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1. Introduction

Over the past decades, the availability of high frequency data has led to a better understanding of asset prices. The main
object of interest, the quadratic variation, can be used for example as a proxy for the spot volatility or the volatility parameter
of a time-varying model. Moreover, forecasts of future volatility can be improved with it. Without microstructure noise, the
realized variance (RV) estimator (e.g. Andersen et al., 2001, Meddahi, 2002, Barndorff-Nielsen and Shephard, 2002) is both
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consistent and efficient. The convergence rate n'/? and the asymptotic variance (AVAR) were established in Genon-Catalot
and Jacod (1993), Jacod (1994) and Jacod and Protter (1998) (see also Zhang, 2001, Mykland and Zhang, 2006).

Under market frictions, the RV is no longer consistent. Zhang et al. (2005) bring forward the Two-Scale Realized Volatility
nonparametric estimator, the first consistent estimator in the presence of noise and with a relatively slow convergence
rate of n'/®. Zhang (2006) modifies it to provide the Multi-Scale Realized Volatility (MSRV) which features the optimal rate
of convergence n'/4 as documented in Gloter and Jacod (2001). Other approaches consist in and are not limited to: pre-
averaging (PAE) the observations (Jacod et al., 2009), Barndorff-Nielsen et al. (2008) advocates for the realized kernels (RK)
and (Xiu, 2010) studies the quasi-maximum likelihood estimator (QMLE) which was originally considered in Ait-Sahalia
et al. (2005) when volatility is constant. Those three approaches share the optimal rate property and only differ through
edge-effects which impact their respective AVAR.

The nonparametric AVAR bound of efficiency is equal to 8a0T% fOT o2du, where T stands for the time horizon and a(z)
corresponds to the noise variance. This was shown in Reiss (2011) under the deterministic volatility and Gaussian noise
setting, but it is commonly assumed that it stays true under stochastic volatility. Subsequently, in a recent breakthrough
paper, Altmeyer and Bibinger (2015) found an estimator based on the spectral approach introduced in Reiss (2011) which
reaches the bound in a very general situation. More recently, Jacod and Mykland (2015) proposed an adapted version of
the pre-averaging estimator using local estimates as in Reiss (2011) which gave rise to estimators that are within 7% of the
bound.

To be fair when comparing several estimators, we need the candidates to be equipped with the same technology.
Following closely the local technique used in Reiss (2011) and more recently in Jacod and Mykland (2015), we aim to adapt
accordingly the RK and the QMLE. Indeed, although both estimators behave remarkably well when volatility is constant, i.e. in
the parametric case the ratio of AVAR over the bound of asymptotic efficiency is 1.0025 when considering the most efficient
Tukey-Hanning 16 RK and 1 for the QMLE, they can actually be highly inefficient in the non-parametric setting as documented
in the following of this introduction and in Section 2. Under time-varying volatility, we aim to reduce significantly their AVAR
and make them efficient. Although it would reduce the AVAR the same way, we did not implement the local version of the
MSRV. In fact, MSRV and RK are asymptotically equivalent in the sense that they share the same asymptotic variance when
considering the same kernel (see Section 2.2 in Bibinger and Mykland (2016)).

To reduce the variance, we divide the interval [0, T] into B non-overlapping regular blocks [0, T/B], [T/B, 2T/B], ...,
[(B — 1)T/B, T]. We then compute the RK (QMLE) on each block, and take the sum of the B estimates. We show that the
nonparametric ratio of AVAR over the bound of efficiency converges to the parametric ratio as B increases. More importantly
for practical applications, the convergence is very fast, and the gain is already important in the case B = 2 blocks.

As an example, we focus on the RK Tukey-Hanning 16 and consider the (apparently innocuous) block constant model
o = 1fort € [0, %) and oy = 2fort € [%, 1]. When choosing the optimal bandwidth, Barndorff-Nielsen et al. (2008)!
showed that the AVAR is equal to

T 3/4
AVARGY, = ag (T / ajdu) g, (1.1)
0

where g is defined as

16 1
g=3 pk?’okl’l( +y1+V1+ 3d/p2),
J1+ /14 3d/p?

Jy o2du k0022

p= d= ;
ST otan P

and where ki are constant functions of the kernel. We fix T = 1and we compute in that case [, o2du = 5/2, [, o 2du = 9/2

and f(: afdu = 17/2. Thus, the bound of efficiency is equal to 36ay, whereas AVAR([gf(l)] = 37.89a,. This can be expressed
as a loss of 228=3% ~ 5% which is to be compared to the loss in the parametric case’ 22=8 ~ 25% When fixing
(RK)

B = 2, the volatility on each block is constant and thus yields AVARy ,, = 273/2 x 8.02ao on the first block and

AVAR(['f'/(Z)J] = 23/2 x 8.02a, on the second block. As both estimates are uncorrelated,> we obtain that the global AVAR
is equal to AVARES{% = ﬁ(AVAR%gﬁ)/Z] + AVAR(['f'/(Z)J]) = 8.02q9 fol o2du, i.e. 25% loss which corresponds exactly to the
parametric loss.

with

1 gee pp. 1494-1495 for more details.
2 Details can be found on Table II (p. 1495, Barndorff-Nielsen et al., 2008).
3 If we remove end-effects.



S. Clinet, Y. Potiron / Journal of Econometrics 206 (2018) 103-142 105

From (1.1), we can see that the theoretical loss can be expressed as a deterministic function of the already well-known
measure of volatility constancy p and another connected quantity which we denote

. fOT oldu
T1/4(/’OT o ddu)¥/4

Details can be found in Section 2, along with an expression for the QMLE loss as well. In the previous example where the
loss was about 5%, the corresponding setting can be computed as p = 5/2 x 4/2/17 ~ .86 and x = 9/2 x (2/17)*/4 &~ .90.
Volatility on real data is moving more than on this toy example, corresponding to lower p and «. In their empirical study,
Andersen et al. (2014) daily estimate p~! and find that the typical value is around 1.3, and about 1.6 when restricting to the
top 10% days in terms of intraday variation of volatility. This corresponds respectively to estimates of p as 1/1.3 ~ .77 and
1/1.6 ~ .62. When taking respectively those two realistic values, the corresponding RK and QMLE losses are expected to
be around 20% (can go up to 100%), depending on the other parameter value «. With such highly inefficient estimators, we
believe that there is a practical need for variance reduction. This is especially the case on days when the volatility is moving
alot.

Clearly this estimator is related to local parametric methods in high-frequency data, i.e. aggregating local parametric
estimates. For example, Mykland and Zhang (2009) investigated the ex post adjustment involving asymptotic likelihood
ratios to make when assuming constant local volatility. Reiss (2011) showed the asymptotic equivalence in Le Cam’s sense
between the non-parametric and locally constant volatility experiment. To estimate quarticity and other functionals of
volatility, Jacod and Rosenbaum (2013) estimated the volatility locally and plugged the value into the sum. Our work includes
(Potiron and Mykland, 2017, 2016; Clinet and Potiron, 2018).

The remainder of the paper is structured as follows. Section 2 stretches the limitations of the global approach by
expressing the loss as a function of p and «. In Section 3, we provide the model, investigate the RK and the QMLE and their
corresponding limit theory. Section 4 investigates what happens to both methods when considering stochastic arrival times
and adding jump in the price process. Section 5 performs a Monte Carlo experiment to assess finite sample performance and
AVAR reduction. Section 6 provides an empirical illustration where we quantify the expected gain in practice. Theoretical
details and proofs can be found in the Appendix.

2. Limitations of the global approach

This section documents the performance of the global RK and QMLE. In particular, we show how it deteriorates as a
function of heteroskedasticity. Finally, we diagnose the reasons and provide the solution to this relative failure.

One crucial feature common to both estimators is that they behave remarkably well when volatility is constant. Indeed,
the QMLE is efficient and the RK Tukey-Hanning 16 almost efficient in that case. Even the RK Tukey-Hanning 2, with an AVAR
over the bound of efficiency ratio of less than 1.04, can be considered as “practically efficient”. To study what happens when
volatility is time-varying, it is useful for 0 < r < s < T to define

[’ oldu [ oldu

Prs = ——=F—me—
Js—n) [Fotau (s = 1)VA(; o)/

to be measures of heteroskedasticity. In the following, we will be using p and « in place of pgr and ko r. The quantity p
was already introduced in Barndorff-Nielsen et al. (2008) and plays an important role in the AVAR of both RK and the QMLE.
Xiu (2010) (Figure 1, p. 241) expresses the quotient of both AVARs as a function of p, but does not assess their respective
performance when compared to the (conjectured) bound of efficiency defined as

and k; s =

1

T
AVARGH? = 8aoT 2 / o du.
0

In contrast, the other quantity « is introduced to investigate that relative performance. More precisely, « is needed to express
the AVAR over the bound of efficiency ratio for both approaches since the AVAR does not feature the tricity, i.e. the integrated
third moment of volatility, which is key in the bound of efficiency. Evidently, both measures p and x are very much connected
and we can actually show that we have that

0<pf <ks<pl> <1 2.1)

Note that the equality p, s = ks = 1forallr, s € [0, T] corresponds to the parametric case. In particular, Eq. (2.1) implies
that for any given p, the value « is a.s. in a small boundary around p. This is of particular interest because as far as the authors
know under noisy observations the literature on quarticity estimation* is far more abundant than the corresponding work on
estimating tricity,” which implies that in practice p can be estimated relatively easily, whereas x would require more effort.

4 See, e.g., Jacod et al. (2009), Andersen et al. (2014), Mancino and Sanfelici (2012), Potiron and Mykland (2016) and Clinet and Potiron (2017).
5 See the spectral approach AVAR estimator in Altmeyer and Bibinger (2015), Potiron and Mykland (2016) and Clinet and Potiron (2017).
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From Andersen et al. (2014) (Figure 7, p. 41), when taking a pre-averaging window equal to one minute (chosen consistently
with their recommendation in Section 5.2.4 on p. 34 where the authors argue that a reasonable choice of window should
lie between 30 s and 2 min) we infer that the estimates of p are about 1/1.2 ~ .83, 1/1.3 ~ .77 and 1/1.6 &~ .62 when
considering respectively the bottom 10% days in terms of intraday variation of volatility, all days and the top 10% days in
terms of intraday variation of volatility. Correspondingly, we will be using pnigh = .83, Preguiar = .77, plow = .62 to refer
respectively to high, regular and low values of p throughout the rest of the paper. It is not surprising to find such low values
on stocks data as it has been understood for several decades now that many stylized facts describe volatility as time-varying
(see, e.g., Ghysels et al., 1996, Engle and Patton, 2001).

When using the optimal bandwidth, AVAR{ﬁ{% is defined as

T 3/4
AVARGY, = ag (T / a;‘du> g,
0
where we have

16 1
g=5 pk9’0k1’1< +y1+V1+ 3d/p2>
J1+ /14 3d/p?

0.04,2.2
ko ks

andd = (k1’1)2

)

with ki constant functions of the kernel. Correspondingly, we give the formal definition of the RK loss as

(RK)
o - AVARon (2.2)

AVARGH T
Obvious computations lead to LF) = g ~1/8 — 1. If we see g as a function of p, LF<) is equal to g(1)/8 — 1 in the parametric
case. The parametric values for several kernels can be directly inferred from Barndorff-Nielsen et al. (2008) (Table II, p. 1495)
and the loss is equal to .25% when considering the Tukey-Hanning 16, 3.625% for the Tukey-Hanning 2, 6.75% for the Parzen
and 13% for the Cubic kernel. We have that g is an increasing function of p, and thus the effect of p and « are reverse. Next
we consider the AVAR of the QMLE expressed via

T 4 T

5Ta o, du

AVARGTE) = # + 3ao ( / auzdu>
' (fy o2du)'? 0

3/2

The formula can actually be found in Box V (p. 240, Xiu, 2010). The corresponding QMLE loss is defined in analogy with (2.2)
and can be expressed as
(QMLE)
AVAR, 1 3
(Bound)
AVAR 1)
5+ 3p?
8k pl/2 -

[(QULE) _

Fig. 1 plots the feasible loss region for three typical RK, the QMLE and the PAE with triangle kernel. It is clear that they highly
lose efficiency when p is decreasing. The QMLE is dominated by the RK approach when p is low, which was observed on
Fig. 1 (p. 241, Xiu, 2010).

The problem behind this potentially high loss can be intuitively explained as follows. For the RK, although the optimal
tuning parameter is robust to time-varying volatility, it suffers from the fact that one day® is too long to “stay optimal”. This
is a very similar situation to the PAE, which also features a tuning parameter. Subsequently, Jacod and Mykland (2015) used
block estimations to heavily reduce variance. As for the QMLE, which in contrast is designed in a parametric way yielding
no choice of tuning parameter, the smaller p and « are, the further the misspecified model deviates from the truth. It is by
nature a different estimator, but local methods are expected to reduce the misspecification as in Reiss (2011). Thus, we aim
to reduce the non-parametric loss into the parametric loss using adapted local methods. As we can see on Fig. 1, the QMLE
will benefit the most as it is efficient in the parametric case and deteriorates more than the RK in the non-parametric case.

6 Orone week, one month, etc.
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\ A}
A — RK Tukey Hanning 16
\ \ RK Tukey Hanning 2
. = = RKCubic
\ \ == QMLE
§ B \ Pre-averaging

loss (in %)

50
1

Fig. 1. Feasible loss region for three typical RK (Tukey-Hanning 16, Tukey-Hanning 2, Cubic), the QMLE and the PAE with triangle kernel. For each estimator,
the lower line corresponds to the lower boundary when considering the best possible scenario k = p'/2 and the upper line stands for the upper boundary
in the worst case scenario x = p>/2. The feasible loss region lies between those two lines. Note that a loss of 100% corresponds to an AVAR twice as big as
the bound of efficiency.

