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Abstract

We consider estimation of latency, i.e. the time to learn an event and respond. We assume that
the latency depends on time. We consider locally parametric Hawkes processes, where the baseline
and the parameters of the kernels are time-dependent. We define latency as a known function of
kernel parameters. We propose local estimation based on maximum likelihood. We characterize
feasible statistics induced by central limit theory for the estimation procedure. We propose a test
statistic for constancy of latency. The results are obtained with in-fill asymptotics. A numerical
simulation corroborates the asymptotic theory. An empirical application to news data shows that

the test for constancy of latency is always rejected and 777.
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1 Introduction

This paper concerns estimation of a latency matrix, i.e. the time to learn an event and respond. The la-

tency can also be called a delay. We assume that the latency is a d x d dimensional matrix. In the finance
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literature, a common definition of latency is based on datasets that are not necessarily available to the
statistician (see [Hasbrouck and Saar, 2013]). An alternative definition of latency is using a statistical
model based on point processes which characterizes the event times (see [Potiron and Volkov, 2025]).
The main stylized fact is the presence of event clustering in time. A popular specification targeting this
relies on the so-called Hawkes mutually exciting processes (see [Hawkes, 1971b| and [Hawkes, 1971a|).
If we define the point process as N¢, with A its corresponding intensity and d as its dimension, a

standard definition of Hawkes mutually exciting processes is given by
t
At :1/*—|—/ h(t — s) dNs. (1)
0

Here, v* is a d dimensional Poisson baseline and h is a d x d dimensional kernel matrix. If we define

0* as the parameters of the kernel, we restrict to a parametric specification
t
A =" +/ h(t — s,6%) dNs. (2)
0
Then, we can define the d x d dimensional latency matrix as a known function F' of kernel parameters
L=F(0"). (3)

Since latency is not well-defined with an exponential kernel, we consider generalized gamma kernels.
The main novelty in this paper is that the latency matrix depends on time.

The main application of latency lies in finance. [Gagnon and Karolyi, 2010] show that price par-
ity deviations relate positively to proxies for holding costs that can limit arbitrage. The empiri-
cal application from [Hasbrouck and Saar, 2013| suggests that high-frequency trading is beneficial
to market quality. In [Hoffmann, 2014|, fast traders can revise their quotes quickly after news ar-
rivals to reduce market risks. [Budish et al., 2015], [Biais et al., 2015, [Foucault et al., 2016] and
[Pagnotta and Philippon, 2018| also consider trading speed. [Potiron and Volkov, 2025| propose es-
timation of latency.

When seen as a delay, there are also applications in management. [Dong et al., 2019] investigate the
impact of delay on the coordination within hospitals. |Gamiz et al., 2022] and [Gamiz et al., 2023] con-

sider nonparametric local estimation of Hawkes processes and applications to pandemic. There are also



applications in seismology (see [Nolet and Dahlen, 2000]), insurance (see |Lesage et al., 2022]), crimi-
nology (see [Nagin and Pogarsky, 2004]), sociology (see [Lahad, 2012|) and medicine (see [Harris, 1990]).

The main application of Hawkes processes lies in seismology (see [Rubin, 1972], [Vere-Jones, 1978|,
[Ozaki, 1979], [Vere-Jones and Ozaki, 1982], [Ogata, 1978]). [Ikefuji et al., 2022] analyze the impact of
earthquake risk based on marked Hawkes processes. There are also applications in financial econo-
metrics (see |Yu, 2004], [Bowsher, 2007], [Embrechts et al., 2011], [Ait-Sahalia et al., 2014]), finance
(see |Large, 2007|, |Ait-Sahalia et al., 2015] and [Fulop et al., 2015]) and quantitative finance (see
[Chavez-Demoulin et al., 2005], [Bacry et al., 2013|, |Jaisson and Rosenbaum, 2015]). See the refer-
ences in |Liniger, 2009] and [Hawkes, 2018]. More recently, [Corradi et al., 2020] develop a test for
conditional independence in quadratic variation of jumps. A bootstrap approach is developed in
[Cavaliere et al., 2023].

To allow latency to depend on time, we introduce locally parametric Hawkes mutually exciting
processes

t
)\t:uf~|—/ h(t — s,0%) dN,. (4)
0

Here, the baseline and the parameters of the kernel are time-dependent. Then, time-dependent latency

is defined as a known function F' of the kernel parameters
Ly = F(05). (5)

The model (1) defines a class of locally stationary processes (see [Fan, 1993] and [Dahlhaus, 1996]).
There are some examples. [Chen and Hall, 2013|, [Kwan et al., 2023] and [Kwan, 2023] allow for a
time-dependent parametric baseline, with time-invariant kernel parameters. |Clinet and Potiron, 2018§]
consider random time-dependent baseline and random time-dependent kernel parameters, in the expo-
nential kernel case. There are also some other related papers on locally stationary Hawkes processes.
[Roueff et al., 2016] and [Roueff and Von Sachs, 2019| propose nonparametric estimation based on lo-
cal Bartlett spectrum. |[Omi et al., 2017| study a Bayesian method with time-dependent parametric

baseline. Spectral parametric estimation for misobserved Hawkes processes with a setting also cover-



ing a time-dependent baseline is given in [Cheysson and Lang, 2022]. Nonparametric estimation based
on B-splines is given by [Mammen and Miiller, 2023]. [Potiron et al., 2025] propose nonparametric
estimation of Ito semimartingale baseline.

We focus on in-fill asymptotics, i.e. when T is fixed and the number of observations on [0, 7] in-
creases as n — 00. These asymptotics are popular with financial applications based on high-frequency
data (see [Ait-Sahalia and Jacod, 2014]). The main reason why we use these asymptotics is that we ob-
serve time-dependent latency during the day (see our empirical study), and between different days (see
Figures 1 and 2 in [Potiron and Volkov, 2025]). There already exists work to accommodate for in-fill
asymptotics with Hawkes processes. In-fill asymptotic results from [Chen and Hall, 2013] are based on
random observation times of order n. A single boosting of the baseline, i.e. A\t = 041/2“4—[5 h(t—s,0*)dNs,
is considered where o — 00 is a scaling sequence. [Clinet and Potiron, 2018] introduce a joint boosting
of the baseline and the kernel, i.e. A(t) = nyf + fg na’ exp(—nbki(t — s))dNs. [Kwan et al., 2023| re-
visit [Chen and Hall, 2013] with the same in-fill asymptotics as in [Clinet and Potiron, 2018], i.e. A =
nvy —|—f(f na* exp(—nb*(t —s)) dNs. [Kwan, 2023|, [Potiron and Volkov, 2025| and [Potiron et al., 2025]
also use these in-fill asymptotics.

We propose local estimation based on maximum likelihood estimation (MLE). The latency estimator
is defined as the known function of estimated kernel parameters. When the point process is stationary
and ergodic, |Ogata, 1978| shows the central limit theory (CLT) for MLE. However, the definition
of ergodicity is vague in that paper. Most of the papers on inference for Hawkes processes with
parametric kernel make this ergodicity assumption (see, e.g., [Cavaliere et al., 2023], Assumption 1(b)
and Remark 2.1). In fact, [Clinet and Yoshida, 2017] exhibit the conditions required, i.e. ergodicity of
the Hawkes intensity process and its derivative. They consider general point processes and derive the
CLT for MLE in Theorem 3.11 (p. 1809) under these ergodicity assumptions. They also show these
ergodicity assumptions in the case of a Hawkes process with exponential kernel in Theorem 4.6 (p.
1821). The proofs rely heavily on the Markov property of the exponential distribution. [Kwan, 2023|

considers the non-exponential kernel case but the author mentions that such case is challenging since



the Hawkes intensity process is non-Markovian, thus rendering standard Markov tools inapplicable.
Consequently, the author can only show the ergodicity for the Hawkes intensity process itself but not
for its derivative. Thus, he can only show the consistency of the MLE in Theorem 3.4.3 (p. 73).
When the kernel follows a generalized gamma distribution, [Potiron and Volkov, 2025| can show that
the ergodicity assumptions are satisfied and also obtain the CLT of the MLE and latency estimation.
This is due to the exponentially decreasing nature of the kernel. In the absence of latency and when the
kernel is exponential, Theorem 5.4 (p. 3480) in [Clinet and Potiron, 2018] and Theorem 3.2 (p. 78) in
[Kwan et al., 2023] give the CLT for MLE for locally stationary Hawkes processes. [Kwan et al., 2023|
also provide a test for baseline constancy in Theorem 4.1 (p. 79).

All these results are useful, but none of them consider locally parametric Hawkes processes with
generalized gamma kernels, and estimation of latency with in-fill asymptotics. In our Theorem 1, we
give the CLT for MLE of the integral of parameter. We provide the CLT for MLE of the integral of
latency in our Theorem 2. We also provide feasible statistics induced by the CLT. We finally introduce
a Wald test for constancy of the latency matrix. This test compares the estimation of latency between
two consecutive intervals. Corollary 1 shows that the Wald test statistic converges in distribution to a
chi-squared distribution under the null hypothesis and is consistent under the alternative hypothesis.
Our proof strategy follows the general machinery of [Clinet and Yoshida, 2017, which consider large-T
asymptotics when T" — oco. To rewrite our problem with in-fill asymptotics as a problem with large-T
asymptotics, we consider a time transformation (see [Clinet and Potiron, 2018|, [Kwan et al., 2023| and
[Potiron and Volkov, 2025]). The main novelty in the proofs is in showing that the local approximation
from [Clinet and Potiron, 2018] stays robust to the generalized gamma kernel.

