
k+1

Tn
l

k(σ2
t,g)dt

)∣∣∣
≤

∣∣∣√ n

αn

Mn−1∑
l=0

(
E[ ̂k(σ2

Tn
l ,g)

n]− k(σ2
Tn
l ,g)

)
∆n

∣∣∣+
∣∣∣√ n

αn

Mn−1∑
l=0

(
k(σ2

Tn
l ,g)∆n −

∫ Tn
l+1

Tn
l

k(σ2
t,g)dt

)∣∣∣
≤

∣∣∣√ n

αn

Mn−1∑
l=0

(
E[ ̂k(σ2

Tn
l ,g)

n]− k(σ2
Tn
l ,g)

)
∆n

∣∣∣
+

√
n

αn

Mn−1∑
l=0

∫ Tn
l+1

Tn
l

∣∣∣k(σ2
Tn
l ,f )− k(σ2

t,g)
∣∣∣dt

= IIA + IIB ,

where the first equality is obtained by the definition of II, the second equal-
ity corresponds to algebraic manipulation, and the two inequalities are due to
the use of triangular inequalities. On the one hand, we have that IIA → 0
can be obtained extending the arguments to the bias case in the proof of
Lemma 9 along with Assumptions 1, 2 and 3, and Assumption 5 Expressions
(33),(34),(35),(36),(37),(38) and (39).

On the other hand, by a Taylor expansion to the function H(t) = k(σ2
t,g)

along with Assumption 5 Expressions (35)-(39) we obtain that

k(σ2
t,g)− k(σ2

Tn
l ,g) = H ′(tl)(t− Tn

l ), (101)
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where Tn
l ≤ tl ≤ t. Then, we have that

IIB =

√
n

αn

Mn−1∑
l=0

∫ Tn
l+1

Tn
l

∣∣∣k(σ2
Tn
l ,g)− k(σ2

t,g)
∣∣∣dt

=

√
n

αn

Mn−1∑
l=0

∫ Tn
l+1

Tn
l

∣∣∣H ′(tl)(t− Tn
l )
∣∣∣dt

≤
√

n

αn
sup

T−≤t≤T+

∣∣∣H ′(t)
∣∣∣Mn−1∑

l=0

∫ Tn
l+1

Tn
l

∣∣∣t− Tn
l

∣∣∣dt
=

√
n

αn
C

Mn−1∑
l=0

∫ Tn
l+1

Tn
l

∣∣∣t− Tn
l

∣∣∣dt
=

√
n

αn
CMn

∆2
n

2

=
C(T+ − T−)

2

2

√
n

αn

1

Mn

→ 0,

where the first equality corresponds to the definition of IIB , the second equality
comes from Equation (101), the first inequality is obtained by sup domination,
the third equality is a consequence to the fact that h′ is continuous on [T−, T+] by
Assumption 5 Expression (35) and Equation (4), the fourth equality is obtained
by an integral calculation and algebraic manipulation, we use Equation (10) in
the fifth equality, the convergence is deduced by Assumption 5 Expression (33).
Thus, we have shown the CLT (41). It remains to prove the feasible CLT (42).
First, we obtain the following consistency, i.e.

Mn−1∑
l=0

k′(σ̂2
Tn
l ,g)

2f̂n(T
n
l )

fW
g ((PW

g )−1(F̂n(Tn
l )))

2
∆n

P→
∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt

by extending the arguments in the proofs of Lemma 4 and Lemma 5 to obtain
a uniform convergence and using Lemma 3 and Assumption 5 Expressions (33)-
(39). We define In as

In =

√√√√(Mn−1∑
l=0

k′(σ̂2
Tn
l ,g)

2f̂n(Tn
l )

fW
g ((PW

g )−1(F̂n(Tn
l )))

2
∆n

)−1

.

Then, we can deduce by the continuous mapping theorem that

In
P→

√(∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt
)−1

. (102)

By Slutsky’s lemma along with Equation (102) and the CLT (41), we obtain
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that √
n

αn
In(Ĉ

n
g − Cg)

D→

√(∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt
)−1

×N
(
0,

∫ T+

T−

k′(σ2
t,g)

2f(t)

fW
g ((PW

g )−1(F (t)))2
dt
)
.

Finally, we can deduce the feasible CLT (42) noting that aN (0, b) = N (0, a2b)
for any a > 0 and b > 0.

In what follows, we give the proof of Proposition 1 which extends the argu-
ments in the proof of Theorem 3 since boundary tuning parameter estimation
requires uniform arguments on g.