3. Local estimation
3.1. Model for the observations

We assume that the latent log-price process and the volatility follow

dXt = btdt + U[dW[, (31)

do; = bedt + 6 VdW, + 62 dW, + dJ;, (3.2)
where (W, W[) is a 2 dimensional standard Brownian motion, the drift (b;, Bt) is componentwise locally bounded, the
volatility matrix

Ot 0
6t(1) &[(2)

is componentwise locally bounded, itself an It6 process and inf,(min(oy, &t(z))) > 0 a.s. We also assume that jt is a pure
jump process of finite activity. This rules out jumps in X;, an issue addressed in Section 4. In contrast the volatility process
can include jumps (see, e.g., Todorov and Tauchen, 2011 for empirical evidence). The observations are contaminated by the
microstructure noise so that we observe

Zt,‘ = Xti + e[,"

where t; correspond to the observation times’ which are assumed to be regularly spaced, i.e. satisfying t; — ti_; = A.
Stochastic arrival times are also considered in Section 4 Furthermore, we assume that the noise is independent and identically
distributed (i.i.d), and independent of the other quantities, with null-mean, variance ag and finite fourth moment. Next the
horizon time is defined as T > 0. Finally, we consider the high frequency asymptotics and assume that n goes to infinity,
where T = nA. In particular, the time gap A goes to 0.

7 Note that ti, A, etc. are implicitly assumed to depend on the index n. We sometimes refer to ¢!, A, when necessary.
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3.2. Realized kernels

3.2.1. Local RK definition
We consider first the framework B = 1 where the local RK coincides with the RK. The flat-top RK takes on the form

1<_yo+2k( )(thh)

where H > 0 and the deterministic kernel k(x) is defined for x € [0, 1]. The realized autocovariance is defined as
n
Yh = Z(ZAj — ZpG-0)NZaG-n) — Zai-h-1)):
j=1
whereh=-H,...,—1,0,1,...,H.

In the general case B > 1, foreachi = 1, ..., Bwe choose a bandwidth H; > 0 and define K; the estimate on the ith block
[Tl-_l, Ti], where T; = iT/B. On each block, we also assume that the number of observations n/B is an integer for simplicity of
exposition. Formally, all the considered quantities could be written with floor brackets, and all the results would still hold.
We aggregate the local estimates to obtain the adapted version of the RK defined as

B
K = ZK,-.
i=1

The corresponding H = (Hy, . .., Hg) is now B-dimensional in this case. We also adapt the jittering introduced in Section 2.6
(Barndorff-Nielsen et al., 2008, p. 1487), i.e. fori = 0, ..., B we assume that Xy, is an average of m distinct observations on
the interval (T; — A, T; + A).

3.2.2. Asymptotic theory
We define Ly for o (X)-stable convergence. We further define

2
o

V(s =1) [ oldu

as the noise-to-signal ratio, and refer to £2 = ‘;‘O 7 in the following. Finally, we define kernel weight functions k(x) that are
two times continuously differentiable on [0, 1] and

1
K0 = / k(x)?dx, kI = / K (x)*dx, k*? = / K’ (x)*dx.
0 0 0

We recall the main asymptotic result with fastest rate of convergence about the RK which can be found in Theorem 4 (p.
1493) in Barndorff-Nielsen et al. (2008). When k'(0)> 4+ k'(1)> = 0, m — oo, and H = cn'/?, we have

2
Ens =

T T
n‘/“(K —/ ajdu) X M/\/’(O, 4T/ oddu{ckd 4 ¢ 12k} pg? + c’3kf*2§4}), (3.3)
0 0
VAR
where MN denotes a mixed normal distribution. A straightforward application of (3.3) on each blocki = 1, ..., Byields

Ti
nl/4 (K,- _ / ajdu) X M/\/’(O B'2AVAR flﬂ) (3.4)

Tiq

where ¢; is the tuning parameter used on the ith block. Next we show that the AVAR associated to K is equal to the sum of
variance terms in (3.4).

Theorem 1 (CLT for Local RK). When k'(0)? + K'(1)> =0, m — oo, and H = cn'/? , we have
T
n'/4 <1% - /O 2du> X M/\/(O B'/? ZAVAR{?" a J> (35)
i=1

Remark 1. The requirement thatm — oo in(3.5)is due to end-effects. The reader should refer to the discussion in Barndorff-
Nielsen et al. (2008) (p. 1493) in the case B = 1. When m is fixed, the relative contribution® to the AVAR is proportional to

8 The corresponding expression can be found in the second term in (A.69).
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£2/m, as it was already the case for the RK. Barndorff-Nielsen et al. (2009) documented that this magnitude can reasonably
be ignored in practice.

To determine the B tuning parameters that minimize the AVAR in (3.5), we can consider each local AVAR independently
as they depend on one distinct tuning parameter. For that purpose, we follow Section 4.3 in Barndorff-Nielsen et al. (2008)
(p. 1494-1496) and consider that

(HD, ... HB) = (c1éo1y» - - > CBETy T )V/N/B.

The optimal values are then shown to be equal to

* A
Ci = \/pTi1vTiW<1 —+ 1 —+ 3d/’0%i—1’Ti)'

The corresponding AVAR is equal to

T 3/4
(RK,c}") i
AVAR[Ti—lvTi] = a() (AB / G:tldu) g(pTifl,Ti)7
Ti4

where g is considered here as a function of p and Ag = T /B corresponds to the block length.

We provide in what follows a consistent estimator for each tuning parameter. To pre-estimate on each block the
integrated volatility and quarticity, we consider the pre-averaging estimators from Jacod et al. (2009). For each block
i = 1,..., B we choose an integer k; and a real parameter §; > 0 which satisfy kiv/A = 6; + o(A"*). We also consider
a continuous function f on [0, 1], piecewise C! with a piecewise Lipschitz derivative f’ such that f(0) = f(1) = 0,
[ f(s2ds > 0. We define

1

#1(s) = 5 f/(Wf'(u— s)du, (3.6)
¢als) = 51 (u)f (u — s)du, (3.7)
@ = [ s)p(sds forj. 1= 1.2 (38)
Y1 = ¢1(0) and ?//2 = ¢,(0). We further define
2= Igf(i/ki)(luﬂm = Z4j-1)-
i

The pre-averaging estimators of integrated volatility and quarticity on each block take on the form

—

fi VA n/Bkit1 WA n/B
7= Zi~ 592 (Zinti-1y/Bia = Zinti-1yyB45-10)°> (3.9)
/T~i1 ! 0iY2 j:ZO bt 291,2¢2 FZ] (n(i—1)/B+j) (n(i—1)/B+j
[ otanm i S
4du = 74
oydu = 2922 Zj+(z>1)n/3.i (3.10)
Ti_1 3607 y5 pars
Aw n/B—2k;j+1 j+2ki—1
1 52 ,
o2 Z Zisti-1m. Z (Zia = Zu-1+i-1n/B)a)
I 7+
sz n/B—2
i 494!;2 Z (Zisti-m/ein = Zi-1-0n/m ) (Zs2+ti-n/m — Zai1+(i-n/ea )
-
We then estimate
T
—~ fTF1 oZdu

(3.11)

Pri T = —

ﬁAB/:l.—l;i_l O’Jldu
k! YR

'c‘i“ = \/pTi—l’TikO,0<1 + 1—|—3d/p%_71’Ti>. (3.12)
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RK ,c
We provide now a consistent estimator of AVAR(RK) BY ZZ AVAR( |- We estimate the noise as @* = (2n)" 1'7:1

(Zags1) — Zaj)” and the asymptotic variance as

B
—— (RK
AVAR, )=’EB”ZZ(

i=1

3/4

{\
AB/ O’Jldu) g(ﬁT,;] T; )
Tiq

1

The feasible CLT is given in the following theorem.

Corollary 2 (Feasible CLT for Local RK). When K'(0)? + K'(1)*> = 0, m — oo, and H = cn'/? with© = (¢}, ...,<C};), we have
—— (RK
AVARS & avARRO and
14K = [y oddu
n! f"iﬁ LN, 1). (3.13)
AVAR(

Finally, we show that when choosing the optimal values, the AVAR associated to K goes to g“)AVAR([gO;’]"d when B — oo.

The constant g(1)/8, when normalized to g(1)/8 — 1, corresponds to the parametric loss and depends solely on the shape
of the kernel. The rationale of such result is that when B increases we have the volatility roughly constant on each block and
thus

B

: 3/4
(RK ,c¥) T
Tiq

i=1
ZaBl/zA3/2 3 g(l)

Next we obtain by a Riemann sum argument that

B
3/2
Za B2AY o3 g(1) = aT"? ZABU%Ag(])’

0%

T
aoT”z/ o dug(1),
0

which can be expressed as & 1)AVAR[gO}‘"‘“ The formal result is given in the following proposition.

Proposition 3 (Convergence of Local RK AVAR). When B — +o00, we have

k) as. &(1) (Bound)
AVARy " = ?AVAR[O?T”? . (3.14)

Remark 2. In particular, the asymptotic loss for B — +o0o is g(1)/8 — 1, which is always smaller than Lf) = gx=1/8 — 1
when using the RK with B = 1. The proof of this statement can be found in the Appendix (Appendix A.9).

3.3. QMLE

In analogy with Section 3.2, we provide in this section a definition of the local estimator and equivalent asymptotic results
in the case of the QMLE.

3.3.1. Local QMLE definition

We consider first the setting B = 1 where the local QMLE is equal to the global QMLE. We recapitulate the parametric
approach, and introduce the quasi-estimator. Ait-Sahalia et al. (2005) studied the parametric case assuming that the latent
efficient log price process satisfies

dX[ =O-dW[. (3.15)

The observed log returns Y; = Z; — Z;, , are following a MA(1) process in that situation. If we postulate that the noise
distribution is Gaussian, then the log likelihood function for Y = (Y1, ..., Y,)" can be expressed as

1 1
(0, a%) = — log det(2) - glog(Zn) - Syraty, (3.16)
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where
oA + 2a —d? 0 0
—a® oA+ 2d’ —a®
Q= 0 —a  o’A+28 0 € R™.
: .. . .. _a2
0 0 —a* o*A+2d°

We define the corresponding MLE which maximizes (3.16) as (62, a?) and the estimator of integrated volatility as Q = T52.
When the log price X, features stochastic volatility and drift as in Section 3.1 and/or when the noise is not normally
distributed, (62, @%) is seen as the QMLE.

When B > 1, we define for each block i € {1, ..., B} a local QMLE estimator (2, @*) which maximizes the expression

127
(62, a®) applied to the observations on (T;_1, T;] only, along with the local integrated volatility estimator Q; = ABEIZ. We
then construct the aggregate version of the QMLE as

B
Q=) Q.
i=1

3.3.2. Asymptotic theory
We state the main result in Xiu (2010) (Box V, p. 240). If we assume that fOT oldu € [£,Z]with0 < £ < X, we have

T
(QMLE)
/4 (Q—/O ofdu) K (o) AVAR;g | 0 (3.17)
nl/2 @ - a2) 0 0 2ag + cumyle]
0

where we recall that

T 4 T
5Ta o du
AVAR([OQ”‘;’%E)=7O/O L +3a0< / ajdu)
0

172
(fOT auzdu)

Also, cumy[e] refers to the fourth cumulant of €. An obvious application of (3.17) for each blocki = 1, ..., B gives us that
T
n'/4 (Q,- - / ouzdu> = MN(O, BVZAVAR([%“fﬁi]) :
Ti—q

We show in the following theorem that the AVAR associated to Q can be decomposed as a sum of local AVARs scaled by B'/2.

3/2

Theorem 4 (CLT for Local QMLE). We have

T
174§ 2 B
n Q—/ o] du)
( o X MN <0> BY2 ) JAVARG ) 0

B - M 0 i=1
1/2 —1 =2 2
n" (3 > @ - a0> 0 2dg + cumyle]
i=1

We define AVARZ'®) — B1/2 ZLAVARE%_I\ff%i ) Which is estimated via

B | 5A5a/[) oidu T
—— (QMLE Bd |1
AvARy " =gy T 36(/ a,fdu)
i=1 Ti1

— 12
i 2
( T Oi du)

X —— (QMLE) p (QMLE)
Corollary 5 (Feasible CLT for Local QMLE). We have AVAR, — AVAR; and

3/2

The feasible theorem follows.

= T

n1/4Q — Jo ouwdu £
——— (QMIE
AR

N(@O,1). (3.18)
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(Bound)

0.7] when B increases.

We show now that the AVAR associated to Q goes to AVAR

Proposition 6 (Convergence of Local QMLE AVAR). When B — +o0, we have

. d
AVARZME) 23 AVARGT. (3.19)

4. Is the local method robust to stochastic sampling times and jump in the price process?

We discuss in this section what happens to both approaches when considering stochastic arrival times and adding jump
to the price process. Related work in the global case include (Da and Xiu, 2017) for the QMLE and (Varneskov, 2016) for the
RK. We further inspect the AVAR behavior when B — +o¢ in this situation. The results are mitigated. Reduction (conjectured
to be efficient) is obtained in the case of stochastic arrival times on the one hand, but there are additional terms in the AVAR
as B — +o0o0 when adding jumps on the other hand.

4.1. Central limit theory when B is fixed

We assume that the latent log-price process is now an Itd semimartingale defined by
dX[ = btdt + UtdW[ + d_][,

where b, and o; satisfy the same conditions as in Section 3.1, and J; is a pure jump process of finite activity.

For the observation times, we adopt the random discretization scheme of Jacod and Protter (2011) (see Section 14.1) and
we assume that there exists an It6 semimartingale o > 0 which satisfies Assumption 4.4.2 (p. 115) in Jacod and Protter
(2011) and is locally bounded away from 0, and i.i.d U; > 0 that are both independent of the other quantities, «; 1 U;, such
that

to = 0, (4.1)
ti = ti1+ Aozti*lU,-, (4.2)

where we recall that A = T/n. Finally, we assume that EU; = 1, and that for any ¢ > 0, my := EU! — mg . < oo as
n — +oc. Note that, defining 7, := sup;-t; — t;_1, the number of observations before t as N,(t) = sup{i € N — {0}|t; < t},

P
we have 7y — 0asn — +ooand

Na(t 1 (f
n( )_>u,c,p7 / (X;]ds, (43)
n T Jo

where the convergence u.c.p means uniformly in probability on [0, t] forany t € [0, T].” We further define N,, = N,(T).