777

The rest of this paper is organized as follows. The setting is introduced in Section 2. Estimation
and tests are given in Section 3. The theory is developed in Section 4. Our numerical study is carried
in Section 5. Our empirical application is provided in Section 6. We conclude in Section 7. The

supplementary materials contain all the proofs of the manuscript.



2 Setting

In this section, we introduce locally parametric Hawkes processes, where the baseline and the parame-
ters of the kernels are random time-dependent. We also introduce the random time-dependent latency
when the horizon T is finite.

For any space S such that 0 € S, we define the space without zero as S,. For a vector V, we
denote its i-th component as V. In what follows, we introduce the multidimensional point process
N;. Fori=1,---,d, each component of the point process Nt(i) counts the number of events between 0
and t. We define N as a simple point process on [0, T], i.e., a family {N(i)(C)}CeB([mT]) of random
variables with values in the space of natural integers N. Here, B([0,T7]) is the Borel o-algebra on the
compact space [0,T], NO(C) = 3=, 1C(T,£i)) and {Tlgi)}keN is a sequence of R*-valued event times,
which are random. We assume that the first time is equal to 0 and the following times are increasing
for each process a.s., i.e. P(Téi) =0< Tl(i) <...< T](\;‘;Z.) <T< 7’](\2})4_1 fori=1,---,d) =1. We also
assume that no events happen at the same time for different processes a.s., i.e. P(T,Ei) =+ Tl(j ) for k,le
N.and i,j = 1,--- ,ds.t. i # j) = 1. Let B = (Q, F,{Ft}sc0,1);,P) be a filtered probability space
which satisfies the usual conditions. For any process X;, the canonical filtration of X; is defined as
F¥ =0(X(0),C € B([0,T]),C C [0,t]). We assume that, for any ¢ € [0, 7], the canonical filtration of
Ny included in the main filtration, i.e. F}¥ C F;. Any nonnegative F;-progressively measurable process
{At}tefo,r), which is d-dimensional, such that E[N((a,b]) | Fu] = E[f(f Asds } Fa] a.s. for all intervals

(a,b] C [0,T], is called an Fi-intensity of N;. Intuitively, the intensity corresponds to the expected

number of events given the past information, i.e.,
Niiy — N,
A = lim E[ 20— ft] as..
u—0 u

For background on point processes, the reader can consult |[Jacod, 1975|, [Jacod and Shiryaev, 2003],
[Daley and Vere-Jones, 2003|, and |[Daley and Vere-Jones, 2008|.
For a matrix ¢, we denote its component (i, j) as #(49). The present work is concerned with locally

parametric mutually exciting Hawkes processes, i.e. point processes N admitting an F;-intensity equal



to
t
= v} +/ h(t — s,0%) dN,. (6)
0

Here, 14 is a d dimensional random time-dependent baseline. Moreover, the parametric kernel h(t, 6) is
a d x d dimensional matrix. Its diagonal components h(i’i)(t, ) are raising the probability of observing
events from the ith process when there are events of the ith process, while non-diagonal components
h(i’j)(t, 0) are raising the probability of observing events from the ith process when there are events of
the jth process. Finally, 0] are the kernel parameters, which are time-dependent and random.

The random time-dependent latency is defined as a d X d dimensional matrix which is a time-

invariant known function of the kernel parameters 65, i.e.
L = F(6)). (7)

With a latency matrix, we can study the latency of each individual process, but also the latency
between two different processes. More specifically, a latency between events from the jth process and
its impact on events from the ith process is introduced at time ¢ if Lgi’j ) > 0. In this paper, we set F’
such that the latency Lgi’j ) is equal to the time required to reach the pick of the kernel k(%7 )(t, 0;7), i.e.
the mode. This definition of latency is in agreement with the finance literature, which defines latency as
the time it takes to learn and generate response to a trading event (see [Hasbrouck and Saar, 2013]).
An advantage of this definition is that latency can be characterized by parameters Ggi’j ) associated
with factors affecting latency. Such a structural approach permits identification of different aspects of

latency.

This paper targets estimation of the integral of latency on [0,7] where T is finite, i.e.

[L(T) = /0 "Lt (8)

As far as we know, the problem of integral of latency (8) is novel to the literature. It echoes the

so-called integrated variance problem. We also define the couple of baseline parameters and kernel



parameters as P} = (v, 0;). Another goal is to estimate the integral of the parameters, i.e.

[P(T) = /O " prac (9)

The problem for the integral of the parameters is not novel to the literature, since it was already

considered in [Clinet and Potiron, 2018|.

3 Estimation

In this section, we introduce locally parametric Hawkes processes with in-fill asymptotics, local para-
metric estimation based on MLE, latency estimation, and the test for constancy of latency.

We prefer most of the time not to write explicitly the dependence on n, and any limit theorem
refers to the convergence when n — oo. For inference purposes, we consider in-fill asymptotics with

joint boosting of the baseline and the kernel, i.e.
¢
Mo = v + / nh(n(t — s),0%) dN,. (10)
0

Here, in-fill asymptotics are based on random observation times of order n within the time interval
[0,T] for a finite horizon time T'. They extend the asymptotic analysis of [Clinet and Potiron, 2018],
[Kwan et al., 2023], [Kwan, 2023|, [Potiron and Volkov, 2025] and [Potiron et al., 2025], also based on
joint boosting, by not imposing an exponential or time-invariant parameters. They are different from
[Chen and Hall, 2013] in-fill asymptotics which considers no boosting of the kernel. Here, in-fill asymp-
totics are desirable because we can incorporate random features of the baseline and the parameters
into asymptotic variances in the CLT.

We denote the floor function by [-]. For a finite horizon T, we consider M = |T/A] intervals
[T;—1,T;) with equal length A, where T} = IA are the start and end points of each interval. For
l=1,...,M, werely on the log likelihood process (see [Ogata, 1978] and [Daley and Vere-Jones, 2003])

on the [-th interval [T;_1,T), i.e.

d T ) . d T; .
WPy =3 [ o Pnan? =30 [ a0 P
i=1"7Ti-1

i=1 7 Ti-1



Here, P = (v,0) are the parameters of the baseline v and the parameters of the kernel 6, and they
belong to the parameter space © = (0,,0p). Also, the intensity of the point process at the parameter
P is defined as

M(P) =nv + /Ot nh(n(t —s),0) dNs.

We denote the total number of parameters by m, thus © C R™. Since each baseline has exactly one
parameter, the number of parameters from the multidimensional baseline Oy, is equal to d. We naturally
assume that 2d < m. Then, the local MLE is defined as a maximizer of the local log likelihood process,
ie.

P, = (11, 6;) € argmaxpcg li(P).

Finally, we propose an estimator for the integral of latency and the integral of the parameter as
ZF (6, — b (6))) A, (11)
. M
IP(T) =) (B —bP))A. (12)

Here, b and by, correspond to the bias corrections required for local estimation, and are defined in what
follows.

We define the space E as E = R} x R x R™. We also define as C}+(E,R) the set of continuous
functions v : (u, v, w) — ¥ (u,v,w) from E to R that satisfy ¢ is of polynomial growth in u, v, w, % and
%. For any P* € © and any P € O, we define the intensity process at the time-invariant parameter
P when the true parameter is time-invariant equal to P* as A\/(P*, P). We also define the rescaled

time-transformed intensity process at the time-invariant parameter P when the true parameter is time-

)‘t/n(P*vp)
n

invariant equal to P* as \;(P*, P) = . Forany i =1,...,d, we define the triplet of the ith pro-

cess as Yﬁi)(P*, P) = (Xgi)(P*, P*),Xgi)(P*, P), 8pxgi)(P*, P)). Propositions C1 and C2 from the sup-

plementary materials of [Potiron and Volkov, 2025] state that YE“(P*, P) is stable, i.e. there exists an

B 3D, p, 3 (P, P), 8o (P, PY).

They also state that the triplet is ergodic, i.e. there exists a mapping wgl : C4(E,R) x © — R such

R* -valued random variable Xl(i) (P*, P) such that X, x 7 (P*, P) =



that for any (i, P) € C4(E, R) x © we have = [T (X {(P*, P))ds 5 '\l (1), P), where 7 (1, P) =
E[w(Xl(i) (P*, P), Xli) (P*, P), ngl(i) (P*, P))]. Finally, they state that there exists a probability measure
H(FQ on (E,B(FE)) such that for any ¢ € C4(E,R), we have Fgl (¥,0) = [z (u,v, w)Hg)*(du, dv, dw).
If we consider a vector z € R™, we define the tensor product as 2%? = z x 2T € R™*™_ Thus, we can
define the m x m dimensional Fisher information matrix I' when the true parameter is time-invariant

equal to P* as

d
1 .
rP) =% / w2119 (du, dv, dw). (13)
=17 F v
This means that I~} (P*) is the asymptotic covariance matrix when the true parameter is time-invariant

equal to P*. We can naturally define the asymptotic covariance matrix for estimation of parameter

integral as
T
C]P(t)C[p(t)T = F(P;)fl and CIP(T) = / C[p(t)C]p(t)Tdt. (14)
0

For I = 1,..., M, we define the rescaled time-transformed likelihood on the [th interval at the

time-invariant parameter P when the true parameter is time-invariant equal to P* as

Z/Tm log(A P* dNt Z/

Tl 1mn Tl 1mn

TZTL
O (p*, Pyt.