Proof of Proposition 1. We have that for any fixed t ≥ 0, the hitting-time vari-
ance is a strictly increasing function of g by Equation (51) and solution of the
IFHT problem by Assumption 1. Thus, the function g → Cg(T−,T+)

T+−T−
is a strictly

increasing function of g since 0 < T− < T+ and by Assumption 6. Then, we
can deduce the existence and uniqueness of g > 0 which satisfies Equation (12)
by the intermediate value theorem. We also have that for any fixed t ≥ 0, the
hitting-time variance estimator is a strictly increasing function of g by Equation
(7). Thus, the function g → Ĉn

g (T−,t)

t−T−
is a strictly increasing function by the fact

that 0 < T− < t, Equation (11) and Assumption 6. Then, we can deduce the
existence and uniqueness of ĝn > 0 which satisfies Equations (13)-(14) by the
intermediate value theorem. We prove now the consistency, i.e. ĝn

P→ g. Since
the function g → Cg(T−, T+) is continuous and positive in g, it is sufficient to
show that

∣∣Cĝn(T−, T+)− Cg(T−, T+)
∣∣ = oP(1). We have∣∣Cĝn(T−, T+)− Cg(T−, T+)

∣∣ =
∣∣Cĝn(T−, T+)− Ĉn

ĝn
(T−, T+)

+Ĉn
ĝn
(T−, T+)− Cg(T−, T+)

∣∣
≤

∣∣Cĝn(T−, T+)− Ĉn
ĝn
(T−, T+)

∣∣
+
∣∣Ĉn

ĝn
(T−, T+)− Cg(T−, T+)

∣∣
=

∣∣Cĝn(T−, T+)− Ĉn
ĝn
(T−, T+)

∣∣+ oP(1)

where we use the triangular inequality in the inequality, and Equations (12)-
(13)-(14) along with Assumption 5 Expression (36) in the second equality. We
have∣∣Cĝn(T−, T+)− Ĉn

ĝn
(T−, T+)

∣∣ ≤ sup
g∈[g−,g+]

∣∣Cg(T−, T+)− Ĉn
g (T−, T+)

∣∣+ oP(1)

= oP(1).

where we define g− ∈ R+
∗ and g+ ∈ R+

∗ such that they satisfy 0 < g− < g+
and we use Assumption 5 Expression (36) in the inequality, we extend the
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arguments in the proof of Theorem 3 with uniformity on g ∈ [g−, g+] along with
Assumptions 1-2-3 and Assumption 5 Expressions (33)-(34)-(35)-(36)-(37)-(38)-
(39).

We give the proof of Corollary 1 in what follows.

Proof of Corollary 1. This is a consequence of Proposition 1, Theorem 3 along
with Slutsky’s theorem.

Finally, we give the proof of Lemma 1, which is based on Doob (1949) (For-
mula (4.2), p. 397) and Malmquist (1954) (Theorem 1, p. 526).

Proof of Lemma 1. Based on Doob (1949) (Formula (4.2), p. 397), Malmquist
(1954) (Theorem 1, p. 526) provides an extension where the probability that a
standard Brownian motion stays below a linear boundary g(t) = at + b with
slope a and intercept b conditioned on its arrival value s at arrival time T > 0
is given by

P(Wt ≤ at+b∀t ∈ [0, T ]|WT = s) = 1−e−2ab+
2b(s−b)

T for any s ≤ aT +b. (103)

Wang and Pötzelberger (1997) (Equation (3), p. 55) integrate Equation (103)
with respect to the Brownian motion arrival value WT = s, and obtain that the
cdf satisfies F (0) = 0,

F (t) = 1− Φ

(
at+ b√

t

)
+ e−2abΦ

(
at− b√

t

)
for any t > 0.

Thus, we have shown Equation (64). Then, we can deduce the pdf for any t > 0
as

f(t) =
d

dt
F (t)

=
d

dt

(
1− Φ

(
at+ b√

t

)
+ e−2abΦ

(
at− b√

t

))
=

d

dt

(
1−

∫ at+b√
t

−∞

1√
2π

e−
u2

2 du+ e−2ab

∫ at−b√
t

−∞

1√
2π

e−
u2

2 du

)

= −ae−
(at+b)2

2t

2
√
2πt

+
be−

(at+b)2

2t

2
√
2πt3

+ e−2ab

(
ae−

(at−b)2

2t

2
√
2πt

+
be−

(at−b)2

2t

2
√
2πt3

)

=
be−

(at+b)2

2t

√
2πt3

,

where the fact that f is the density of F in the first equality, the second equality
comes from Equation (64), the third equality corresponds to Equation (59), the
fourth equality is obtained with the fundamental theorem of calculus along with
the chain rule and the fifth equality is obtained by algebraic manipulation. When
t → 0, we obtain that f(t) → 0 and we can deduce that f(0) = 0 by continuity.
We have thus proven Equation (63).