As pointed out in Jacod and Protter (2011, p. 431), any deterministic grid satisfies the above conditions. Actually, this
model can be considered as more general than the time deformation proposed by Barndorff-Nielsen et al. (2008) (Section 5.3,
pp. 1505-1507) in the sense that more complex arrival times, such as a Poisson process independent of the other quantities
fall under the model. On the contrary, assuming the existence of the quadratic variation of time (see, e.g., Assumption A on
p. 1939 in Mykland and Zhang (2006)) is too general as our proofs require the existence of the quadratic covariation of time
lags for all lags.'”

Since the price process features possible jumps, the two estimators are no longer consistent to the integrated volatility,
but they converge to the quadratic variation

T
162 = / ofds+ Y AL,
0 0<s<T

where AJ; = J; — J;_ corresponds to the size of the jump if there is a jump at time s and 0 otherwise. Correspondingly we
define on each blocki =1, ..., B the new local target as

T
AP = / ofds+ Y AL
Tiz1 Ti_1<s<T;

The AVARs obtained in the robust theorems feature Agéf in place of integrated volatility, and the following quantity as an
alternative for quarticity:

T T
Qi = A; / a;lds{/ olasds + Z N2 (oZas + osz_as,)}.
Ti—1 Ti—1

Ti_1<s<T;

9 We can prove (4.3) using Lemma 14.1.5 in Jacod and Protter (2011). The uniformity is a consequence of the fact that N,, and fo' aigds are increasing
processes and Property (2.2.16) in Jacod and Protter (2011).
10 Tq see a condition on the first lag, one can look at Assumption B.vii on p. 37 in Li et al. (2016). This does not include other lags.
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Correspondingly, we define substitutes for the measure of heteroskedasticity and the noise-to-ratio measure as
~ Ago? =2 a
P11 = and&r = .
! VABQ() i JApQq
Moreover, we also introduce
) fOT oy 1ds
Ray = T 14
fTi—l as 'ds
which corresponds to the asymptotic ratio of the total number of observations over the number of observations on the block

i as we have Ny(T)/(Na(T;) — Na(Ti—1)) — Rij). Finally, we define Gr := o {U!, a5, X;|(i,n) € N?,0 <'s < T} and refer to Lg
for stable convergence with respect to Gr. We provide the CLT for the two approaches in what follows.

(4.4)

Theorem 7 (Robust CLT for Local RK). When k'(0)?> + k'(1)> =0,m — oo,c = (cq,...,cg), and H = cN,}/z, we have
N4 (R =762 ) 2% m(0, AVAR®E b)), (45)

where

AVAR (RK,rob,c) __ Z Rl/zAVARgK‘f%‘]C"),

RK rob,c;) , _ A~ ~ 3,2.0%
AVAR([Ti_:f’Ti]C = 4ABQ(1){Cik9 Ot o2k P R g+ Tk L)

The new optimal bandwidth is given by

. kl,]
Ci \/pT11T1k00(1+\/]+3d/’0T 1Tz>

with local and global optimal variances respectively defined as

(RK,rob,c¥ ¢
AVARp 1) = aO(ABQ(I)) 8(Pr;_y 1),

1/2 (RK ,rob, ")
ZR AVAR; 1.

(RK ,rob)
AVAR, "

As for the QMLE, the log likelihood function when B = 1 keeps the same form (3.16) but we replace n by N, in the
definition of Q now defined as

oA 4 2d° —a? 0 e 0
—a? o?A + 2d® —a?
Q= 0 @@ oA+2a® - 0 € R
: . . .. —a?
0 0 —* o*A+2d

where A = T /N,. Each local QMLE estimator (az,ﬁf) is now defined as a maximizer of

liy(o?, a*) = —% log det(Q;)) — @ log(2m) — ;Ym% Yy, (4.6)
where Y(; is the vector of price returns on the ith block, Ny ;) := Np(T;) — Np(Ti-1), and
oA + 2d2 —a? 0 . 0
—a oA + 2d2 —a®
Qi = 0 —a? GZK(,-) +2a82 . 0 € RNn.*Nn (i)
. . - .. —a?
0 e 0 —d? oZKm + 242

with Z(,-) = Ag/Ny ). If we assume that T602 € [Z, ¥] we obtain the following theorem.
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Theorem 8 (Robust CLT for Local QMLE). We have
N4 (Q-T153)

(QMLErob)
)| O )
N’}/z ! Zal_z _ aﬁ 0 AVAR;
i=1

where
B
(QMLE,rob) __ 1/2 (QMLE,rob)
AVAR, = E R(i) AVAR[T,»,1,Ti]
i=1
1/2
5apAy " Qi
(QMLE,rob) __ 08p  =(i) ~3,3/2
AVAR[TFLTi] = T + 3Clo(7i AB s

B
1
AVAR;QMLE’G) =5 Z R {2(13 + Cum4[6]} .
i=1

4.2. The good case: robustness to stochastic arrival times

Here we assume a no-jump setting, i.e. J; = 0. The following two propositions provide the AVAR asymptotic behavior
when B — oo for the two methods. The limit is very similar to that in the regular observation case, and thus the local method
is robust to stochastic observation times. Note that the conjectured bound of efficiency is affected by the setting and takes

the form
T
/ al?oldu.
0

T
8ay (f as’]ds>
0

Proposition 9 (Asymptotic Behavior of Local RK AVAR when Sampling Times are Stochastic). When B — +o0, we have

T T
AVARgRK”"b)”—‘S;Sg(l)ao( f a;lds> / al?6lds.
0 0

Proposition 10 (Asymptotic Behavior of Local QVILE AVAR when Sampling Times are Stochastic). When B — +o00, we have

T T
AVARE;QMLE’mb) 23 8qy </ a;1d$> f aloids.
0 0

4.3. The bad case: adding jumps to the price process

1/2
1/2

1/2

In this section, the price process can feature jumps. Actually in such setting the AVAR of the RK tends to a big value as B
increases, and that of QMLE explodes. This sheds light on a weak point of the local method in this case.

Proposition 11 (Asymptotic Behavior of Local RK AVAR when ] # 0). AsB — +o0,

T T
AVAR(RK.rob) 25 8g(1)ao( /0 a;%is) /0 allolds

1/2
16 1 0.0,.1.1 r_ 1/2
+ S (E + \/§> V ke ke o lds E A2 (ofas + 0l as-) "

0<s<T

1/2

Proposition 12 (Asymptotic Behavior of Local QMLLE AVAR when ] # 0). As B — +00,

T 12
AVARZME10P) 2 3q,B1/2T1/2 ( / a;’ds) Y &PIALP S oo,
0

0<s<T



S. Clinet, Y. Potiron / Journal of Econometrics 206 (2018) 103-142 115
5. Numerical study
5.1. Goal of the study

In this section, we discuss theoretical AVAR reduction and we examine the performance of the local RK Ks and the local
QMLE Qg in a finite sample context for several values of B. We carry out Monte Carlo simulations for three different volatility
models having realistic values of p. We then check whether asymptotic approximations of several statistics correctly kick
in to illustrate to what extent the theory is affected when the sample data is finite of size n. First, we assess the central limit
theories for the two infeasible statistics

n/4 (R — f ozdu)

Wt (& o)
JAVARFX) JAVARMLE)

and the two feasible statistics

nl/4 (I~(B - fOT afdu) =, nl/4 (QB - fOT ouzdu)

———(RK ’ ——— (QMLE
AVARE3 ) AVARE;Q .

7= 2=

5K _
VALK

for B =1, 2, 4, 6, 8. In particular, we investigate how increasing B affects the standard normal approximation of these two
studentizations for several levels of sampling. Second, we compare the relative performance of the local RK and the local
QMLE. To do so, we report the empirical loss defined as

o, o,
i(RK) — &, nl/Z(KB — fO UszdS)z . i(QMLE) . n1/2(QB _ .[0 0'52(15)2 .
? AVARG® ’ AVAREoun)

where Ey[X] denotes the sample mean of X based on the M Monte Carlo simulations and we recall that AVAR([g‘,’;‘;1 ) _

8ayT2 fOT ajdu is the bound of efficiency for the asymptotic variance. We also define the theoretical loss as

[ AVAR}”
B = (Bound)

AVAR;or|
and report the sample mean of the theoretical loss iﬁ? = Ey [Lg)] for £ € {RK, QMLE}. Note that i}? is close to the mean

loss IE[LEBZ)] if M is large enough. The empirical loss [®), which gives us a simple criterion to compare the estimators, can be
decomposed as

i = I bR

theoretical loss due to the finiteness of B loss due to the finite sample n

5.2. Simulation design

We implement the above procedures for M = 10,000 Monte Carlo simulations of intraday returns on the time interval
[0,T], T = 1/252 year (thatis T = 1 working day). One working day is in turn subdivided in 23,400 s corresponding to
6.5 h of trading activity. For each model, the corresponding trajectories are generated from a classical Euler scheme based
on n = 46,800 intervals, that is one observation every 0.5 s. We simulate 1000 more observations prior and post main
trading period in order to compute properly different y}, that are necessary for the RK. Indeed, using their truncated versions
Vh = Z;;:H(ZAJ — Zn—1)N(Zag—n) — Zaj—-n—1y) tend to generate a non-negligible bias as pointed out in Xiu (2010) (see
Table 2 on p. 243), so that we prefer to overcome this issue with a few minutes of out-of-sample data. Finally, we also use
observations based on sparsely sampled versions of the original trajectories, for a number of intervals taking on the values
23,400, 11,700, and 5850, the latter corresponding to having one observation every 4 s, which still corresponds to a fairly
heavily traded stock. We do not report the results for lower frequencies, but the theory still kicks in for sparser samplings
too.

We consider three stochastic volatility models to simulate the intraday returns, along with three levels of mean noise-
to-signal ratios £2 = 0.01, £2 = 0.001 and £2 = 0.0002. The three values are empirically corroborated in Hansen and Lunde
(2006), where the authors report empirical values of £2 for several stocks ranging from 0.00004 to 0.006 (see Table 3 on p.
147). We introduce now the volatility models, which have been designed to reflect different average values of p ranging from
0.89 (corresponding to a high value) for Model 1, 0.77 (corresponding to a regular value) for Model 2 to 0.64 (corresponding
to a low value) for Model 3 as reported on Table 1. The three models can all be represented as a Heston stochastic volatility
model (SV) with U-shape intraday volatility pattern and a possible jump whose occurrence time is picked up uniformly
randomly on a subinterval [T®, T()] of [0, T]. Except for the jump component, this general model is directly inspired from
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Table 1

Sample mean and standard error of p and « for the three models.
Model Pmean Pstdv. Kmean Kstdv.
Model 1 0.89 0.01 0.92 0.01
Model 2 0.77 0.15 0.83 0.12
Model 3 0.64 0.14 0.74 0.1

Model 4 in Andersen et al. (2012), and Xiu (2010) (see Section 6.1 on p. 242). We assume that the log price process X; and
the volatility process o; follow the dynamics

dXt = Mdt "F Odtdet!
Ot = Ot,svOt,U>
with
dols, = a(6? — o2 )dt + Sor sydW,
oy = C+Ae /T + De P71 — Bor yliesny.

Here W; and W, are two standard Brownian motions with d(W, W), = ¢dt. Note that o; y jumps at time 7, that we define
as a uniform random variable on [T®), T("], B controls the size of the jump. The choice of making o; y jumps, instead of
the global volatility o, is merely a way to ensure that o; remains positive. Finally, the drift parameter © and the stochastic
volatility part remain constant for each model. The corresponding parameters are chosen consistently with the ones from
Section 6.1 (p. 242) in Xiu (2010), that is u = 0.03,@ = 5,5 = 0.1,8 = 0.4, ¢ = —0.75. Finally, 0§, is sampled from a
Gamma distribution of parameters (2«62 /8%, 82 /2«), which corresponds to the stationary distribution of the CIR process.

Model 1: SV + steep U (HIGH p)

The first model does not incorporate the jump in volatility, i.e. we set 8 = 0. The parameters of the U-shape part are set to
generate a steep slope, which in turn lowers somewhat the value of p compared to Model 4 in Andersen et al. (2012) where
we find that the corresponding mean p value is too high to be consistent with ppigr, (Which we recall is the empirical high
value reported in Section 2). With C = 0.83,A = 1.26, D = 0.42, a = 10, b = 10, this model presents a sample mean value
of pmean = 0.89, which is slightly bigger than ppgn = 0.83. We are conservative in this first model to show what happens to
the local method in a very unlikely bad situation for AVAR reduction, i.e. a very high ppeqn.

Model 2: SV + normal U + 1 Jump (REGULAR p)

In this model, the U-shape intraday volatility parameters are set to values that are consistent with those chosen in Model
4in Andersen et al. (2012), thatis C = 0.75,A = 0.25,D = 0.89, and a = b = 10. The jump size parameter is set to 8 = 0.5,
that is a jump of 50% in size at the random time 7. We set T® = 0, TV = T and thus let t take values on the whole time
interval. Such friction in the volatility process leads to lower values of p and ¥ compared to Model 1, with a sample mean
equal to ppean = 0.77. This is thus a very realistic model in terms of measure of heteroskedasticity as pmean = Preguiar- It
is also possible to obtain pmesn = Pregular iN an alternative continuous volatility model with normal U by taking a 2-factor
stochastic volatility model (SV2F) as in Barndorff-Nielsen et al. (2008) (Section 6.2, p. 1511), with parameters tuned such
that the trajectories are rough enough. The results from Section 5.4 would be similar. As a byproduct, Model 2 shows that a
jump in the volatility can lower significantly the measures of heteroskedasticity p and «.