Here, we define WEZ) =N (j), for t € [0,nT], as the time-transformed point process. Then, we propose

n

local estimation of the inverse Fisher information matrix as
Tt = —031(P — b(P), P — bu(0))). (15)

Here, 0%1;(P*, P) is the m x m dimensional Hessian matrix of [;(P*, P). Finally, we propose estimation

for the asymptotic covariance matrix of the parameter integral as
Crp(T Zr ‘A (16)

For any P* € ©, we define the rescaled time-transformed point process when the true parameter is

time-invariant equal to P* as N(P*). We also define the rescaled time-transformed likelihood as
S ) ~
=3 [ e e () = 3 [P P
i=1 i=1

10



. (3 (px px . .
We introduce for any i = 1,---,d M®(P*) = fOTn%(dNt@(P*) f)\gl)(P*,P*)dt) and
t )

K(P*) = ia%Z(P*,P*) e Rmxmxm We introduce, for indices k,l,q € {1,---,m}, C(P*)pq =

S g Jy " opN T (P, PT)0Rlog (N (P, P))dt and
: S MEDEP) T opA (P, PopA (P PY)
QP kig =D~ / 0 "
i—1 n 0 )‘t (P*vP*)

Lemma 1 in the state that K, C' and @ converge in probability to limit values Kj, C; and @;. Then,
we define for any k € {1,--- ,m} the k-th component of the bias function as
1 m m m
=522 > T(PHIPRP) O (P + 2{Ci (P jq + QP ige})- (A7)
qg=1 =1 j=1
For convenience we rewrite the d x d dimensional matrix of latencies L; and its integral IL(T") as

a d? dimensional vector of latencies L; = (Lgl’l), LEM), e ,Lgd’d))T and

TL(T) = (IL(T)Y, 1L(T)3D) ... TL(T) DT,

We also rewrite the d x d dimensional matrix for estimation of latency integrals (ﬁ/(T)) as a d? dimen-

= —(1,1) (1,2)

—(d,d
sional vector IL(T) = (IL (@)

(T),IL"7(T),--- , 1L "7(T))T. We denote the bias function restricted

to the kernel parameter 8 by by (6). We also denote the Fisher information matrix restricted to the kernel
parameter 6 by I',(0). Foranyi=1,...,dand j = 1,...,d, we define the differential vector of F3) gt
the kernel parameter 6, which is (m — d) dimensional, as dF ) (9) = (dF@31 (@), ..  dFGim=d)(g)).
We introduce the d? x d? dimensional asymptotic covariance matrix I'(§*)~! satisfying

(T 9*),1)((i_1)d+j,(k_1)d+1) (18)
d

= ( dFisd, r)(e*)(rhw* 1/2 ) ( Z dpelr) 9* (9*)71/2)(71,(1))’

foranyt=1,...,d,j7=1,...,d,k=1,...,dand [ =1,...,d. We can naturally define the asymptotic

covariance matrix for estimation of latency integral as

T
err0erp (" = T(0) " and Opp(T) = [ erp(terp (). (19)

11



Then, we propose local estimation of the asymptotic covariance matrix as

-1
l
—d (m ddF(w r) 0* Fh(g* 1/2 )(Z dF (kL) 9* (%)_1/2)(11(1))’

1 r=1

=

)((i—l)dJrj,(k—l)dH) (20)

3

)
Il

foranyi=1,...,d,5=1,...,d, k=1,...,dand [ = 1,...,d. Finally, we propose estimation for the
asymptotic covariance matrix of the latency integral as

A—1

Zrl . (21)

We finally introduce a Wald test of constancy for a linear hypotheses on the d? dimensional
latency vector. This test compares the estimation of latency between two consecutive intervals.
This test is based on the a x d? dimensional matrix A. We define the null hypothesis as Hy :
{AL, is constant for all ¢ € [0,7]} and the alternative hypothesis as Hy : {AL; is not constant for all ¢ €
[0,7]}. For I = 1,---, M, we define the local estimation for the d? dimensional vector of latency as

fl = ( (91 — bh(el))(l ) (01 — br(0, ))(1 2), . ,F(gl —b (91))(d d)) We let our test statistic be

M-1

S(T) = g 3 (A(fl fflﬂ))T(AﬁlAT)*l(A(i —le))A. (22)

4 Theory

In this section, we start with showing an existence result for locally parametric Hawkes mutually
exciting processes, where the baseline and the parameters of the kernels are random time-dependent.
Then, we characterize feasible statistics induced by CLT for MLE of the integral of parameters and
the integral of latency. Finally, we show the Wald test statistic asymptotic properties.
For any ¢t > T, we define the kernel parameter fixed to its value in T as 0f = 607. Then, we
define the integral of the kernel matrix h for a time-dependent kernel parameter 6; from the time ¢ as
= J57 h(s,0f,,)ds. For a matrix ¢, we denote its spectral radius as p(¢). Let us introduce a set of
conditions required for the existence of locally parametric Hawkes mutually exciting processes where

the baseline and the parameters of the kernels are time-dependent.

12



Condition 1. (a) The parameter P} belongs to © a.s., i.e. P(P € © ¥Vt € [0,T]) = 1.
(b) Fori=1,---,d, the ith component of the baseline is positive a.s., i.e. P(I/:’(i) >0Vtel[0,T]) =1.
(¢c) Fori=1,---,d, the ith component of the baseline is integrable a.s., i.e. P(fOT viWds < o0) = 1.

d) For any 0 < t < T, we have F, = F/" v fﬁ, where the filtration /" is independent from the
t t i
filtration .E/M. We also have IV is a 2d dimensional F;-adapted Poisson process of intensity 1 that

generates Ny, i.e. Nt(i) = f[o xR 1 (z) N« N®)(ds x dz) for i =1, ,d.

AL

() For i = 1,---,d and 5 = 1,---,d, the (¢,7)th component of the kernel is positive a.s., i.e.

P(h9)(s,07,) > 0V(t,s) € [0,T]%) = 1.

(f) There exists a real number strictly between 0 and 1, i.e. 0 < 7 < 1, such that the spectral norm

of the kernel matrix integral from the time ¢ is smaller than r a.e. a.s., i.e. P(p(¢y) < r Vt €

[0,7]) = 1.

Condition 1 (b) implies that the point processes are well-defined, and is a generalization of Assump-
tion 1 (a) in [Potiron et al., 2025] to the multidimensional case. Condition 1 (c) is also required in the
simpler case of heterogeneous Poisson processes without a kernel (see [Daley and Vere-Jones, 2003|).
This is a generalization of [Clinet and Potiron, 2018| (see Assumption E (ii), p. 3476) and also
[Potiron et al., 2025] to the multidimensional case. Condition 1 (d) is a generalization of Poisson
imbedding (see [Brémaud and Massoulié, 1996|, Section 3, pp. 1571-1572), [Clinet and Potiron, 2018|
(see the last sentence before Theorem 5.1, p. 3476), [Potiron et al., 2025]) to the multidimensional
case. Condition 1 (e) restricts to the case of Hawkes processes with exhibition. Finally, Condition
1 (f) is a generalization of the assumptions used in [Clinet and Yoshida, 2017] (Proposition 4.4, pp.
1819-1820) and [Clinet and Potiron, 2018] (see Assumption E (i), p. 3476) to the multidimensional
and time-dependent kernel case.

We provide now our existence result bringing new theory for multidimensional point processes. It

is obtained by extending the proof machinery of Poisson imbedding for time-invariant two-dimensional

13



Hawkes processes (see Theorem 7 (p. 1585) in [Brémaud and Massoulié, 1996]) to the time-dependent
case. It also complements Theorem 5.1 (p. 3476) in [Clinet and Potiron, 2018] in which the kernel
is exponential, and Proposition 4.1 in [Potiron et al., 2025] in which the kernel parameters are time-

invariant.

Proposition 1. Under Condition 1, there exists an Fi-adapted multidimensional point process Ny with

an Fi-intensity of the form (4).

We denote the gamma function by 4. For any i = 1,...,d and j = 1,...,d, we define the (i, 7)th

component for the mixture of generalized gamma kernels as

K (@9) ' -)pgj’j)t(Dl(jyj)_l) exp(—(t/ﬁ,(gw) )pgj,j))

Bt 000)) = 3 ol — (23)
’ i.j (4:9) i,j i,j
= (B )P D 1)
Here, oz,(f’j) € R is the size of the jump, 5,ii’j) € R is the scale parameter, D,(:’j) € R and p(i’j) € R}

are shape parameters. Moreover, K(J) is the known number of terms. We assume that the kernel

parameter is of the form

0= (9(17‘7))1<z j<d = (0(171), 9(172), .. ’0(d7d71)7 g(d,d)) (24)

g(m') _ (Oz(i’j),ﬂ(i’j),D(i’j),p(i’j)) c (Ri)K(i,j) % (Ri)K(z‘,j) % (Ri)K(i,J‘) % (Ri)K(i,j).

For simplicity of exposition, we assume that each term in the sum of Equation (23) is generalized
gamma kernel. However, all the theory of this paper also holds when some of parameters 809 are
fixed to a value or equal to each other. In particular, the kernel can be exponential, gamma or Weibull.
Several examples covered by this framework are discussed in Appendix B from the supplementary
materialsof |Potiron and Volkov, 2025].

For a vector or a matrix V of dimension k, we denote its L' norm as |V| = Zle V@], For two
real numbers a and b, we denote the infimum between them as a A b. We also define the regularity

modulus of order p € N*, at time ¢ € [0, 7] and parameter P € © as

wy(t, P, s) = E[ sup  |Pf, — PfP|F, PP = P}, with s > 0. (25)
he[0,sA(T—t)]
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We then define the global regularity modulus as

wp(s) = sup  wp(t, P,s), with s > 0. (26)
(¢,P)€[0,T]x©

We denote the big O in probability by Op. It is defined through X = Op(a) <— % is stochastically
bounded. We define © as the closure space of ©. We now introduce a set of conditions required for

the CLT of parameter integral.

Condition 2. (a) We have that © is such that its closure © is a compact space and which sat-
isfies the assumptions from the Sobolev embedding theorem (see Theorem 4.12 (p. 85) in

[Adams and Fournier, 2003]).

(b) For any P = (v,6) € ©, we have that the kernel parameter 6 is of the form (24) and the kernel

h(t,8) is of the form (23).

(c) There exists a positive real number p_ > 0 such that for any i = 1,...,d, any j = 1,...,d and

any k=1,..., K9 we have that p,(f’j) >p_.

(d) There exists a positive real number D_ > 0 such that for any i =1,...,d, any j = 1,...,d and

any k =1,..., K we have that D,(:’j) >D_.
(e) There exists a real number ~ € (0, 1] such that we have wy(s) = Op(s™) when s — 0, .
(f) We assume that there exists a real positive number ¢ > 0 which satisfies % =pl/0-1,
(g) ¢ and ~y satisfy the relation 6 > 1 4 %

(h) ¢ and ~ satisfy the relation 23—11 <6< 3.

Condition 2 (a) is about the parameter space, and already appears in [Potiron and Volkov, 2025|
(Condition [A] (vi)). Condition 2 (b) restricts to Hawkes processes with mixture of generalized gamma
kernels and corresponds to Condition [A] (ii) in [Potiron and Volkov, 2025|. Conditions 2 (c) and
(d) requires more parameters restrictions and can be compared to Conditions [A] (iii) and (iv) in

[Potiron and Volkov, 2025|. Conditions 2 (e), (f) and (g) are required for local estimation and are

15



Conditions [C] (i) and (ii) in [Clinet and Potiron, 2018]. Finally, Condition 2 (h) is used for bias
correction and corresponds to Condition [BC] in [Clinet and Potiron, 2018].

We denote 2= as the Fi-stable convergence. £ is defined as an m-dimensional standard normal
vector. We now state the CLT for MLE of parameter integral in the following theorem. It also provides
feasible statistics induced by the CLT. The results are obtained with in-fill asymptotics. This extends

Theorem 5.4 (p. 3480) in [Clinet and Potiron, 2018] to the case of non exponential kernels.

Theorem 1. We assume that Conditions 1 and 2 hold. There is an extension of B on which is defined

a standard Brownian motion W, which is of dimension m, such that we have the CLT and the feasible

CLT
JR(IP(T) — IP(T)) 2=5 /O L (Od, (27)
VinCpp*(T)(TP(T) — IP(T)) P €. (28)

We introduce the d? x (m — d) dimensional matrix

m—d
i—1)d+j, ©,7,7 * *\ — Ty
Mt(( )d+35,q) _ Z dF (s, )(9t)(Th(9t) 1/2)( Q)’
r=1

foranyi=1,...,d,j=1,...,dand g =1,...,m — d. We now introduce a set of conditions required

for the CLT of latency integral.

Condition 3. (a) The latency function F': ©), — Rf,erd is continuously differentiable twice.

(b) The matrix My has full rank a.s., i.e. P(M; has full rank Vt € [0,7]) = 1.

Conditions 3 (a) and (b) are natural and already appear in [Potiron and Volkov, 2025] (Conditions
[B] and [C]).

¢ is defined as an m-dimensional standard normal vector. In what follows, we give the CLT for
estimation of latency integral. It also provides feasible statistics induced by the CLT. The results are

obtained with in-fill asymptotics. This extends Corollary 3 in [Potiron and Volkov, 2025| to the case

of random time-dependent latency.
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Theorem 2. We assume that Conditions 1, 2 and 3 hold. There is an extension of B on which is
defined a standard Brownian motion W, which is of dimension d?, such that we have the CLT and the

feasible CLT

—~ T
VATLT) = TUT) 25 [ e (29)
VGV (TL(T) - TL(T)) P € (30)

We make a final condition required for the test of latency constancy under the alternative.

Condition 4. (a) The linear latency AL; is continuously differentiable on [0,7] a.s. and there
exists L_ such that the integral of the squared derivatives is bigger than L_ a.s., namely
(fo (di AL,)C ) dt>L_)=1foranyi=1,---,a

This condition is novel to the literature since this is the first test on constancy of latency. We
define Q(u) as the quantile function of the chi-squared distribution with ¢ degrees of freedom. Finally,
the following corollary shows that the Wald test statistic converges in distribution to a chi-squared
distribution with g degrees of freedom under the null hypothesis and is consistent under the alternative
hypothesis. This is an application of Theorem 2. This extends the test for baseline constancy in

Theorem 4.1 (p. 79) from [Kwan et al., 2023] to the case of latency.

Corollary 1. We assume that Conditions 1, 2 and 3 hold. Then, the test statistic S converges in
distribution to a chi-squared random variable with q degrees of freedom under the null hypothesis Hy.
If we also assume Condition 4, the test statistic S is consistent under the alternative hypothesis H,

i.e. we have P(S > Q(u) | Hy) — 1 for any 0 < u < 1.

5 Numerical study

will require pre-simulation of the bias for a grid of parameter values since the formula is too hard to
implement
Please follow the simulation study of [Potiron et al., 2025] for the tables and figures to report.

I think we can copy/paste the style of them directly from there. That numerical study is more
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professional than the one from [Potiron and Volkov, 2025]. However, there will be a lot in common

with [Potiron and Volkov, 2025], so I advice you base your work on it.

6 Empirical application

6.1 News data

News data were collected from the Thomson Reuters News Analytics database. A news stream is split
up into news items. KEach news item is an atomic piece of news and may physically represent, for
example, a single line alert, a full news article, or an updated news article. The exact nature of a news
item is determined by the feed handler.

The data represent all news headlines for the stocks included in the S&P 500 (the United States)
from the 5th of January 2015 to 31st of December 2024. FEach news message provides a relevance,
sentiment, sentiment position and an item type. Relevance is represented by a number in the [0,1]
interval, sentiment takes values 1, 0, and -1 for a positive, neutral and negative tone of the story,
respectively. The sentiment positions are three values that can be interpreted as probabilities of the
positive, negative, and neutral tones the sum of which is equal to one. The item type allows for the
identification of alerts, articles, updates, or corrections.

To do:

1) implementation of the test for constancy of latency - intuitively will be always rejected

2) behavior of latency intraday, is there U-shape ?

3) Show that there is some residual stochastic component, so that this corroborates our stochastic

model of latency

7 Conclusion

In this paper, we have studied estimation of latency, when it depends on time. We have considered

locally parametric Hawkes processes, where the baseline and the parameters of the kernels are time-
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dependent. We have proposed local estimation based on MLE. We have derived CLT for MLE of
parameter integral and latency integral. We have proposed a test statistic for constancy of latency. A
numerical simulation have corroborated the asymptotic theory. An empirical application to news data
showed that the test for constancy of latency were always rejected and 777.

The code is available online at 777

Supplementary materials

All proofs of the theory can be found in the supplementary materials. These proofs are based on
[Brémaud and Massouli¢, 1996], [Jacod, 1997], [Jacod and Shiryaev, 2003], [Jacod and Protter, 2012],
[Yoshida, 2011], [Clinet and Yoshida, 2017], [Clinet and Potiron, 2018]|, [Potiron and Mykland, 2020|

[Kwan et al., 2023], [Potiron and Volkov, 2025|, [Potiron et al., 2025],
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Supplementary materials

This part corresponds to the supplementary materials of "Estimation of time-dependent latency with
locally stationary Hawkes processes" by Deniz Erdemlioglu, Yoann Potiron and Vladimir Volkov sub-
mitted to the Journal of American Statistical Association. All the proofs of the theory can be found

in Section 8.

8 Proofs

We use C for any constant, and the value of the constant can change from one line to the next. Any
operation with two vectors of the same size means the operation component by component. We begin
with the proof of the existence of locally parametric Hawkes processes where the baseline and the
parameters of the kernels are time-dependent. It extends the proof of Theorem 7 (pp. 1585-1587) in
[Brémaud and Massoulié, 1996], the proof of Theorem 5.1 (pp. 3-4) in the supplementary materials
of [Clinet and Potiron, 2018|, and the proof of Proposition 4.1 in [Potiron et al., 2025], to the general

kernel with time-varying parameters case.

Proof of Proposition 1. The strategy of the proof consists in defining a suitable sequence of simple
point processes and intensity (NF, A\F)g>o such that their limit defined as (Ng, A¢) = limy_,o0 (NF, AF)
exists and N; admits \; as Fi-intensity given by Equation (4).

We first define, for any ¢ € [0,7] and any i = --- ,d, A% (¢) = V:’(i) and NE’(i) the simple point

process counting the points of N@=1 4 N2 helow the curve t — )\g’(i) as

NPO = [ 1 @N G N ds x o).
[0,t]xR 0.2

We then define recursively the sequence of (Ntk @), )\f ’(i)) k>1 as

t
AL — +/ h(t — s,0%)dNE, (31)
0

Nf“’(i) = / | NSENG (£)NZ=V 5« N®(ds x dx) for any i = - - - ,d.
04xR OAs ]
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First, we have that A*() is positive on [0, 7] a.s. as an application of Conditions 1 (b) and (e). Thus,
A i a well-defined intensity. Then, an extension to the time-dependent case of the arguments
from Lemma 3 and Example 4 (pp. 1571-1572) in [Brémaud and Massoulié, 1996] yields that N} is
Fi-adapted, )\f is Fi-predictable and an Fi-intensity of Ntk. Moreover, Condition 1 (e) implies that
(Ntk’(i), )\f’(i)) is componentwise increasing with k£ and thus converges to some limit (Nt(i), )\gi)) a.s. for
any t € [0,T].