Model 3: SV + steep U + 1 Jump (LOW p)

This last model is a combination of the first two models. U-shape volatility parameters are set to give the same slope as
for Model 1, and the jump size parameter is set to 8 = 0.5 as in Model 2. However, to keep the positivity of o; we restrain
the values of the jump time and set T® = 0.05T, T) = 0.7T. This third scenario is designed to reach volatility paths
presenting an heteroskedasticity with a low value of p and we report the sample mean pyeq, = 0.64, which is almost equal
to pw = 0.62. We are in the situation where the global estimators should deviate the most from the bound of efficiency.

We now turn to the estimation procedure. First, to estimate K on [0, T], we work with the Tukey-Hanning 2 kernel as
for the numerical study in Barndorff-Nielsen et al. (2008) (Section 6, pp. 1510-1513) since it requires reasonable bandwidth
sizes H, which makes the estimator computable in an acceptable amount of time. Moreover, we do not need too many
out-of-period data to compute y;,. We implement the feasible adaptive estimator. We arbitrary set the tuning parameters 6;
equal to 30 s and the triangular kernel f (x) = xA(1—x). In practice, we find that the realized kernel is not very sensitive to the
dispersion of H in terms of RMSE, so that it is not absolutely necessary to get very accurate pre-estimators. Such robustness
proved to be crucial in our procedure as it is well known that estimators for the quarticity can be unstable in finite sample
when the amount of data is not large. On each block [T;_1, T;], we do the same procedure and obtain the corresponding
Kp by aggregation. Finally, we compute the QMLE by a numerical maximization of the quasi-likelihood function given in
Section 3.3.1. This gives us Q and the local estimates Qg.
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Fig.2. ForB =1, ..., 8 we plot LE;QMLE) (upper left panel), L;RK) for Tukey-Hanning 2 kernel (upper right panel), the corresponding AVAR ratio defined as

AVAR;RK)/AVAR;QMLE) (lower left panel) and the ratio of pre-averaging AVAR using B blocks overAVARgQMLE) (lower right panel) as a function of p.

5.3. Discussion on theoretical AVAR reduction

In this section, we propose to look at the theoretical AVAR reduction as a function of p, and investigate the practical
question of how fast the convergence in (3.14) and (3.19) is. The model considered for volatility is a deterministic U shape
+ 1 Jump, which corresponds to Model 2 without the stochastic volatility part. Here we generate different values of p as a
function of the jump time, which we restrict to be in [0.013T, T] so that each p can be associated to a distinct jump time
on that interval. We choose this particular model because the sample mean of p is .77 which corresponds to a regular value,
and the panel of generated p values is sufficiently large compared to the other two models.

The values of LE}RK) and LE;QMLE) are plotted as a function of p in the upper panels of Fig. 2 for a realistic continuous U-
shape with one jump volatility model where the sample mean .77 corresponds to a regular value of p.!' As we can see, the
convergence in (3.14) is very fast. When p = .77, the QMLE loss is almost divided by 4 when considering 2 blocks instead of

1, with L(lQMLE )~ 16%and L(ZQMLE ) & 5%.In the same setting the RK loss goes from L(lRK) ~ 16% to L(ZRK) ~ 8%.If we consider the
lower value p = .62, the QMLE losses for the first four values of B are equal to L") ~ 35%, [?""®) ~ 19%, ") ~ 11%

and L;QMLE) ~ 6%. The corresponding RK values are L(]RK) ~ 28%, L(ZRK) ~ 17%, LgRK) ~ 11% and LElRK) ~ 8%. This suggests that

the convergence to the loss bounds (which we recall to be equal to L(o.'ik) = 3.625% when considering the RK Tukey-Hanning

2 and LE,%MLE) = 0% for the QMLE) is very fast for both approaches. Actually for any reasonable p taken to be between 0.5

and 1, choosing B = 8 is big enough for the loss to stay within L(o'g() + 4% (or LE,%MLE) + 4%), and it is usually far below this

threshold with regular and high values of p.
Moreover, we can see on the left lower panel in Fig. 2 that when p is relatively high, the QMLE outperforms the RK
approach when considering B = 1, and the gap gets bigger as we increase B. In contrast when p < .77, the QMLE is

11 yseful details on this model can be found in Section 5.
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Table 2 B
Finite sample properties of Z,’f" (Model 2).2
No. Obs. Mean Stdv. RMSE 0.5% 2.5% 5% 95% 97.5% 99.5%
B = 1 block
5,850 —0.042 1.102 1.103 0.29 1.75 3.77 96.62 98.62 99.85
11,700 —0.032 1.067 1.068 0.39 1.96 3.98 96.01 98.20 99.80
23,400 —0.030 1.044 1.044 0.41 213 4.16 95.63 97.84 99.70
46,800 —0.027 1.041 1.041 0.46 2.25 4.35 95.58 98.18 99.74
B = 2 blocks
5,850 —0.065 1.105 1.106 0.24 1.55 353 96.49 98.43 99.82
11,700 —0.048 1.069 1.070 0.32 1.85 3.65 95.89 98.20 99.71
23,400 —0.042 1.048 1.049 0.37 2.01 391 95.52 97.88 99.65
46,800 —0.037 1.044 1.045 0.43 2.11 4.10 95.54 98.06 99.71
B = 4 blocks
5,850 —0.105 1.110 1.115 0.21 1.38 3.02 96.25 98.37 99.81
11,700 —0.082 1.074 1.077 0.28 1.54 333 95.74 98.15 99.66
23,400 —0.069 1.051 1.053 0.36 1.77 3.66 95.22 97.73 99.65
46,800 —0.059 1.043 1.044 0.37 1.89 3.89 95.31 97.96 99.64
B = 6 blocks
5,850 —0.144 1.115 1.124 0.19 1.23 2.72 95.81 98.33 99.75
11,700 —0.114 1.077 1.083 0.23 1.40 3.09 95.37 97.88 99.67
23,400 —0.099 1.054 1.059 0.31 1.65 3.49 94.95 97.57 99.60
46,800 —0.086 1.043 1.047 0.38 1.65 3.56 94.95 97.76 99.57
B = 8 blocks
5,850 —0.193 1.119 1.136 0.15 1.03 231 95.40 98.14 99.75
11,700 —0.154 1.080 1.091 0.21 1.26 2.83 95.27 97.88 99.66
23,400 —0.128 1.054 1.062 0.28 1.52 3.27 94.91 97.56 99.59
46,800 —0.109 1.042 1.047 0.32 1.64 351 94.72 97.56 99.55

2 This table shows summary statistics and empirical quantiles benchmarked to the N(0, 1) distribution for the infeasible Z-statistics related to the global
and local RK (Tukey-Hanning 2). The simulation design is Model 2 with M = 10,000 Monte-Carlo simulations.

outperformed when considering only one block, but eventually makes it back when incrementing the value of B. The actual
value required to fill up the gap is getting bigger as p decreases. This suggests that both approaches are complementary to
each other. Finally, the lower left panel in Fig. 2 documents that both approaches dominate the PAE regardless of the number
of blocks.

5.4. Results

We first report the finite sample properties of the four statistics in Tables 2-5 for Model 2 under the noise level £2 = 0.001.
We can see that the results are promising at any level of sampling, as the RMSE of the Z-statistic does not suffer much from the

increasing in the number of blocks, especially for the QMLE for which the RMSE of Z,?‘B stays closely in line with Z,?. The results
also indicate that the asymptotic theory eventually kicks in for all the estimators as the standard deviation of the statistics
decreases to 1 when the sampling frequency increases. Nevertheless, we can see a slight over dispersion compared to what
was reported in Xiu (2010) and Barndorff-Nielsen et al. (2008). For the QMLE, this is due to the strong difference with the
noise-to-signal ratio that was used in Xiu (2010) where £2 ~ 0.06. Concerning the RK, the difference in the studentization
is due to the fact that the authors in Barndorff-Nielsen et al. (2008) do not employ AVARES{% for the studentization, but a
non-asymptotic variance as documented in Section 4.4 (pp. 1496-1498) of their work. The feasible statistics are slightly
biased, and this is due to the estimation of the AVAR procedure.

We then report the theoretical loss values Z}? and the empirical loss ig for two levels of sampling n = 23,400 and
n = 46,800, and three levels of noise-to-signal ratios £2 = 0.01, £2 = 0.001 and &2 = 0.0002 in Table 6. First, we can note
that the theoretical loss behaves in a very similar way as in Section 5.3 for the three models. In particular, this implies that
neither the SV part nor the steep U component seems to have a bad impact for the local method. Also, one can see that when
choosing B = 8 the theoretical loss is at most 3.2% more than the parametric loss (which we recall to be equal to 3.625% for
the RK Tukey-Hanning 2 and 0% in the case of the QMLE), which are in line with the threshold found in Section 5.3.

Second, the loss due to the finite sample behaves in a very proper way when B increases. For any setting and both
estimators, it is roughly constant as a function of B, although suffering more when p is higher and n smaller. This is perfectly
in line with the findings in Tables 2 and 3. In particular for Model 2 and Model 3, the finite sample effect is almost not moving
as Bincreases. For Model 1, this is basically the same picture for the QMLE, but the empirical loss seems to stagnate between
B = 4 and B = 8 when using the RK. This is not surprising as the RK suffers more from the finite sample effect than the
QMLE as seen in Tables 2 and 3.
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Table 3 B
Finite sample properties on,?B (Model 2).*

No. Obs. Mean Stdv. RMSE 0.5% 2.5% 5% 95% 97.5% 99.5%
B = 1 block

5,850 —0.024 1.084 1.084 0.36 2.09 4.12 96.48 98.57 99.84
11,700 —0.015 1.058 1.058 0.43 2.26 451 96.32 98.34 99.75
23,400 —0.012 1.039 1.039 0.51 2.19 448 95.87 97.97 99.70
46,800 —0.013 1.034 1.034 0.59 2.38 4.67 95.74 98.06 99.73
B = 2 blocks

5,850 —0.023 1.086 1.086 0.34 1.90 4.03 96.48 98.46 99.85
11,700 —0.011 1.06 1.06 0.42 2.08 4.28 96.24 98.31 99.72
23,400 —0.007 1.042 1.042 0.54 2.12 4.31 95.71 98.01 99.66
46,800 —0.009 1.036 1.036 0.56 2.22 451 95.71 98.08 99.63
B = 4 blocks

5,850 —0.016 1.089 1.089 0.34 1.98 3.86 96.42 98.57 99.82
11,700 —0.007 1.063 1.063 0.42 2.09 4.19 96.24 98.34 99.72
23,400 —0.002 1.042 1.042 0.51 2.16 452 95.64 98.02 99.65
46,800 —0.005 1.035 1.035 0.56 2.20 474 95.60 98.08 99.69
B = 6 blocks

5,850 —0.012 1.089 1.089 0.36 201 3.93 96.46 98.56 99.82
11,700 —0.002 1.062 1.062 0.43 2.01 4.26 96.33 98.33 99.74
23,400 —0.0 1.041 1.041 0.51 2.10 4.63 95.60 98.06 99.71
46,800 —0.004 1.033 1.033 0.57 221 472 95.64 98.07 99.69
B = 8 blocks

5,850 —0.014 1.093 1.093 0.36 1.82 3.83 96.42 98.63 99.82
11,700 —0.005 1.066 1.066 0.40 1.94 4.15 96.33 98.37 99.74
23,400 —0.001 1.043 1.043 0.47 2.05 453 95.64 98.15 99.67
46,800 —0.003 1.033 1.033 0.57 2.29 467 95.60 98.10 99.66

4 This table shows summary statistics and empirical quantiles benchmarked to the N(0, 1) distribution for the infeasible Z-statistics related to the global

and local QMLE. The simulation design is Model 2 with M = 10,000 Monte-Carlo simulations.

Table 4 :
Finite sample properties on'fB (Model 2).?

No. Obs. Mean Stdv. RMSE 0.5% 2.5% 5% 95% 97.5% 99.5%
B = 1 block

5,850 -0.117 1.176 1.182 0.02 0.66 1.67 95.42 97.67 99.66
11,700 —0.080 1.128 1.131 0.01 0.58 2.01 95.00 97.08 99.38
23,400 —0.083 1.098 1.101 0.02 0.52 2.26 94.89 97.22 99.04
46,300 —0.069 1.087 1.089 0.02 0.73 3.44 94.49 97.27 99.15
B = 2 blocks

5,850 —0.130 1.148 1.155 0.02 0.58 1.76 95.40 97.27 99.40
11,700 —0.099 1.111 1.115 0.01 0.66 2.17 94.53 96.23 99.08
23,400 —0.086 1.083 1.086 0.05 0.71 2.28 95.03 97.17 99.24
46,300 —0.072 1.071 1.073 0.06 1.17 4.10 94.74 97.63 99.41
B = 4 blocks

5,850 —-0.173 1.136 1.149 0.03 0.64 1.71 94.56 97.28 98.98
11,700 —-0.139 1.107 1.115 0.01 0.64 1.78 93.28 96.21 99.13
23,400 —0.107 1.083 1.089 0.08 0.88 2.37 94.97 96.83 99.03
46,800 —0.092 1.079 1.083 0.03 1.07 3.93 94.99 97.64 99.34
B = 6 blocks

5,850 —0.225 1.145 1.167 0.02 0.60 1.25 93.88 96.93 98.80
11,700 -0.177 1.103 1.117 0.01 0.53 1.52 93.21 95.86 99.04
23,400 —0.145 1.077 1.087 0.04 0.72 1.91 94.12 96.61 99.06
46,800 —-0.122 1.07 1.077 0.04 1.01 3.55 94.82 97.07 99.35
B = 8 blocks

5,850 —0.270 1.152 1.183 0.01 0.45 1.080 94.41 96.88 98.66
11,700 —-0.219 1.106 1.128 0.02 0.50 1.65 92.63 95.76 98.96
23,400 —0.176 1.089 1.103 0.07 0.55 1.96 93.63 97.34 98.97
46,800 —0.146 1.078 1.088 0.03 0.72 3.27 94.02 96.98 99.38

2 This table shows summary statistics and empirical quantiles benchmarked to the N(0, 1) distribution for the feasible Z-statistics related to the global and

local RK (Tukey-Hanning 2). The simulation design is Model 2 with M = 10,000 Monte-Carlo simulations.