We now introduce the sequence of vector processes pf defined as pf = E[AF — )\llffl|]:7]ﬂ3 “]. Then

t t
S = E[/o Bt — 5,000 — X )ds| FE :/0 h(t — s,0%)p"ds.

Here, the first equality is obtained by Lemma 10.1 (p. 2) from the supplementary materials of
[Clinet and Potiron, 2018] when G = F£°, with Condition 1 (d) and Equation (32). The second
equality is obtained by Tonelli’s theorem and the definition of pf. If we define ®F as ®F = fg pkds, we

have by another application of Tonelli’s theorem that a.s.

t t—s
Pt — / ( / h(u,03)du) s (32)
0 0

Then, Condition 1 (f) implies that |®¥"!| < 7|®F| a.s.. Thus, we can deduce that G : ®F — dF1 s
a.s. a contraction function. It turns out that the limit of the telescopic series (Z?:o ®l))>1 exists by
arguments used in Banach fixed-point theorem. Working with the telescopic series and applying the

monotone convergence theorem to the series yields

t t t
E[/ Nodls fﬁ*] < / V:ds+rE[/ Aods
0 0 0

By rearranging the terms in Expression (33), we get that

E[/OtAsds

Given Condition 1 (c), the expression in the left side of Expression (34) is finite a.s.. Given that its

. (33)

fﬁ*} <(1-r)t /t vids. (34)
0

conditional expectation is finite, fot Asds is finite a.s.. Moreover, ) is Fi-predictable as a limit of such

processes. Nt(i) counts the points of N 2i=1) 4« N under the curve t )\gi) by an application of
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the monotone convergence theorem. N; therefore admits A\; as an Fi-intensity by an extension to the
time-dependent case of the arguments from Lemma 3 (p. 1571) in [Brémaud and Massoulié, 1996]. It
implies that Ny is finite a.s.. Finally, it remains to show that A; is of the form (4). The monotonicity
. k, (i) k, (i) C_ k,(4)
properties of N,*/ and A\, ensure that, for any & > 0, any ¢ € [0,7] and any i = --- ,d, A, <
fo (t — s,0%)dN,)® and )\() > v (1 fo (t — 5,0%) dNF)@  which gives Equation (4) by

taking the limit & — 400 in both inequalities. O

The following lemma states that K, C' and @ converge in probability to limit values K;, C; and Q.

This extends Section 10.1 (pp. 1-2) in the supplementary materials of [Clinet and Potiron, 2018].

Lemma 1. For any P* € © and any indices k,1,q € {1,---,m} K(P*), C(P*)kiq and Q(P*)kq

converge in probability to limit values Kj(P*), Ci(P*)kiq and Qi(P*)k q-

Proof of Lemma 1. We can prove the lemma by extending the arguments from the proof of Lemma

A.6 (p. 1834) in [Clinet and Yoshida, 2017]. O

Our proof strategy follows the general machinery of [Clinet and Yoshida, 2017], which consider
large-T asymptotics. To rewrite our problem with in-fill asymptotics as a problem with large-T asymp-
totics, we consider a time transformation as in [Clinet and Potiron, 2018|, [Kwan et al., 2023] and

[Potiron and Volkov, 2025]. More specifically, we define the time-transformed filtration as (F)e(0n1):
(i)

where F; = F.. For any i = 1,...,d the ith process of the time-transformed point process N,  has
events at times (?(f), Ces 5\7)@)) defined as T,(c) = TLTlg ) for k = 1,---,N@. We also define the rescaled

. .= . ~ A .

time-transformed stochastic Fy-intensity process as \; = % for t € [0,nT]. Finally, we define the
time-transformed parameter as Py = P, n for t € [0,nT], where P; = (7,0;). In this first lemma, we
rewrite the rescaled time-transformed intensity in terms of the time-transformed point process. This

extends Lemma C1 in the supplementary materials of [Potiron and Volkov, 2025|.

Lemma 2. Under Condition 1, we have that
A\t =T +/ h(t —s,60,)dNs. (35)
0
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Proof of Lemma 2. If we substitute the definitions of X, ?: and N; into Definition (4), we obtain the

lemma. O
We define the compensated rescaled time-changed point process as
—_ J— t —
M; = N; — / Asds. (36)
0

The next lemma shows that M; is an F-local martingale and that Ny is a locally parametric Hawkes

process with the same kernel, and parameters ?:. This extends Lemma C2 in [Potiron and Volkov, 2025].

Lemma 3. Under Condition 1, we have that My is an Fi-local martingale and that Ny is a locally

parametric Hawkes process with the same kernel h, parameters ?: , and Fi-intensity ;.

Proof of Lemma 3. By definition of a compensator, we have that
¢
Mt = Nt — / /\st (37)
0

is a Fi-local martingale. First, we will show that M; is an F;-local martingale. We have

Here, we use Equation (36) in the first equality, the definitions of Ny and ); in the second equality,
integral change of variable in the third equality and Equation (37) in the fourth equality. As M; is
an JF-local martingale, we also have that the time-transformed local martingale M;/, is an Fi-local
martingale. Since M; = M, /ns 1t means that M; is an F;-local martingale. Then, we can deduce that
N, is a locally parametric Hawkes process with the same kernel h, parameters F: , and F-intensity \;

by Theorem 3.17 (p. 32) in [Jacod and Shiryaev, 2003]. O
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For any P € ©, we define \(P) as \(P) = /\t/"T(P) for t € [0,nT]. For I =0,---, M, we define
the time-transformed times as T; = nTj. We also define the log likelihood process of the rescaled

time-transformed point process N on the [-th interval [T;_1,T)) as

AT
Z / log(M (P))dN," — 3" / 2 (Pt (38)
T i=1 Y Ti-1

Then, the local MLE is defined as a maximizer of the local log likelihood process, i.e.
P =@,6) ¢ argmax peg [ (P).

The following lemma states that a.s. the MLE of the point process on the I-th interval [T}_1,T}) is equal
to the MLE of the rescaled time-changed point process on the I-th interval [T;_1,T;). This extends

Lemma C3 in [Potiron and Volkov, 2025]|.

Lemma 4. Under Condition 1, we have that
P(B =P forl=1,--- M) =1
Proof of Lemma 4. By Definition (38), the definition of %l and Lemma 3, the lemma follows. O]
Fori=1,---,d, we define the rescaled time-changed Poisson processes E(Qi_l) *E(Qi) as E(%_l) *
( )(ds x dx) = N@=D 4 N(m)(;S x ndx). For ¢ = 1,---,d, we denote by E(i) the compensating
measure of E(Qi_l) *E(Qi), i.e. E( )(ds dz) = 2% x ndz. We define a d-dimensional predictable function
by W. We introduce
W Eﬁ’) = // W (s, Z)E(Qi_l) « N2 (ds,dz)

[0,t]xR

and W A( = f[o gxr W (s z)A( )(ds dz). The following lemma corresponds to Burkholder-Davis-

Gundy inequality. This is an application of Lemma 2.1.5 (p. 41) in [Jacod and Protter, 2012|.

Lemma 5. We assume that Condition 1 holds and that P(W? % E’) < oo fori=1,---,d)=1. For

any integer p > 1 and any i =1,--- ,d, there exists a constant C' such that
E[ sup |[Wx*(N - A |p’]:nT ] < C’E // (s,z)[Pdsdz
te[0,nT] [0,nT] ><R

%

For-

L
//[0 nT]XR ) deZ>
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Proof of Lemma 5. We get the proof of the lemma by an application of Lemma 2.1.5 (p. 41) in

[Jacod and Protter, 2012]. O

For any random kernel x : (s,t) — x(s,t), x is Gi-predictable for some filtration G; if for any
t € [0,7] the process x(.,t) is Gi-predictable. We introduce the following lemma, which gives the
boundedness of moments for the rescaled time-changed point process N. This extends Lemma 10.3 (p.

4) in the supplementary materials of [Clinet and Potiron, 2018].

Lemma 6. We assume that Condition 1, Conditions 2 (a) and (b) hold. The intensity of the rescaled
time-changed point process N(i) has moments on [0,nT] fori=1,---,d that can be bounded by values

independent from T, i.e.

sup E[(Xti))p|?f:p} <C. (39)
te[0,nT] , neN

For any .ff -predictable kernel x such that fot X(s,t)ds is bounded uniformly in t € [0,nT] and n € N

independently from T, we have

te[o,ns%l]p, neN = [( /ot x(s, t)dﬁg))p

Proof of Lemma 6. We first prove that Expression (39) holds for p = 1. We have
< =P ¢ - —P"
E[M|Frr] =7F +/ h(t — s,0,)E[Xs| Fur]ds
0

= t
< C+ sup Eﬁs‘ffﬂ / ht —s,0%)ds
s€[0,t] 0

<C+r sup Eﬁs}?f;].
s€[0,t]

Here, we use Lemma 2 in the equality, Condition 2 (a) in the first inequality and Condition 1 (f) in

the second inequality. Taking the supremum over [0, 7] and n € N on both sides, we get

sup E[Xs‘ff:p] <@1-r"tc. (41)
t€[0,T] , neN
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We prove now that Expression (39) holds for any integer p > 1. It is sufficient to consider the case

p = 29, where g > 0. We thus prove our result by induction on ¢. First, we have for any € > 0 that
t —
EQV[Fl] < (1+e 2o+ (1+ e)2q1E[</ h(t — s,éj)dm)p‘?m. (42)
0
Here, we use the inequality (z +)%" < (14 ¢)?' 12 + (1 4+ ¢ 1)2"71y?* for any z,y,e > 0. For any
€ [0,nT] and any i = 1,--- ,d, we define W (s, z) as W (s, 2) = Z?:l R(9) (¢ — 5,52)1{099\(2-)(5)}.
We obtain that
t . . _ p* (’L) — (i _ p*
e[( [ it - s8an.) 7] = E[ov By [F] (43)
0
< (L4 E[W < (N - B))| Frr]
+(L+ P (W s K |For ]

We define I as I =E {(W * (N — K)f))p‘?fT] We have

%

p
// (s,z)|[Pdsdz + // W(l)(s 2) dsdz) 2 ?ST}
OnT]XR [0,nT]xR
o . »
N CE // h(l’]) t— S, 08 1 z i) (s deZ
[ [0,nT]xR ‘ JZ; ( ) {0<2<0@)( )}‘
d -
e / Dt~ 5,0,)1 dsdz) | 7"
< [O,nT]><Rj§1 ( ) {0<2<0(@) ()} > T]
<C. "

Here, the first inequality is an application of Lemma 5, the equality is obtained by the definition of
W@ (s, 2), and the second inequality is obtained by Condition 2 (b) with Holder’s inequality. We can
also show with similar arguments that

[(W + A ’]—'nT] <c. (45)
From Expressions (42), (43), (44) and (45), we can deduce that

E[N| 7| <

We can show Expression (40) with the same arguments.
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We introduce the sequence of stochastic processes R which represents the difference between the
rescaled time-changed intensity and rescaled time-changed intensity when assuming that it starts from

the baseline value at each beginning of interval. It is defined through

t
R(t) =X — 7} — / h(t —s,00)dN, for t € [Ty, Tpi1). (46)

T,
The next lemma shows that R is exponentially decreasing uniformly on each interval of approximation.

This extends Expression (10.23) (p. 7) in the supplementary materials of [Clinet and Potiron, 2018|.

Lemma 7. We assume that Condition 1, Conditions 2 (a), (b), (c) and (d) hold. We have that R is

exponentially decreasing uniformly on each interval of approzimation [T)_1,T)) forl=1,..., M.

Proof of Lemma 7. By Condition 2 (b), we can deduce that the kernel h(t, ) is exponentially decreas-
ing for any 6 € ©p. By Conditions 2 (a), (¢) and (d), we can use the same arguments as in the
proof of Lemma C4 in the supplementary materials of [Potiron and Volkov, 2025] to show that R is

exponentially decreasing uniformly on each interval of approximation [T;_1,T}) for i =1,..., M. O

We introduce the deterministic sequence K that bounds the pre-excitation R(T;) for I = 0,..., M —
1. We assume that K = O(n?) for some ¢ > 1. We denote E[l{R(Tlfl)SK}‘?Tzfl’?%—1 = P] by Ep;
fori =1,..., M. For a measurable set A € F, we also denote Ep;[14] by Pp;[A]. Finally, we introduce
the notation E = {(P,l,n,t) € © x N2 xR¥|l=1,...,M and 0 < ¢t < T}. When n € N is fixed, we
define E,, the subset of E as E,, = {(P,1,t) e ©xNxR*|l=1,...,M and 0 <t < T}. For a € (0,1),
we denote by E2 the subset of E,, for which we have the stronger condition (AT)=°T <t < A~1. We

define the rescaled time-changed Hawkes processes with constant parameters on each interval as

Ngzg = // 1{0<Z<X }E(%il) *E(m) (dS, dZ) for ¢ = ]-a T 7d7
’ [0xRy © = =

t
Ate = v, + / h(t — s,g*ﬁ)dﬁs,c for t € [T}, Ti41)-
T

The next lemma states the uniform boundedness of the moments of A and )., along with stochastic
integrals with respect to N and N.. This extends Lemma 10.5 (p. 8) in the supplementary materials

of [Clinet and Potiron, 2018].
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Lemma 8. We assume that Condition 1, Conditions 2 (a), (b), (¢) and (d) hold. We have for any
integer p > 1, any i = 1,--- ,d and any ]: —predzctable kernel x such that fo s,t)ds is bounded

uniformly in t € [0,nT] independently from T and n a.s.

s EpP<C, (47)
(Pln,t)eEE
tAT, P
sup Epl‘/ (s,0)dN"|" < ¢, (48)
P,l,n t)EE Tl 1
sup  EplAy P <C, (49)
(Plnt)eEE
t/\Tl —(i )
sup EP,’/ (s,)dNO| < C. (50)
(PlLnt)cE T, 1

Proof of Lemma 8. This is an application of Lemma 6 with Jensen’s inequality in the case when the
conditional expectation is equal to Ep;. The presence of 1 (R(T1_1)<K} with Lemma 7 shows the result

uniformly in the quadruplet (P, 1, n,t). O]

We define k as kK = y(0 — 1). In the lemma that follows, we quantify the error between the locally
stationary Hawkes processes and the Hawkes processes with constant parameters on each interval. This

extends Lemma 10.7 (p. 9) in the supplementary materials of |Clinet and Potiron, 2018|.

Lemma 9. We assume that Condition 1, Conditions 2 (a), (b), (¢), (d), (e), (f) and (g) hold. Let
€ (0,1) be a truncation exponent, and € € (0,1). We have for any p > 1, any i = 1,--- ,d, any
deterministic kernel x such that fg X(8,t)ds is bounded uniformly in t € Ry, and any predictable process

(1s)ser, whose moments are bounded that

sup EPlIAtc MNP = 0p(A%), (51)
(Plt)eEY
" ) ) |P
sup  Epy| | U {dN () — AN = Op((AT) ™), (52)
PeO,1<I<M Ti_1+A-aTl-a

— (¢ — P o

swp  Epy / X(s, To{aN ., — aN [ = op((AT)"). (53)
PecO,1<IKM T,_1+A-aTl-«
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Proof of Lemma 9. To prove Equation (51), it is sufficient to show by recurrence on ¢ € N that for
every p of the form p = 29, we have for any n € N, any t € [T;_1,Ty] any i = 1,--- ,d, and uniformly

in (P,1)

—(i —(i Y P
Epias — N7 < Ly + Mye (5¢)" (54)

Here, L, and M, depend on n and ¢ only, L, = Op((AT)"), and M, is of polynomial growth in n.

Also, 87 is an upper bound of the parameter 8 which exists by Conditions 2 (a) and (b). By taking

— — N P —apl—a
the supremum over the set [T;_1 +A~*T~% T] and the fact that Me (6+) AT

= op((AT)"),
we get

Epi — NP = Op((AT)"),

uniformly on the set Ef}.

In what follows, we show Expression (54) in the case ¢ = 0, i.e. p = 1. We obtain

PYUREB - ' - SR ()
Mo =N < = (9| [ (e s, = Bl 587, )N,
-1

(@)

t
+ /T h(t — 5,85, )(dN. —dN,)| " + RO@).
-1

We can deduce that Ep;|7} — P*Tl ) 1) = Op((AT)*) as a consequence of Condition 2 (a). We define

Il as

t
Il:/ (h(t—s,0,) — h(t — 5,07, ))dN,.

T

By Conditions 2 (a), (b), (c) and (d), we get

P
h(t - ,8°) — h(t — 5,05, )| < Cre(57) (55)

Then, we obtain

o ()
Eylli| < Epy / Cre 57) aw,
0

2

t _(L)P* L
< EPJ[ sup CE] EP,I)/ e AT/ dN,
s€[0,t] 0
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Here, we use Expression (55) and the definition of I; in the first equality, and Cauchy-Schwartz in-
equality in the second inequality. We obtain that the left term from the multiplication in the right side
of Expression (56) is finite by Conditions 2 (a), (b), (c) and (d). We also obtain that the right term
from the multiplication in the right side of Expression (56) is a.s. finite by Lemma 8. Thus, we can

deduce that Ep;|;| = Op((T'A)*) follows from Conditions 2(e). Finally, we define II; as

t
Hl:/ Wt — 5,05, )(dNue— dN).
T_1

We have
t ., o o
Erl 11| < Epy| / Wt — 5,85, )d[Nee— dN||. (57)
0

Here, d|N57C — dNS] is the integer measure which counts the events that do not belong to both dﬁsyc
and dNg, i.e. the points of Em that are between the curves s — \; and s — ijc. We can show that

the stochastic intensity of this point process is equal to |X57C — Xs|. We obtain

Eriln] < Epa [ W= 5.0, A~ s
= /Ot h(t — 5,07, JEpilAs.c — Xs|ds.
So far we have shown that there exists a sequence L such that L = O((AT)") and such that the
function f(t) = Epy|At,c — At satisfies the inequality
f@) <L+R(OF, )+ f*h(t—s07, ).

By an extension of Lemma 10.6 (p. 9) from the supplementary materialof [Clinet and Potiron, 2018],
we obtain Expression (54) in the case ¢ = 1. The case for any ¢ € N* can be proven with similar

arguments. Finally, Equations (52) and (53) are an application of Lemma 5 to the case Wy (s, z) =

1/15\1{0§Z§XM} _1{0§z§X5}‘ and W, (s, z) = x(s, t)‘l{ogzgx,c} _1{0§z§X5}‘ with Holder’s inequality. [

We define the rescaled time-changed intensity with constant parameters equal to P on each interval

as

h(t — 8,0)dNg, for t € [T, Ti41)-

T

Ae(P)=v+ /
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We also define another rescaled time-changed intensity with constant parameters equal to P on each

interval as

~ t JR— _— —
)\t,c(P) =v+ / h(t — S,G)dNS for t € [TlaTl+1)~
T

We state in the following lemma the uniform boundedness for moments of intensities with their deriva-

tives. This extends Lemma 10.9 (p. 12) in the supplementary materials of |Clinet and Potiron, 2018|.