Third, note that the decomposition

(i§ + 1)
—_———

Due to the theoretical loss
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X

z
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— —
Due to the finite sample

)

(5.1)
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Table 5 B
Finite sample properties of 2,?3 (Model 2).2
No. Obs. Mean Stdv. RMSE 0.5% 2.5% 5% 95% 97.5% 99.5%
B = 1 block
5,850 —0.114 1.200 1.205 0.01 0.50 1.29 95.50 97.99 99.59
11,700 —0.090 1.148 1.152 0.01 0.35 1.68 95.36 97.18 99.12
23,400 —0.075 1.109 1.112 0.01 0.62 2.00 95.13 96.91 98.18
46,800 —0.062 1.093 1.095 0.01 0.61 2.98 94.38 96.67 99.08
B = 2 blocks
5,850 —0.099 1.170 1.174 0.02 0.56 1.49 95.70 97.66 99.38
11,700 —0.080 1.130 1.133 0.01 0.49 1.76 94.89 96.81 99.05
23,400 —0.057 1.094 1.095 0.03 091 2.38 95.25 97.32 98.61
46,800 —0.049 1.079 1.081 0.02 0.99 3.61 9493 97.24 99.40
B = 4 blocks
5,850 —0.089 1.150 1.154 0.04 0.82 1.62 95.56 97.50 99.18
11,700 —0.077 1.112 1.114 0.05 0.56 1.92 94.80 96.73 99.17
23,400 —0.049 1.083 1.084 0.06 1.11 291 95.15 97.36 98.77
46,800 —0.046 1.083 1.084 0.02 1.16 3.38 95.23 97.32 99.53
B = 6 blocks
5,850 —0.090 1.146 1.149 0.07 0.91 1.65 95.89 97.47 99.00
11,700 —0.076 1.105 1.107 0.05 0.58 2.36 94.70 96.98 99.21
23,400 —0.050 1.077 1.078 0.06 1.07 3.10 95.10 97.62 98.78
46,800 —0.046 1.076 1.077 0.03 1.19 3.69 95.35 97.39 99.44
B = 8 blocks
5,850 —0.090 1.145 1.148 0.08 0.78 1.96 95.71 97.39 99.27
11,700 —0.073 1.099 1.101 0.06 0.68 2.46 94.83 96.81 99.11
23,400 —0.045 1.076 1.077 0.08 1.17 2.51 95.22 97.50 98.96
46,800 —0.046 1.080 1.081 0.03 1.46 3.86 95.39 97.26 99.46

2 This table shows summary statistics and empirical quantiles benchmarked to the N(0, 1) distribution for the feasible Z-statistics related to the global and
local QMLE. The simulation design is Model 2 with M = 10,000 Monte-Carlo simulations.

where Vary [X] denotes the sample variance of X based on the M Monte Carlo simulations, is numerically well-verified and
gives an intuitive interpretation of the main sources of deviation from the bound in practice. For instance, consider Q, on
Model 2, with n = 23,400, £2 = 0.001. In that case, the previous decomposition (5.1) gives 0.218 + 1 = 1.218 for the left
hand side, and (0.124 + 1) x 1.048% ~ 1.220 for the right hand side which is very close to the other value indeed.

Finally, this simulation study indicates that the local version of RK and the QMLE perform very well in practice, with the
QMLE slightly more robust to the values of n and B as free of tuning parameters.

6. Empirical illustration

We conclude this study by the application of our method on transaction log prices of Intel Corporation (INTC) shares
recorded on the NASDAQ stock market over the year 2015. We exclude January 1, the day after Thanksgiving and December
24 which are less active, thus this leaves us with 250 trading days of data. Moreover, we only keep transactions that were
carried out between 9:30 am and 4 pm. Finally, we consider the data in tick time, for an average of 6139 daily trades. The
most active days include more than 15,000 trades.

We first estimate the theoretical gain in AVAR. As for the numerical study, we do not cap pr,_, 1, by 1. Across the days,
values of B and blocks corresponding to an overall of 5250 estimates, the value 1.1 was crossed only a few times. We report
in Table 7 key statistics for AVAR reduction. We get a global estimate of p around 0.74, which is very close to preguiar. ACToss
the year the estimates of p ranged from around 0.3 to 1, and actually crossed 1 for two days where it reached 1.03 and 1.04.
When B increases, we find as expected that pg, the mean estimated value of p across days and blocks, also increases to reach
a value of 0.86 for 8 blocks. Accordingly, the mean estimated ratios of AVAR decreases from 1 to 0.9 for the QMLE, and from
1 to 0.92 for the RK. Moreover, we find that those ratios are consistently smaller than 1 for the 250 days and different values
of B bigger than 1, so that the local method never deteriorates the AVAR of the estimator. Note that the same ratios for Model
2 in our simulation study range from 1 to 102.4/121.5 = 0.84 for the QMLE and from 1 to 105.6/118.2 = 0.89 for the RK.
The slight disparity between the empirical study and Model 2 can be explained in several ways. For example, it is likely that
we still under-evaluate the difference between p and pr, , 1, or that the theoretical model is a little too optimistic about
how fast pr, | 1; gets close to 1 on local blocks. To sum up, the results are approximately in line with what was expected, and
present a substantial gain in terms of AVAR for both the QMLE and the RK. ~ _

The last column in Table 7 shows the empirical correlation between the correction terms Qg — Q and Kz — K for several
values of B. The positive correlation indicates that the local method tends to correct the global estimates in the same direction
for both the QMLE and the RK. Moreover, increasing the number of blocks B amplifies the phenomenon. Table 8 shows the
empirical mean and standard deviation of the 10 estimators. Note that the main source of randomness being the target value
itself, it is not surprising to find the mean and standard values very close to each other. We have reported in the last column
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Table 6
Losses.”

Model Q Q, Qs Qs Qs K K, Ky Ks Ks

n = 23,400, £2 = 0.01

Model 1 Emp. 8.4% 6.7% 5.3% 3.1% 4.1% 14.3% 12.4% 13.9% 14.6% 18.0%
Theo. 6.9% 5.4% 2.6% 1.4% 0.9% 9.9% 8.4% 6.0% 5.0% 4.5%

Model 2 Emp. 29.3% 18.4% 12.8% 10.7% 8.6% 30.2% 23.4% 20.3% 17.3% 22.5%
Theo. 21.5% 12.4% 5.8% 3.5% 2.4% 18.2% 12.1% 8.0% 6.4% 5.6%

Model 3 Emp. 40.0% 21.0% 9.4% 6.4% 5.1% 29.3% 20.3% 14.0% 12.0% 13.3%
Theo. 38.7% 20.9% 9.0% 5.0% 3.2% 26.8% 17.0% 10.3% 7.6% 6.3%

n = 46,800, £2 = 0.01

Model 1 Emp. 8.1% 5.8% 3.5% 3.0% 2.5% 11.6% 9.4% 9.9% 9.2% 12.5%
Theo. 6.9% 5.4% 2.6% 1.4% 0.9% 9.9% 8.4% 6.0% 5.0% 4.5%

Model 2 Emp. 25.5% 15.5% 8.7% 5.9% 5.7% 22.5% 17.2% 15.3% 15.8% 15.5%
Theo. 21.5% 12.4% 5.8% 3.5% 2.4% 18.2% 12.1% 8.0% 6.4% 5.6%

Model 3 Emp. 38.1% 20.0% 8.3% 2.3% 1.7% 29.6% 18.3% 11.7% 10.3% 11.2%
Theo. 38.7% 20.9% 9.0% 5.0% 3.2% 26.8% 17.0% 10.3% 7.6% 6.3%

n = 23,400, £2 = 0.001

Model 1 Emp. 17.2% 15.8% 12.9% 11.7% 11.2% 21.7% 20.9% 19.4% 19.7% 20.1%
Theo. 6.9% 5.4% 2.6% 1.4% 0.9% 9.9% 8.4% 6.0% 5.0% 4.5%

Model 2 Emp. 30.7% 21.8% 14.8% 12.1% 11.2% 28.7% 23.3% 19.7% 19.2% 19.0%
Theo. 21.5% 12.4% 5.8% 3.5% 2.4% 18.2% 12.1% 8.0% 6.4% 5.6%

Model 3 Emp. 51.1% 33.0% 20.6% 16.2% 14.7% 43.4% 32.8% 26.1% 23.8% 23.5%
Theo. 38.7% 20.9% 9.0% 5.0% 3.2% 26.8% 17.0% 10.3% 7.6% 6.3%

n = 46,800, £2 = 0.001

Model 1 Emp. 15.3% 13.9% 10.9% 9.6% 9.1% 20.0% 19.0% 16.7% 16.3% 16.4%
Theo. 6.9% 5.4% 2.6% 1.4% 0.9% 9.9% 8.4% 6.0% 5.0% 4.5%

Model 2 Emp. 29.7% 20.6% 13.3% 10.4% 9.2% 28.2% 22.4% 17.8% 16.5% 15.8%
Theo. 21.5% 12.4% 5.8% 3.5% 2.4% 18.2% 12.1% 8.0% 6.4% 5.6%

Model 3 Emp. 47.6% 29.2% 16.9% 12.6% 11.0% 38.3% 26.8% 20.6% 17.6% 17.2%
Theo. 38.7% 20.9% 9.0% 5.0% 3.2% 26.8% 17.0% 10.3% 7.6% 6.3%

n = 23,400, £2 = 0.0002

Model 1 Emp. 25.2% 23.8% 20.6% 19.4% 18.6% 32.8% 31.7% 30.3% 30.0% 30.5%
Theo. 6.9% 5.4% 2.6% 1.4% 0.9% 9.9% 8.4% 6.0% 5.0% 45%
Model 2 Emp. 45.5% 35.6% 28.2% 25.7% 24.5% 46.2% 40.5% 37.0% 36.4% 36.8%
Theo. 21.8% 12.6% 5.9% 3.6% 2.5% 18.4% 12.2% 8.0% 6.4% 5.6%
Model 3 Emp. 64.3% 45.3% 32.5% 28.4% 26.2% 56.0% 46.4% 40.8% 39.5% 39.4%
Theo. 38.1% 20.5% 8.8% 4.9% 3.1% 26.6% 16.9% 10.2% 7.5% 6.2%
n = 46,800, £2 = 0.0002
Model 1 Emp. 19.7% 18.1% 14.8% 13.6% 12.7% 24.9% 23.6% 21.4% 21.0% 20.7%
Theo. 6.9% 5.4% 2.6% 1.4% 0.9% 9.9% 8.5% 6.0% 5.0% 45%
Model 2 Emp. 38.9% 29.0% 22.2% 19.8% 18.1% 37.7% 31.8% 28.5% 27.6% 27.0%
Theo. 21.8% 12.6% 5.9% 3.6% 2.5% 18.4% 12.2% 8.0% 6.4% 5.6%
Model 3 Emp. 57.3% 38.3% 26.3% 22.1% 19.6% 47.3% 37.1% 31.4% 29.5% 28.1%
Theo. 38.1% 20.5% 8.8% 4.9% 3.1% 26.6% 16.9% 10.2% 7.5% 6.2%

2 Empirical losses iﬁf) and theoretical losses if) for the three models and the 10 estimators. Two levels of sampling n = 23,400, n = 46,800 and three

noise-to-signal ratios £2 = 0.01, £2 = 0.001 and &2 = 0.0002 are considered.

Table 7
Estimates of p, AVAR ratio estimates and empirical correlation of corrections.”
B s AVARE) / AVARAD) AVARS) /AvARS) Corr(Qs — Q, Ks — K)
1 0.74 1 1 -
2 0.8 0.96 0.97 0.689
4 0.84 0.92 0.94 0.769
6 0.85 0.91 0.93 0.868
8 0.86 0.9 0.92 0.879

aFor B = 1,2, 4, 6, 8, pp refers to the empirical mean value of estimates of p on blocks [T;_1, T;] across days and values of i for INTC in 2015. The AVAR
ratios are estimated by plugging estimates of the integrated volatility, the integrated quarticity and p on blocks of different sizes. The last column shows
the empirical correlation between the corrections induced by the local method.
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Table 8

Summary statistics for the global and local estimators.*
Estimator Mean Stdv. C/c;r(., Q)
Q 1.771 1.789 1
0, 1.770 1.781 ~1
Qs 1.766 1.769 ~1
Qs 1.761 1.762 0.9999
0s 1.757 1.753 0.9999
K 1.818 1.795 0.9994
kz 1.818 1.780 0.9992
Ky 1.813 1.770 0.9991
ks 1.808 1.756 0.9989
ks 1.804 1.751 0.9988

2 Sample means, standard deviations, and correlations with the global QMLE
for the 10 estimators implemented for INTC data in 2015. The estimators are
scaled by a factor 10%.

Confidence intervals for QMLE, RK, LQMLE and LRK (8 blocks)
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Fig. 3. 95% Confidence intervals for the four estimators Q and Qg (green, left), K and K (blue, right) on INTC data in May 2015. The CIs are computed using

the estimates ofAVAR%QMLE), and AVAR%RK) for B = 1, 8 obtained as explained in Section 6. The estimators are scaled by a factor 10%. (For interpretation of

the references to color in this figure legend, the reader is referred to the web version of this article.)

the correlation between each estimator and the global QMLE. We find results very close to 1 for all estimators. One should
note that the global RK is less correlated to the QMLE than all the local QMLE Q. This indicates that the order of magnitude
of the correction induced by the local method is smaller than the difference between the two global estimators.

Finally, Fig. 3 shows daily 95% theoretical confidence intervals for Q, Qg, K and Kg in May 2015. We can see that the
confidence intervals for the local estimators are often shorter than their counterpart. Moreover, over the year the global and
the local estimates confidence intervals always overlap, corroborating the fact that the local estimates are in line with their
global versions.

7. Conclusion

In this paper, we have looked at the efficiency of local methods to estimate integrated volatility. We have shown that for
the RK and the QMLE, if we chop the data into B blocks we can reduce the AVAR when B is fixed and retrieve the parametric
loss when B goes to infinity. We have also seen that the theoretical gain is mostly preserved when looking at finite sample
results. Finally, we have documented that the gain is substantial in practice.

Given how simple to implement the methodology is, we expect that it will be very helpful for practitioners. Our hope
is that this simple and natural technique will be used on the QMLE and the RK, but also considered for a wider class of
estimators. It is clear that the theory would work for the PAE and the MSRV, but econometricians should also try it on their
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own favorite estimator. Actually, the technique can be applied to other problems, such as the high-frequency covariance
estimation, the estimation of functions of volatility, the leverage effect, the volatility of volatility, etc.

Appendix. proofs
A.1. Simplification of the problem

Since we want to prove stable convergence, in view of the componentwise local boundedness of the matrix

Ot 0
(;_t(l) 5_[(2) s
5

and because inf;(min(oy, 6;,7’)) > 0, we can without loss of generality assume that for all t € [0, T] there exists some
nonrandom constants ¢ and ¢ such that

0<ao <oy, &t(l)’ 552) <0, (A1)

by using a standard localization argument (e.g., Section 2.4.5 of Mykland and Zhang, 2012). One can further suppress b,
as in Section 2.2 (pp. 1407-1409) of Mykland and Zhang (2009), and act as if X; is a martingale. Also, we follow a similar
procedure to localize the random variables U[" as, e.g, in the proof of Lemma 14.1.5 p. 435, Equation (14.1.13), in Jacod and
Protter (2011). Consequently, we will assume in the following of the proof:

(H) We have b = b = 0. Moreover o, 0}, 61, (6(0)~1, 6@ (@)1 «, o~ are bounded. Given an a priori number
y > 0, we also have supy;y, Ui < n”.

In particular, (H) implies, taking y small enough, that 7} < 1, for n € N large enough.

We define Y = o {Ui”li, ne N} V o {as|0 < s < T} the o-field that generates the observation times and which is
independent of X. We will often have to use the conditional expectation E[.|¢/], that we hereafter denote for convenience
Ey.. We also define the discrete filtration g!' := F% V i, and recall the continuous version G; := 7 v U where 7 is the

canonical filtration associated to X. Note that by in’dependence from «, X admits the same It6 semimartingale dynamics in
the extension G.
Note also that, by virtue of Lemma 14.1.5 in Jacod and Protter (2011), recalling 7" := sup;.1t/' —t' ;, and Ny(t) = sup(i €
N — {0}|t < t} we have
1- n P
n>0=n""Tn'—0. (A.2)

Throughout the proofs, we write N, for N,(T). We also define L,, = N,}/ZM, for some § > 0 to be adjusted, and we let L be a
positive constant that may vary from one line to the other. Finally we often refer to the continuous part of X; defined as

t t
X = Xo + / beds + / o dW;. (A.3)
0 0

A.2. Proofof(2.1)

We first show the left hand side inequality, that can be reformulated as lcrzé3 > pr.s. Note that by an immediate application

of Holder's inequality we have

s s 2/3
/ oldu<(s—r)' (/ afdu) :
r r

f: ouzdu
(s—r)2(f° cr;,‘du)l/2
23
- (frs a,fdu) _ 23
rs

= (s_ r)l/s(frscr;‘du)l/z

For the right hand side inequality, we first consider the domination

s s 1/2 s 12
/ O'Sdu < </ auzdu> (f ofdu) R
r r T

Thus,

Prs =
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which is obtained by Cauchy-Schwarz inequality. Then we inject this expression in «, ; and we get

[ oldu
K‘ =
" (s— )V’ o,j‘du)3/4
1/2
- (frs o, du) = o2,
T (s—VA([fopdu)t T

A.3. Estimates for the efficient price X

Hereafter, we adopt the following notation convention. For a process V (including the noise process € by a slight “abuse
of notation”), and t € [0, T] we write AV, = V; — V,_, AV = Vti" - Vt,-",l and AV" = (AV}, ..., AVﬁn ). Finally, for
interpolation purpose we sometimes write the continuous version AVi'f[ = Vrp At — Vt{',l At» along with the time increment
Al =t} At — 1t At. We introduce the two following quantities:

gi',lt = (A;(i’:,t)2 - t?L]Ati?t’ and Ei?t =E [fi?r|g?—1] . (A4)

We have the following estimates.

Lemma A.1. We have, for some constant L > 0 independent of i,

g sup ARLP|on,] = Ry, (A5)
teft! |t )

!i’ﬁ\ = Ln73/2(Ui")3/2, (A.6)

el (en)| o] = ey, (A7)

thAt P
E[| / oZds —ah At [or,] = PRy, (A8)
N =

Proof. For (A.5), this is a consequence of the fact that by the conditional Burkholder-Davis—Gundy inequality, we have
tiAt At
E| sup / osdWs| |G, | <E| sup / olds
teltl .4 th AL telt] |t th AL

1
L — e )"
Since « is bounded by assumption (H), and since /' — ' ; < 1, we get (A.5). The other estimates are straightforwardly
obtained using the same line of reasoning and Itd formula. O

p p/2

n
Gi

A

IA

A.4. Proof of Theorems 4 and 8

We adopt the general setting introduced in Section 4 and Appendix A.1. We start by showing the consistency of the QMLE
along with other estimates in the case B = 1. We then adapt and combine those results in the case B > 1 to derive the central
limit theorem stated in Theorem 8. As a byproduct, Theorem 4 will also be proven.

When B = 1, we recall that for any & = (02, a2) € E := [Z, I] x [a?, @°], a® > 0, we have, up to a constant term

1 1
1,(&) = —Elog det(Q) — 5YTQ—W, (A.9)

with Q1 = [w]
replacing n by N,. We define the approximate log-likelihood random field as
1

I(&) = —Elog det(Q) — %Tr (@' {z5+x25}). (A.10)

1<i<Ny 1<j<Ny" The exact definition of the coefficients @/ can be found in e.g. (28), p. 245 of Xiu (2010),
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with

o
/ olds +2d° —a® 0 0
0
5
—a’ / olds + 2a* —a
o
c 5
Xy = 0 —a / olds +2d° 0 ;
5
2 Ao 2 2
0 e 0 —a / o ds+2a
Ny—1
and

To=diag| Y N2 D ANZ.... > AP

O<s<t! th <s<t) t,(;nq <55[{5n
We further define the diagonal scaling matrix

O, = diag(N]/z, Nn)v

n

and consider for & € = the scaled score functions

ln(§) 1 9ln(&)

0& 9
We start by showing the consistency of the QMLE. Before stating the result, we give a few definitions. For a matrix
A= [ai¢j]15ian’1§jan € RNvNn we associate the matrix A = [d; jlo<i<n,.1<j<n, € RMFD*Nand A = [d; jlo<in,.0<j<n, €
R(Nn+1Dx(Na+1) whose components respectively satisfy

Po(€) = —0, " and ¥, = —@,

aij = Giy1j — Gij,
and
Gij = Gijr1 — Qij = Qiy1je1 — Gije1 + Gij — Gigj,
with the convention a;; = 0 when i = 0 or j = 0. This will be useful to disentangle some quadratic expressions using the

following result.

Lemma A.2. Let y,z € R™* withy = (yo,...,¥n,)» 2 = (20,...,2n,)". We define Ay = (Ay1,...,Ayn,)
(yl — Y05 s YNy — yNn_l)T € R, and Az the same way. Then we have the by-part summation identities
AY' ANz = —yTAAz = yTAz.
We now show a preliminary lemma to get the consistency of the QMLE.

Lemma A.3 (Asymptotic Score). Forany & € E, let

1 r, VT
- d AN? —o’T | -
o) = | 80T </0 PR ) sa’o

0<s<T

(a® — a})

1
2a* (al - aé)

We have
SUp |2 (€) — Pax(£)] = 0. (A11)

Proof. We start by treating the case where the jump part] = 0. We have the decomposition

¥, =¥, + Ry, (A.12)
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L [yrd2y (2] (=5 +=28)
24N, do2 gg2 70 0
1 901 01
Y! Y —tr| — {=¢ + x4
2N,,{ da? ( da2 =%+ °}>}
By a straightforward adaptation of the proof of Lemma 1-2 and Theorem 4 in Xiu (2010), we have immediately that

R, = op(1) uniformly in the parameters since the step size of the observation grid 7 o by (A.2). Thus it is sufficient
to show that we have

with

Rn(g) =

sup | %2(€) = Yol£)] = 0.

Equality (A.11) is then a direct consequence of equations (38) and (40) pp. 247-248 in Xiu (2010) that are obtained following
. . P
exactly the same proof as pp. 247-248 for an irregular grid such that 7} — 0.
When there are jumps, there is an additional term in (A.12) which is equal to

1 Q! N1
W) S 2 S - Ak + aer]
2+/N, 902
An(§) = , (A.13)
Ly 22 ap (o)’ o [akr 4 aer)
2N, a da>
so that it is sufficient to show that we have
3 Z ]5 P
sup |Aa(€) + | 8ac f et =o. (A.14)

EeE 0

We first compute the limit of the term zf (Aj”)T O A]” Recalling that o'/ is the (i, j)th index of Q~!, we provide the
following decomposition:

1 7oQ7! 't
A" \J" A A A.15
o W) nzaoz f,, > S AAT (A.15)
i=1 1_]<1<Nn
Now, we define 71, ..., 7y the jump times of J, where N is the random number of jumps of J on [0, T]. Since N is finite,
there exists a random number K’ such that for n > K/ we have
1 O Gl 1 8a)Nn ) Nn(tk) 5
T Y — 557 (A Z A% (A.16)

n =1 ” k=

By direct calculation from the expression of the coefficients of Q! in (28) p. 245 in Xiu (2010), we easily deduce that for each
9wn(tk).Nn(tg) P

k we have f g — [ uniformly in & € E. Since the sum is finite, this yields the uniform convergence
1 T a1
sup A" A" + A2 (A7)
LS Zx/lvn( ) do? 8ao3f O<SZ<T
By a similar argument, we also have for k # [ that w = 0 exponentially so that we have \/» D i<jci<n, ‘;ﬁ'zj AJPAJ}

2o uniformly. As for (Aj”)T o

1~
n Ta;iz AX" is

{AX" + Ae" } on the one hand the same computation yields that the leading term of

1 9eNn(T)-Nn(zi)

— e Ay AXin,
Z «/Nn 80’2 -]fk ti';{
0s(1) op(1)
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wheretj < 7 <t;_,,sothatas the sumis finite the expression is negligible. On the other hand, we also have by Lemma A.2
that the leading term of the noise part is

awNn(Tk) Nn(zy)

_Z 1 7A]rk etirll(

——
Op(1)

02(Ny %)

since %’2} = Op(1) by direct calculation. Finally, similar reasoning shows that the second component of A, is negligible
because of the scaling in N, ! instead of N; /%, and we are done. [

Now we turn to the consistency of the QMLE.
Theorem A.4 (Consistency). If &, = (62,7a2) is the QMLE, we have

~ r _
& — &0 = (05, q3) . (A.18)
where we recall that T = [ o2ds + Y o_,_rAJ

Proof. To get (A.18), it is sufficient to have

ZUE [Wal(§) — Yoo(E) = O, (A.19)

which has been proven in Lemma A.3, and for any € > 0

_inf W) > 0 = [[Weo(€0)]1? P-ass, (A.20)
§€E:E—¢oll=e
by a classical statistical argument (see e.g. Van der Vaart, 2000, Theorem 5.9). Given the form of ¥, the equality ¥.(&) = 0
is immediate. Note also that the left hand side inequality of (A.20) will be automatically satisfied if we show that || ¥4, (£)|?> >
Oassoonasé& # 50 by a continuity argument since Z is compact. Let us then take & € Z — {&,} such that ¥(§) = 0, and
assume first that a® # a2 In that case, we have
1 2
0= [Woulf)I* = 5 (e — )",
which leads to a contradiction. Similarly, the first component of ¥, leads to the domination
T 2
0=|Y¥ 02,02 L — ;> Q2 s
Meolo® BRI = s (@3 —0?)

so that we can conclude 02 =53, O

We now turn to the convergence of the Fisher information related to our likelihood field. Let H, and H; be the scaled
Hessian matrices of the likelihood fields, defined for any &£ € E as

Hi(§) = ”zaal;f)cb; v
and H, (&) = _@—1/23;;25)@1/2 (A.21)
Lemma A.5 (Asymptotic Fisher Information). Let T'(&y) be the matrix
VT
[(&) = | 8%70 . (A.22)
Do

We have, for any ball V,, centered on &, shrinking to {&},

sup [|Hn(&n) — T(&)l| — 0. (A.23)

&n€Vn

Proof. First note that a small adaptation of Lemma 1-2 with second order derivatives of Q~! from Xiu (2010) yields
sup;cz {Hn(€) — Ha(&)} £ 0since ol £ 0. Now, Xiu (2010), bottom of p. 247 and after equation 41 on p. 248, can be
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easily adapted to our case replacing fOT o2ds by TE% as in the previous lemma, so that we have

— — P
sup [Hu(§) — Hoo(8)} = 0, (A24)
ex
with
VT (@ - @)WT  3T(@ —o?) 0
_ 3 3,3
o (£) = 8ao 16a30 16ac5~/T , ) (A.25)
0 G _ 1
as  2a*
It is immediate to check that
VT
7 —3
Ho(E) = | 8%%0 L |oe (A.26)
0 -
2a3

We now adopt similar notations to Xiu (2010) in the proof of Lemma 3 (p. 248) and define the processes involved in the
derivation of the central limit theorem. For (8) € {(¢%), (a®)}, and t € [0, T], we define

) Nn(t) Jeobi 5 tiAt
MP() =" (axt)” — / ofds— Y NZY. (A27)
i=1 8’3 t'n_1/\t ¢n n
i I At<s<thAt
Nn(t) PR
MP() =1 9 AX b AXT, (A.28)
i=1 1<j<i
Nn(t) | Na(t) YR
MP(t) = —2 Z WAX}} e, (A29)
i=0 j=1
Na(t) o oii Na(t) i
o aw™!
(B) — 2 _ 42 n n
USOED I {e[l_n a0]+2' Z 35 | < (A.30)
i=0 i=0 | 0gj<i
where in all the definitions (A.27)-(A.30), the terms involving the parameters such as Q~!, Q~1, =1, ... are evaluated at

— 2 2
point £ := (02, a), for some 02 € [£2, T7]. We also define the two-dimensional vectors M(t) = (M,.(" o), Ml.(a )(t)) for
i € {1,...,4}. Note that we have the key decomposition

20,2 {Wa(€) — Pa(§)} = @, /> {M1(T) + 2My(T) + M5(T) + My(T)} .