Lemma 10. We assume that Condition 1, Conditions 2 (a), (b), (c), (d), (e), (f) and (g) hold. Let

€ (0,1). We have for any integer p > 1, any i =1,--- ,d, and any j € N that a.s.

sup  Epy[ sup [9fA(P)I] < C, (58)
(Plnt)eE PcO J
sup Epl[supmu (PPl <c, (59)
(Pln,t)eE Peco J

sup | Epy| sup [9AL(P) ~ GNP | = Op((AT)"). (60)

(PlLt)eEX
Here, the constants C' depend solely on j.

Proof of Lemma 10. We have that the derivatives of Xgi) (P) can be all bounded uniformly in P €
© by linear combinations of terms of the form 7 or fgi (t— s)jef(tﬁ;*s)pi dNY", for j € N. The
boundedness of moments of these terms uniformly in n € N and in the time ¢ is the consequence
of Expression (40) in Lemma 6 with x(s,t) = (¢t — s)je_(%)p . Thus, Expression (58) follows.
Expression (59) is proved with similar arguments. Finally, we show Expression (60) in what follows.
We have that suppcg \%Xﬁzg(P) — G}XSZ(P)\ can be bounded by linear combinations of terms of the

C_(t=s)" . ,
form fot (t—s)e <B+) dN® — Nc(l)|5. The LP? estimate of such expression is then easily derived by

a truncation argument and Expression (53) in Lemma 9. O

We define the log likelihood process of the rescaled time-changed intensity with constant parameters

equal to P on the I-th interval [T;_1,T)) as

llc Z/ lOg dNtc Z\/T )‘tc
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We introduce for any (P, Py) € ©2 the rescaled difference between the two log likelihood values
Yi(P, Py) = A(Li(P) — ;(Py)). (61)

We also introduce for any (P, Py) € ©? the rescaled difference between the two log likelihood values

with constant parameters
Yie(P, Po) = A(lo(P) = li.e(Po))-
We define the Hessian matrices of [;(P) and [; .(P) as
Ty(P) = — AdpL(P),
D1o(P) = — Adplc(P).

Finally, we introduce the set I = {(P,l,n) € © x N?s.t. 1 <1 < M}. In the following lemma, we
show how close are the log likelihoods with their derivatives. This extends Lemma 10.10 (p. 13) in the

supplementary materials of [Clinet and Potiron, 2018|.

Lemma 11. We assume that Condition 1, Conditions 2 (a), (b), (c), (d), (e), (f) and (g) hold. Let

e € (0,1), and L € (0,2k). For any p € N*, we have

sup  Epy|VAIPL(P) — VAdpl(P)F 50, (62)
PeO,1<I<M
sup Epy| sup [Vi(Py, P) = Vie(Fo, P)| = Op((AT)™), (63)
Peo,1<I<M Pyeo©
sup  Epy|Ti(Po) — T1e(P)[P = Op((AT)"), (64)
Peo,1<I<M
sup Ep;|AT sup ]8?311(130)\’1) < C a.s.. (65)
(Pln)€el Poc®

Proof of Lemma 11. We first show Expression (62). We can reexpress the expressions as

- d Ti_1+1/A 4 () . Tia+1/a
VAdRI(P) = 3 VA( / Ops (P) o) — / 0r3(P)ds)
i=1

Ty 2D (py Ti
and
. d Tia+1/8 5,3 (p , ya
VROT,.(P) = Y VA( / pRaclP) v / 0p3(P)ds).
=1 Tia )‘s,c(P) 0
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By Lemma 8 Expressions (47) and (49), and Lemma 10 Expressions (58) and (59), we can replace the
lower bounds of those integrals by (TA)~®T for some « € (0,1/2). Thus, the expression dpl;(P) —

dplic(P) is equivalent to the sum of the three terms

Ty 1+T1-aA— XS) (P)

d Ti_1+1/A @ Ti_1+1/A nZ 3@
/ ity OpAs (P) (AN dN(ic))+/ ot (013)\5 (P) ap/\s,c(P)>dN(z’)
’ Tl,1+T17aA70‘ )

| ’ Wy e

,C

Tl,1+1/A () ]
+ / (0p2(P) —8p)\gl)(P))ds).
Tl71+T1—(!A—(1

i=1

We then apply Lemma 9 Expression (52) and Lemma 10 Expression (58) to the first term, Lemma 8
Expression (49) and Lemma 10 Expression (60) to the second term, and Lemma 10 Expression (60) to

the last term, to get

sup  Epy|VAOpL(P) — VAPl (P)[L = Op((AT) 5 +%), (66)
PeO,1<I<M

for any € € (0,1). If we take e sufficiently close to 1, this expression tends to 0. We can prove

Expressions (63), (64) and (65) with similar arguments. O

In the following lemma, we show that the Hessian matrix of the log likelihood can be approxi-
mated by the Hessian matrix from the stationary case. This extends Lemma 10.10 (p. 13) in the

supplementary materials of [Clinet and Potiron, 2018|.

Lemma 12. We assume that Condition 1, Conditions 2 (a), (b), (¢), (d), (e), (f) and (g) hold. For

any integer p > 1, there exists a constant C' such that a.s.

sup  Ep;|VAdpl (PP < C. (67)
(Pln)el

Furthermore, there exists a function (P, Py) — Y(P, Py) such that for any € € (0,1), we have

sup Ep’l [ sup ’Yl,c(P(), P) - YZ(P(), P)‘:| = Op((AT)Eg
Peo,1<I<M Pyeo©

). (68)
Finally, for any Py € © and for any € € (0,1), we have

sup  Epy[To(P) = T(P)P = Op((AT)2). (69)
PeO,1<I<M
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Proof of Lemma 12. When F*Tl_l = P, the point process N, is simply a stationary parametric Hawkes
process with parameter P. By aregular distribution argument, the operator Ep; acts as the simple oper-
ator E for N, distributed as a Hawkes with parameter P. We can conclude by extending the arguments

in the proofs of Lemma 3.15 (p. 1813) and Theorem 4.6 (p. 1821) in [Clinet and Yoshida, 2017]. O

In what follows, we show that the functional of the rescaled estimator can be approximated
by the stationary case. This extends Theorem 10.12 (p. 15) in the supplementary materials of

[Clinet and Potiron, 2018]|.

Lemma 13. We assume that Condition 1, Conditions 2 (a), (b), (c), (d), (e), (f) and (g) hold. Let

L € (0,2k). We have

sup_ {Eplf(VA/T(P ~ P))] - EF(TST(P)73¢)]} B0, (70)

PeO,1<I<M

for any continuous function f with |f(z)| = O(|z|) when |z| — co.

Proof of Lemma 13. By Lemma 11 Equation (63) and Lemma 12 Equation (68), we can define some

real number € € (0,1) such that

sup _(AT) G MEp | sup [Yi(Ry, P) = Y(Ry, P)IP| 0. (71)
PeO1<I<M Pyco

As P is a maximizer of Py — Y;(Py, P) and Y satisfies the non-degeneracy condition [A4] used in
[Clinet and Yoshida, 2017|, Expression (71) implies the uniform consistency in the block index ! and

the initial value of ]31 to Pﬁq’ ie.

sup  Ppy[P—P] 5 0. (72)
Pe®©,1<I<M

From Lemma 11 Equation (64) and Lemma 12 Equation (69), we can deduce

sup  (AT)“E"ER [Ty(P) — T(P)PP 5 0. (73)
PeO,1<I<M

By Lemma 11 Equation (62), vAdpl;(P) and vVAdpl;.(P) have the same asymptotic distribution

F(P)%ﬁ . With the same arguments as in the proof of Theorem 3.11 in [Clinet and Yoshida, 2017],
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we can deduce that /(AT)~L(P, — P) converges uniformly in distribution to T_%F(P)_%f when

Py, = P. More specifically, we have

s {Epi[f(VAT) (B - P))] ~E[f(T3T(P)3¢)] } B, (74)

PeO,1<I<M
for any bounded continuous function f.
Finally, we extend Expression (74) to the case of a function of polynomial growth of order smaller
than L. First, we have by Lemma 11 Equation (62) and Lemma 12 Equation (67) for any L' € (L, 2x)

that

sup  Epy|VAdPL(P)|E = Op(1). (75)

PeO,1<I<M
We now adopt the notations of [Yoshida, 2011] and define 81 = §, B2 = 1 — 1, p=2,0 < pa < 1—25,

0<a<f, and 0 < p; < min{l, 1%, 1261 } all sufficiently small so that M; = L(1 — p;)~! < L,

My = BiL(2 — p))™t < 23020 — o 0y = (L — Bo)L(1 — 285 — o)~} < & and finally Mz =
L(% - pl)_1 < 00. Then, by Expressions (65), (71), (73) and (75), the conditions [A1"], [44'], [A6],
[B1] and [B2] in [Yoshida, 2011] are satisfied. By extending the arguments of the proofs, we can use

Theorem 3 and Proposition 1 from [Yoshida, 2011] to get for any p < L that

sup  Epi|\/(AT)~ [P — P)[P = Op(1). (76)

PEO,1<I<KM

We denote E['|?Tl,1] by E;_1. So far we have focused on the case where R(T}) is bounded by the
sequence K. In the following lemma, we relax this assumption. This extends Theorem 5.2 (p. 3479)

in [Clinet and Potiron, 2018|.