In the next few lemmas we investigate the limit of each one of those terms. In the presence of jumps and random observation
times, we will see that they are not mere extensions of Lemma 3 in Xiu (2010) and that additional variance terms appear in
the limits. We start by M;(T).

Lemma A.6. We have

- 2My(T) = 0.

1/4 —1/2

_ o2 2 . .
Proof. We have to show N, Mg )(T) £ 0and N, Mga )(T) £ 0. We start with the case where | = 0. We are going to
show that for any (8) € {(02), (a2)} we actually have N, "/*M{(T) £ 0.To do so, note that we can write

Nn
MPI(T) =" A
i=1

where
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Now, since % €U C G, x! € G Moreover, E [x/'|G!_,] = 0, thus by Lemma 2.2.11 in Jacod and Protter (2011), it is

sufficient to show that N, "/ ZZ [( x? Igf'_l] Lo By Burkholder-Davis-Gundy inequality, we have

e ZE X161 1 < 4N, 1?2 Z (3 ”> /tn [(Axil,qs)zas2 g?—l] ds
Nn B
< KNP Y (e — o)
< 1<N,}/2n—1+V:11P0,
where we have used the fact that 220 — = Op(N, N,/ 2) uniformly in i. In the presence of jumps, it remains to show that the

.. B
additional terms

_ ow 2
N; 1/4;:% (A1) _tn Xs:qn AJ?

i—1

and

1/4 o o't %

- n n

2N, 1—21 WAL AX;

are negligible. From the finite activity property, note that the first one is identically 0 for n sufficiently large. Again, for n
sufficiently large, defining N/ the finite number of jumps of J on [0, T], we can write the second term as

9 Nn(@):Nn(Tk) ~ P
2N, V“Z Ao A =0

kl\—,_/

0 (n—1/2+1/2y)
0:(N}/?) )

where i is such that t" < 1 <t!_ ., and where we have used (H). This concludes the proof. O

ig+1’

Lemma A.7. We have Gr-stably in law that

T T
_ (02) 5 _
N, l/4M2 (T) > MN (0, m/g o Lds {/(; (7540{5(15 + Z Ajsz(aszas + aszozs_)})

0<s<T

and

N, 2MET) S 0.

2
Proof. As usual, we start by the case with no jumps, that is ] = 0. We show the result for M;” ) The proof is conducted in
three steps.

Step 1. We consider B . == o AW/, and we define M("

ikt it

Nn

(o Dot
My (t) ::Z Z mﬁ}?i—h—l,r [ (A.31)

i=1 | (i—Lo)A1<i<i

that is when the increments are replaced by variables of the form o, AW] ., Where om, is the value of the volatility

2 ~ (2
process at the beginning of the truncated sum. We show that we have N,,; /4 {Mg’ )(T) - Mé" )(T)} £ 0.we decompose

2 ~ (2
N4 {Mé" >_Mg’ )} =R 4+ R? 4 RD), (A.32)
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with
& de's
R =N Y 902 At AX (A33)
i=1 1<j<i—Ly
(2) 1/4 do'! n n n
Z Z m%.t(AXi,[ = Bilicta-1.c): (A.34)
i=1 (i—Lp)A1<gj<i
N .
3 _ N4 9 L on _ on n
Ry =N, Z Z W(ij.t = Bty 1.0Bi L1 (A.35)

i=1 (i—Ln)Al1<j<i

Now, proving that R( Vis negligible is immediate because when |i — j| > L,, we have the domination 8“’2} < L«/Nne‘Ng for

some L > 0so that by an easy application of Cauchy-Schwarz inequality and estimates from Lemma A.1 we get E, 511)

Now we show the negligibility of R;z). Assume first that o has no jumps, i.e] =0. REIZ) being a sum of martingale increments,
it is sufficient to show that

Nn
- 2. P
N 172 ZEM[(Ay)Z(Ax;'t — By 1) 1= 0,

thAL

1 ij .
where A = Z]' (L)l 32’ AX]',. Introducing vi .+ = o — o, o Sike = f[,l At lksds we thus need to show that
1—

Nn

_ P
N2 Eul(AT 811,01 = O.

i=1

It6’s formula applied to v,?,k,t when J = 0 yields

t t t
~ ~ ~ ~ 2 ~ 2
o= [, zaslawes [ awaPais [ {607+ 62 s
t

k-1 C— i k-1
”Slk)t "Ezk)t “53k)t
ing s® .— [N O
so that defining 6 , == ft” ¢ Uiksds for L € {1, 2, 3}, we now show
i—1

Np

_ I P

N2 EIATSS) 1= . (A.36)

For [ = 3, we have |8§,3L)n.t| < LAt} (! —tl', ;) < Ln~>"?"L, by (H), and thus (A.36) boils down to showing that

Nn
Ny 2 22 L S By (AT 0. (A.37)
i=1

Using ]EM[AX,?AXj”] = 0 forj # k, we deduce

Nn Nn i—1
N 1/2 —2+2yL Z]EL{[ An ]_ N 1/2 —2+2yL Z Z (aaz) ul:(A)(jn)Z:I

i=1 j=(i—Lp)A1
Nn i—1 5 ij
<IN, 1V2p=3+37 ] Z Z ( w )
i=1 j=(i—Lp)A1
< IN’n3%7[, — 0,

2
where we have used that by direct calculation we have Z! "D e LH)AU<,(3‘”’;) = Op (Ns/z) and that L, = N,/*™°. For
I=1,we spllt (A.36) into two terms

1/2 Eul(ArY6)) 1= PV + P, (A38)
n
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where

Nn L2
dw™
= S ()

i=1 (i—Ln)A1<j<i

2) 1/2 w do™ bk 1

— N~ et n

PP = N, 25y, ) » 307 597 AL .
i=1 (i—Ln)A1<jzk<i

We have by Cauchy-Schwarz inequality

(1) -1/2 i ' \? n\4 M )72
PO =Ny Y (o) (B @) Eesll, )

i=1 (i—Lp)A1<j<i

N dw'i\?
o,y y (W)
im1 (—Lymi<j<i N 20

— P
< IN2n7*P7L, — 0,

as Ey [(AXJ-”)“] < ILn=%*% by (A.5), and

2
|:(8l(1L) t) ] < LAti’ft(t{‘ — ti"Ln])IEu|: sup ]vflnys] < Ln—4+4yLﬁ,

n
se[tX —Ln— 1ot

by the same estimate as for (A.5) for the Itd semimartingale v; 1, s. For P,(f) £ 0, we first note that for k < j we have

tint )

/ [AX” 1Lns g}l{lds

th AL
tiAt i

LBy, |AX,?|/ E / Vit w6 oudu| Gy | ds
tlﬂ_lAt [j-”_l

< 3312
< SN
where the last step is obtained using (H) as for the previous estimates. Overall, we get

e [, |

< Ey [IAX;?I

IA

dw' ik

P(Z) < LN 1/2 73+3yL1/ZZ Z
2 2
i=1 (i—Lp)A1<j#k<i do do

do
< LN 1/2 —3+3yL3/ZZ Z ( 2)
do

i=1 (i—Lp)Al1<j<i

<IN 5o,

Finally, when | = 2, we write the same decomposition as (A.38), and we note that the exact same calculation as in the
casel = 1 for P,(,” remains valid. Moreover, following closely the calculation above, we get P,(,Z) = 0 by orthogonality of
the Brownian motions W and W. When o has jumps of finite activity, we easily show as for previous calculations that an

additional negligible term appears in R and thus combining all those results we have R( Zo. Finally, R( 5 0is proven
following the same line of reasoning as for Rn .

l/4M(” . Condition

Step 2. We are going to apply Theorem 2-1 p. 238 from Jacod (1997) to the continuous martingale N,
(2.8) is automatically satisfied with B, = 0. We now show the variance condition (2.9). This boils down to showing that

there exists an increasing limit process C; such that for any t € [0, T]

(W, 1) S i, (A39)
t
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— 5 T -1 T 4 ;
and Cr = T Jy a5 'ds [, olagds. We introduce

do\?
L. 1/22 3 (W) af‘l}LLr](AV\/j’?)At,”f,

i=1 (i—Lp)A1<j<i

() 1/2 ¢ do' dt*

— - n n n

[P =Ny Y 507 5070, AW AW AL
i=1 (i—Lp)A1<jk<i

~ (-2 ~ (-2
we have <M§” ), Mé" )>r = Lﬁll) + Lﬁlz), so that our strategy to show (A.39) will be to prove that

i e G (A.40)
2 5 o. (A41)

2
For LEIZ), we have directly that E;, [(L(r,z)) :| is equal to

' dwi2d Jwitk Jwizk
-1 4 n n n
Ny Z Z do2 90?2 90?2 Qo2 Fu tznl —In— 10%"24”—1 Atf?fAtkat’l (Aliy 1
li1—ip|<Ln (i1 Vip)—Ln<j,k<(i1Aip)
1<ip,ig<Nn #k
where we have used that for | < min(jy, j», k1, k»), we have ]E[AWt”“AWt”jzAWt“k1 AWt"k2 1G] = Ag’fIAtﬁt whenj; =j, =j

and ki1 = k, = k, and the expectation is null otherwise. Now, using the boundedness of o and the fact that Atﬁ[ < [n~1Hr
by assumption (H), we obtain

2 1 do'd dw2d Ytk o2k
By, (L(z)) < INT Ity Z Z ’
" " 902 90?2 90?2 9do2
li1—iz|<Ln (i1Viz)—Ln<j.k<(i1Alp)
1<iq,ip<Nn J#k

which by direct calculation on the coefficients yields
Ey [(L;”)z] < IN; In~ 4 NAL,
< NI/2+op=4+dy _ o
f(()r) y and § small enough. Now we turn to (A.40). We define C; := m fOT o lds fot afozsds, and we further decompose
Ln1 — C; into

L(l) C = ZB(I) (A42)

with

do\?
g =ty S (W) (o) a0,

i=1 (i—Lp)A1<j<i

l’l P 2
ow™
(2) _ n—1/2 4 _ n (¢n _¢n
BN 2 <aa) 7 s (87, =0, ) U (8 AT A ),

i=1 (i—Ln)Al1<j<i

Nn PN 2
B ™
=Ny S () b e =D @At A,

i=1 (i—Ln)Al1<j<i

(4) w 1/2 AR 5 r 1 4
Bn = Z N; / An Z <W> — m/ ~ds U; y 1“%"4."4 (tin At — tln_] AN t) s
i=1 (i—L)A<j<i 0 "
5 T N
B — _ —1ds { 4 4 } thAt—th At
" 64T3/207ay Jo % ; O Y T O ( ! i-1 ) ’

Nn

5 T ‘
B — m/ o ds [Zaé}qatin (P At—th At —/ a;‘asds] :
0 i—1 0
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Using that Ey, [((A‘/\/J“t)2 - Atj'ft) ((AW,?J)2 - At,2[>] = 0ifj # k, and Z(Atj'f[)2 otherwise, we obtain the estimate

B ()] = ;L4 5 .
Moreover, by the same deviation inequality as (A.5) for « (recall that « is an Itd semimartingale) we have Elatjn - | <
Ln~12LY? so that we obtain easily E|BY| < LN2n -5/2+2y[ /2, 0. Similar computation to that of B% shows that

[(3%3 ) ] — 0since E[U'—1] = 0and E[(U]' — 1)(Ui” —1)] = Owheni # j. B 5 0is a direct consequence of the fact that

2
by a direct calculation we have uniformly in i that N, >/*A Z(l Ln)MJ«(a“’”) 5 W and that N A, = fo a'ds

S

by (4.3), recalling that A, = T/n. BEIS) 2o is, again a simple consequence of the deviation inequality (A.5) for the It

. . ) P . . .
semimartingale o *«, and finally Bff) — 0 s just the convergence of the Riemann sum toward the integral limit, and we are
done. We show condition (2.10), i.e. that

NTVAWSD, W, S . (A43)
Note that
N” ..
—1/4 ;57(02) 1/4 ", n Aen
N VAMED Wy = NAY Y 5570, AWRALL, (A.44)

i=1 (i—Lp)A1<j<i

so that by a straightforward calculation on the Brownian motion increments we have

- 2
Ey, [(<M;°2>, W)[) } < IN2Ln =3+ Koo, (A45)

~ (-2
Moreover, condition (2.11) is satisfied because Mé" ) is continuous. Finally we show condition (2.12). But note that for any
bounded martingale N orthogonal to W we have directly

(W, Ny = 0 (A46)
by (A.31), so that all the conditions required for the theorem hold.