Lemma 14. We assume that Condition 1, Conditions 2 (a), (b), (c), (d), (e), (f) and (g) hold. Let

L € [0,2k). We have uniformly inl € {1,---, M} that

Ers [f(VAT) NP = Py, )] =B [F(T7V20(PE,_)726)] +0p(1), (77)

for any continuous function f with |f(z)| = O(|z|*) when |z| — co.
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Proof of Lemma 14. We can decompose E;_; [f(\/(AT)_l(ng — ?*Tl_l))] as

Ei1[f(V/(AT) (P, - Pr_ DY, <k)) (78)
+Ei—1 [f( (AT)~H(B, — F*Tl_l))l{R(Tl,l)>K}] (79)

1

We define G as G(P) = Ep; [f(\/(AT)—l(]?’l — P)} — E[f(T‘?F(P)_%f)] By a regular conditional

distribution argument, we can express uniformly in [ € {1,---, M}
~ 1l =% -1
B [F(VAT) (P = Pr, D, <y — [T 30(PE,,)73¢)] (80)
as G(F*Tl_l). We have that

GPr,)| < sup [Er[F(VIAT) (R - P))] —E[f@Er(p) de)]| =y

If we take the supremum over [ in Expression (81) and use Theorem 13, we can show that the term
(80) is uniformly equal to op(1). Moreover, the term (79) is bounded by (AT)_LQl{R(Tl_1)>K} for
some Q > 0 by Condition 2 (a). We can show that P[R(T;_1) > K] < P[Az, , > K], which then
can be dominated by K _1E[ATZ—1] = O(nK~1) using Markov’s inequality. By definition of K, we can

deduce that the term (79) goes to 0 asymptotically. O

In the following lemma, we consider the bias correction of the estimation procedure. This extends

Theorem 5.3 (p. 3479) in [Clinet and Potiron, 2018].

Lemma 15. We assume that Condition 1, Conditions 2 (a), (b), (c), (d), (e), (f) and (g) hold. Let

€ € (0,1). The bias of the estimator P, has the expansion
D P e(kAS
B[P~ Pr ] = Op((AT)2), (82)
uniformly inl € {1,--- , M}.

Proof of Lemma 15. We can prove the lemma by extending the arguments from the proof of Theorem

5.3 (p. 21) in the supplementary materials of [Clinet and Potiron, 2018|. O
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We introduce the bias corrected local estimator ]%(BC) = P - b(ﬁl) We also define for any
random variable X the conditional variance as Var[X] = E;[(X —E;[X])?]. The following lemma gives
conditions for the proof of Theorem 1. This extends Conditions [C*] (p. 21) in the supplementary

materialof [Clinet and Potiron, 2018].

Lemma 16. We assume that Conditions 1 and 2 hold. We have uniformly inl € {1,--- , M} that

there exists € > 0 such that

Var_; [\/W@(BC) — P}H)_ —T'T(P}, ) +op(1), (83)
~(BC N 2+e€n

B [|[VAT) (B — )| | = 0p(), (84)

E_, [13}30) —P; | =op(n /). (85)

Proof of Lemma 16. First, we have for any L € (0,2x) and uniformly in { € {1,--- , M} that

L
2

£ [VBT) T (B - B)| = (anyiT-te w(B)| = 0s((AT)E).

Then, we can show that Lemma 14 still holds if ﬁl is replaced by ﬁl(BC). We decompose the conditional

variance in Equation (83) as

E,_, [( /(AT)_l (1’51(80) _ Pﬁq))ﬂ _ Elfl[ /(AT)_l(f’l(Bo) _ Pi*“l,l)]z-

Then, we can show Equations (83) and (84) by an application of Theorem 14. Finally, Equation (85)
holds if there exists € € (0,1) such that /n = oP((A/T)E(“A%)) by Lemma 15. From the relation

Vn = (AT)_%, this can be reexpressed as % < KA % By the definition of x, we get the two conditions

% <v(6—1) and g < %, ie. 77 < 6 < 3. This corresponds to Condition 2 (h). O

_1
2

In what follows, we give the proof of Theorem 1. This is based on Theorem 3.2 (p. 244) in
[Jacod, 1997]. See also [Potiron and Mykland, 2020|. This extends the arguments from the proof of
Theorem 5.4 (pp. 21-24) in the supplementary materials of [Clinet and Potiron, 2018].

Proof of Theorem 1. By the definition (12), we have

M

VRIP(T) = IP(T)) = Vi ( 3 BP9 a - 1P(T)). (6)

=1
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We introduce the bias increments B; = El,l[ 131 — P}l 71] and the martingale increments
M; =P — Pz*l,l — By.
Then, we define the rescaled sum of the bias increments as

M
SB) =\/n> B
=1

Finally, we define the rescaled sum of the martingale increments as

M
S = /n> " M.
=1

We can rewrite the right side of Equation (86) as
L s L s -
\/E(ZPI( )A—IP(T)> =V (B )—P}H)A—F\/H(ZP%HA—IP(T)) (87)
=1 =1 =1

We first show that

M
\/ﬁ(ZP;HA - IP(T)) = op(1). (88)
=1

To show Equation (88), it is sufficient to show that

M G
NDD ‘P%Z_IA - Ps*ds‘ = op(1). (89)
=1

T

By the triangular inequality, we can deduce that

M T M .7
\/HZ‘P}HA—/ Ps*ds’ < \/EZ/
1=1 T 1=1 7T

By Condition 2 (e), we can deduce that the right side in Expression (90) is equal to Op((AT)_Vn%JV).

ds. (90)

S

P, —P;

By Condition 2 (h) and since v > %, we can deduce that the right side in Expression (90) converges to
0 in probability. Then, we can prove Equation (88) by Expressions (89) and (90). Moreover, we can
show that S(® 5 0 by the condition (85) from Lemma 16.

To show that S() 2=% fOT crp(t)dWy, we use Theorem 3.2 (p. 244) in [Jacod, 1997]. First, we

consider the conditional Lindeberg condition (3.13), i.e. for any n > 0 we have

M

n> Ei [Ml21{ﬁMl>n}} o, (91)
=1
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Let n > 0. Using Holder’s inequality, we obtain that

€

nEi1 Mlzl{\/ﬁMDn}} = (El_l[(\/ﬁMl)HEDZi(El—l [1{x/ﬁMz>n}D2T6'

First, we have that
2
(6 [

is uniformly bounded by the condition (84) from Lemma 16. Second, we have that

(B [rvmon] )

goes uniformly to 0 by the condition (84) from Lemma 16 and Condition 2 (g). Then, we can deduce
that the Lindeberg condition (91) holds. We now prove the conditional variance condition (3.11), i.e

that

M T
0> Ea (M2 S /0 crp(erp(D)Tdt. (92)
=1

We have that
M

1
nZEl 1 [M7] TIZ;(AT) i1 [MP]A.
Then, we use Proposition 1.4.44 (p. 51) in [Jacod and Shiryaev, 2003| with the condition (83) from
Lemma 16 to show Expression (92). The conditions (3.10) and (3.12) are satisfied because M; is a

martingale increment and since we consider the reference continuous martingale M = 0. Finally, we

show the condition (3.14). We thus consider a bounded ¥ -martingale Z and we show that

M
Vi S B [MiAZ] 5o, (93)
=1

where AZ; = Z1, — Z7,_,. Using the arguments from the proof of Lemma 15, we obtain

M M
VY B [MAZ] =Y T(Pf_ ) "B [0pln o(P_ )AZ] + op(1).
=1 =1

We have that ZTZ’C(PFE 71) can be rewritten as an integral over the canonical Poisson martingale

AT 66’)\80 P:;‘: )
-1
lTlv PTl 1 Z/ /R P* 1{0SZ<>\ (P Tl 1)}
sc 1
(2i—1) 2i—1)

(N« N® (s, dz) — A( « A% (ds, d2)).
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We can deduce that E;_; [é?plTl o }l )AZZ] = 0, since both o-fields ]:%D " and FTN are independent.

Thus, Z and NV 5 w20 _ 3D

* E( * 1(21') are orthogonal. This implies that Expression (93) holds.

=

Thus, we can deduce that S(M) D¢ fOT crp(t)dW; and that Expression (27) holds. From the definition
of the variance estimator (15) and the variance (19), we can deduce that the estimator of variance is

consistent. Finally, we can deduce Expression (28) by Slutsky’s theorem. O
In what follows, we give the proof of Theorem 2. This is an application of Theorem 1.

Proof of Theorem 2. The proof of the theorem can be obtained by an application of Theorem 1 with

a Taylor expansion of the latency function F'. O

In what follows, we consider estimation of the integral of linear latency AIL(T). We consider the

natural estimation procedure AIL = AIL(T). We can also define the asymptotic covariance matrix

for estimation of linear latency integral as

carp(Dearr(t)’ = AT(0;) AT,

T
T
Care(T) = [ earrOesmp(o)” (99)
Finally, we propose estimation for the asymptotic covariance matrix for the integral of linear latency
as

M

~ ~—1

Cup(T) =) AT, ATA. (95)
=1

In the corollary that follows, we extend Theorem 2 to the case of integral of linear latency. This is an

application of Theorem 2.

Corollary 2. We assume that Conditions 1, 2 and 8 hold. There is an extension of B on which is
defined a standard Brownian motion W, which is of dimension a, such that we have the CLT and the

feasible CLT

Vi (ATL(T) - ATL(T)) 25 / ¢ (AW, (96)
VG2 ><ZF*L<T>—AE<T>>%E (97)



Proof of Corollary 2. The proof of the corollary can be obtained by an application of Theorem 2. [

Finally, we give the proof of Corollary 1 in what follows. This is an application of Corollary 2.

Proof of Corollary 1. The proof that the test statistic S converges in distribution to a chi-squared
random variable with one degree of freedom under the null hypothesis Hy can be obtained by an
application of Corollary 2 with a Taylor expansion. If we also assume Condition 4, we can make a Taylor
expansion of the linear latency. By Condition 2 (f), we obtain that the test statistic S is consistent

under the alternative hypothesis Hy, i.e. we have P(S > Q(u) | H;) — 1 for any 0 < u < 1. O
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