Step 3. In the presence of jumps, for n large enough, an additional term appears in Mé”z)(T). First, since] is of finite activity
and by the Grigelionis decomposition for Itd-semimartingales (see e.g. Theorem 2.1.2 in Jacod and Protter (2011)), we can
assume without loss of generality that the jump times of J are a subset of the support of a Poisson random measure i on
R, x E for E some arbitrary Polish space, adapted to F;, and with finite intensity measure v. Let thus 71, -+ , 7, - - - be an
exhausting sequence for the jumps of . Since J is of finite activity, for n sufficiently large we cannot have more than a single
jump on intervals of the form []" Lo b t"] because suan<,<Nnt — ', —%°0 by assumption (H). Therefore, if n is large enough,

1
after a 51mple rearrangement of the terms that contain jumps, and by the previous calculation in the continuous case, we

can write M({r )( t) under the form

2 ~ 2
M) = M) + AF(6) + A (1) + 0 5(1), (A47)
with
ip+Ln ip—1 -
8a) ~ dw'r) -
)= Ny D Gt andA O =) Ay D, S AK (A48)
p>1 Jj=ip+1 p>1 J=ip—Ln

where i, is such that t] _; < 1, < t'. We define
P P

ip+Ln 90 ip—1 deird
Mt p)= Y 702 —5 AKX and M, (t,p)= &TAX]?}U (A.49)
j=ip+1 j=ip—Ln

along with the following infinite dimensional vector (G, (R%,(p), Ry, (p))p=0) such that G, Rt (p) and R (p) are i.i.d standard
normal random variables. We can assume that Q and Gr are rich enough to include such random variables information
without loss of generality, since we can always construct a very good filtered extension as explained in pp. 36-37 of Jacod
and Protter (2011). Now define

5 T
VOO = m/‘; o dS, (A50)

MZ(p) = o, @l 2VIRY, (p) and My (p) = o7,y 2 VIR (p),

p— 0 o0
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and
G =¢'%,
where Cr was defined in (A.39). We are going to show that Gr-stably in law, we have the convergence

Ny VA (T), (M (T, p). My (T, pY)p=1) = (G (ME(p). Msg(p))p1). (A51)
As the subset of finite dimensional cylinders is a convergence determining class for the product topology of RY, it is sufficient
to show that the above convergence holds for all ﬁnitg families of the form (A~/I§J2)(T), M(T, p1), M, (T, p1), . ... M;F(T, pi),
M, (T, p)), k = 1. Now, let us consider the filtration G; which~ is the smallest filtration containing G; and the jump times of
W, (tp)p=1. By independence of i and the Wiener process W, X is also a continuous It process with respect to the filtration

Gt, so that (Mé“z)(t), M (t, p1), M (t, p1), - - -, MF(t, Pi), My (t, Di))eefo.1) is @ multi-dimensional continuous G;-martingale.
Now, for n large enough and by the finite activity property, we have forany 1 <i #j <k,

(M:('spi)v M;(v pj))[ = (M;(v pf)s M;($ p]))t =0as,

and
(M, (., pi)s M, (-, pi))e = O ass.
Moreover
lp+Ln i
Nn I/Z(M ( pl) M'-]I—( 1/2 Z (80)'17]) /}A[ Uszds’
j=ip+1 Gyt

since the random index i, is Go-measurable. By a similar (but easier) calculation than for LEIU above, we have

T
_ P 5 _
Ny ) M P > ot a [ ot

and also

T
12 N LR -1
Ny My, (., pi), My (L pid)r — 64T3/207aoarpi’ar"f7/0~ a; 'ds.

Finall h 1o1bili —1/2 “(02) + ) —1/2 ~(02) _ -
y we show the negligibility of N, /“(M;” ’, M;7(., pi))r and N, "“(M;” ’, M (., pi))¢. We have

ip+Ln j—1

aw'w ok -
N, 1/2(M(o) M*(,pi)ye = N2 Z Z —5 AX{ o AL, (A52)
j=ip+1 k=(—Ln)A1
~ 2
so that by Assumption (H) we have N 'E;, [(Mé” ), M(., p,-))f] bounded by
ip+Ln i ke
dw'P 1 Je'P 2 A" dw'> ~n \2
—1,-2+42y - -
Hy Z 902  do? Z do2 do? Fu [(Axk*‘> ]
J1:J2=ip+1 k=(j1Vi2)—LnA1
ip+Ln i i Jjiniz—1 i1,k i k
<IN Y daP a2 3 91" do2
- B do?2 00?2 L do?2 Qo2
J1:j2=ip+1 k=(j1Vij2)—LnA1

< IN’L,n3t 5o,
and thus the bracket is negligible By a similar calculation we get that the bracket involving M, (p;, .) is also negligible.

Moreover, the convergence of (M (o) M (o )) was shown in (A.39). Finally, as above we easily check the bracket of each
martingale with either W or a bounded martmgale orthogonal to W is negligible so that by another application of Theorem
2-1inJacod (1997) we have (A.51). From the representation

2 ~
Ny VAMYT) = Ny VA M)+ 3 A (MG (T, p) + M (T, p)) | + 0.5(1), (A53)
p=1

along with the fact that {p|AJ;, # 0} is finite, we deduce by the stable convergence (A.51) that G (and a fortiori G) stably in
law

2 ~
N VAMETAT) > G+ A, (ME(p) + M5 (p)). (A54)
p=1
which is equal to the claimed distribution.
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B ; i o .
Finally, to show the convergence N, Y 2M§" )(T) £ 0, note that %’; and %2, are equivalent up to a constant term so that

all the above computations apply, and thus the scaling in N, /2 instead of N, 74 yields the negligibility of this term. O

Before turning to the limiting distribution of the other terms, we recall that for a o-field #, a random vector Z and a
sequence of random vectors Z, in R , we say that Z, converges in law toward Z conditioned on % if we have for any u € R?

E [eiuTZn

H] LE [ei“TZ ‘ H] . (A.55)

Moreover, we recall in the following proposition a key result to combine stable convergence and conditional convergence.
The proof of the result can be consulted in Barndorff-Nielsen et al. (2008) (proof of Proposition 5 on p. 1524).

Proposition A.8. Let # be a given sub-o-field, and let (Y,) and (Z,) be sequences of random vectors, such that each Y, is H-
measurable and the sequence converges #H-stably toward a limiting distribution Y, and (Z,) converges in law conditioned on # to
some Z. Then (Yy, Z,) — (Y, Z) H-stably in distribution.

Lemma A.9. We have conditioned on Gy the convergence in distribution

T*Z
NTVAME(T) - M/\/(O, f%) , (A56)

80’5(10
and
NT12MET) S o, (A57)

where we recall the definition 53 = T~! ifOT olds+ Y g AJ2 ]

2
Proof. We start with M;” )(T). We apply a conditional version of Theorem 5.12 from Kallenberg (2006)(p. 92). Accordingly,
2
we note that M;“ )(T) can be written as

Nn
2 ~
N VAME(TY =) R (A58)
i=0
where %' = —2N_1/ 4 {Zan1 3“;121 AX”] €, are rowwise conditionally independent and centered given Gr. To get the

theorem, it is thus sufficient to show that

Nn T
ZE[()?in)z‘ gr] £ Wla'r’ao {/O‘ UszdS + Z A]szl , (A.59)

i=1 0<s<T
and the Lindeberg condition, for any € > 0,

Nn

ZE[()?i")zluii"\ze}

i=0

gT] Eo. (A.60)

For (A.59), we can write Y 1" E [ ()”({‘)2’ QT] =T" + T with

No  Nn
() = 4a2N;” 1/222(2‘:;> (Ax)?, (A61)

i=0 j=1
and
) 12 Nn Bw” 3a)’k AXE
T = 4N,y Z 57 503 AXIAXE, (A.62)
i=0 j#k=1
and usmg same techmques as for the proof of Lemma A. 7 we easily get by direct calculation on the coeff1c1ents that we
(1) (2)
have T, m [fo olds+ Y o 17 } and ¥ 5 0. As for the Lindeberg condition, it is sufficient to notlce that by

independence of the Brownian increments and similar computation we have YN OIE[()”(i”)4}gT] £ 0. Finally, for Méaz)(T),

all the previous calculation holds but now the scaling in Nn 1mpl|es that N, 1/2M . )(T) Lo o
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Lemma A.10. We have conditioned on Gr the convergence in distribution

VT 0
-1/2 160003
7 12My(T) —> N | 0, 2 cumale] (A63)
0 at ad
0 0

Proof. This is an immediate adaptation of (45) and (47) pp. 248-249 in Xiu (2010) conditioned on Gr in lieu of o (X), since
e isindependent of Gr. O

We consider now the general case B > 1, and accordingly we define fori € {1, ..., B} the local QMLE?,,’(,-) = (Ei(i),ﬁﬁ,(i)),

and ¥, ), ‘Pn,(,-) the score functions on the block i where all quantities are taken in the time interval (T;_1, T;]. We also
introduce the notation

T (2 =2 ~2 =2

&, = (07 (1) Uy (1) - - -+ O (ys O (B))s
Ty = (Pn(1)s - -+ » Poypy), and ¥, = (‘f’n,(n, R ‘i’n,(g)). The next lemma states the limit distribution of the vector
¥, — ¥, Finally we introduce the scaling factors N, ;) = N, (T;) — N, (Ti_1) along with the global scaling matrix

. 1/2 1/2
P, = dlag(Nni1), N",(l), ey Nn,/(B)’ Nn,(B)) € R2Bx2B,

Lemma A.11. We have for any > = (04, ...,0%) € [0?,3°1%, taking & := (0(}), a3, ..., 00, a3), stably in gr, the
convergence in distribution

Vg 0 - 0
- 0 Vg 0
@2 {wa(§) - ¥a(9)) > mn |0, | T T® L
: o .
0 e Vg
where for i € {1, ..., B}, V; is the two dimensional matrix defined by
1( 0! +5,-2~/AB+ vAB> 0
1/2 5 3
Vi) = 4ag 1605) Ag 80(1.) 150(i) ,
1 cumyle]
0 SA T T as
24, 4a,

with
Ti
AgG? = / ofds+ Y AL,
Ti1 Ti—1<s<T;
and we recall that

T; T;
Qi = A;" / ozs_ldS!/ olasds+ Y NXoles + asaas_)}.
Ti—1 Ti—1

Ti_1<s<T;

Proof. First, fori € {1,..., B}, we define the processes Mj (j), ..., Ma g following the definitions (A.27)-(A.30) adapted
to the time interval (T;_q, T;] of length Ag. Accordingly, for k € ({1,...,4}, we denote by M; the vector process

(M(”Z) M) M) M) ), and we note that we have the decomposition
k(1) Vi 1y> - - My gy, My ) p

20,2 {wy(&) — Ba(§)} = @,/ {M;(T) + 2M5(T) + M3(T) + My(T)} .

Fori € {1,..., B}, we consider the two terms M5 (;(T) and My ;(T). By independence of € with the other processes we
deduce that the conditional covariance term between those two processes is null. We use this fact along with the marginal
convergences obtained in Lemmas A.9 and A.10 to obtain the convergence in law conditioned on Gy

0

(5 e)

_ a 807 1607

(Dn li/2 {Mg,(,‘)(T) + M4’(i)(T)} — MN| 0, 0 (1) (i)
(1)

0 2 cumyle€]

S +——

0

8
a ag
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where @, ) = dlag(N,1 ‘i NGy ))- Now, by Slutsky’s lemma, Lemmas A.6 and A.7 we also have the Gr-stable convergence in
distribution
290
2M, i 0, | 16a07,A%>
CI)n (,) {Ml (1)( )+ MZ,(I)(T)} — MN B aOG(i) B
0 0

Finally, by application of Property A.8 with sub-o-field Gr since My (iy(T) + 2My iy(T) is Gr-measurable, we deduce the joint
Gr-stable convergence of

@, )7 (M )(T) + 2My, i)(T), M3 ) (T) + Ma i (T)) .

hence the convergence of @, ,) (M1 @(T) + 2Ma,5(T) + M3 (T ) 4+ M ((T)) toward a mixed normal distribution of random
variance 4V(;. Finally, as blocks are non overlapping, we deduce that for any k,l e {1,...,4},foranyi #j e {1,...,B} the

martingales My ¢ and M, ;) are orthogonal so that we have automatically the joint convergence of <1>,.,/2 {\Iln(S) - \i:n(g)} to
a mixed normal with block diagonal random variance matrix whose submatrices are V(y), ..., V(z), and we are done. O

Finally, we derive a central limit theorem forgn to the limit &, := (67, a2, ..., 67, a2), and as a byproduct Theorem 8 (and
Theorem 4).

Theorem A.12. We have Gr-stably in law that

!’
Vy 0 - 0
’ .
82— &) > oo | O Yo O
S0 .
!
R /1
where fori e {1,...,B}, V(/i) is the two dimensional matrix defined by
500 | 367
[<h) =+ 0
V(/i) = <0_‘1A;/2 VA
0 2a5 + cumy[e]

In particular, Theorem 8 (and Theorem 4) hold.

Proof. First, note that we can easily extend Lemma A.11 to get a central limit theorem at the point §, = (62, a3, ..., 62, a3)
for <I>1/ 2 { (&) — (&) } by a generalization of Slutsky’s Lemma for stably convergent sequences (see e.g. Theorem 3.18 (b)
in Hausler and Luschgy (2015)), where now the submatrices V(;) in the asymptotic variance of the mixed normal distribution
have the form

1 59 3/ Ap
64 —741/2 + =3 0
Vi = | 770\ A g
1 cumyle]
0 W
0 0

To derive the CLT for the 2B-dimensional estimator En, we follow the standard procedure and expand the score function
around &,. Thus, starting from the first order conditions on the score functions, we have

0=w, (&) = ©u&) + &, 2Hu(c)®)? (€, — (A64)

for some ¢, € [EO, §n], and where H,, is the block diagonal matrix with submatrices Hy (1), ..., Hy sy, and fori € {1, ..., B},
H, ;) is the scaled Hessian matrix of the log-likelihood field on block i, defined as in (A.21) adapted to the time interval
(Ti—1, T;]. In the same way, we define I'(&;) as the block diagonal matrix whose subcomponents are I';;)(&o (;)) where

VAp
8ay5?
Ciy(€o,m) = 0% _E
2a;

and & () = (6, a2). We can rewrite (A.64) as

(&) "Hu(5)® )2 (8, — &) = —T(&) '@ [ W, (§) — T (&)} + @)/ Fa(&o). (A.65)
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Note that, again, by a direct adaptation of (38) and (40) in Xiu (2010) (pp. 247-248) to the case of an irregular grid with

f % 0and on the interval (Ti—1, T;] we automatically get that each @3,{(2,.)‘?,,,(,-)(50,(1-)) = op(1) so that <I>,11/2 W, (&,) is negligible.

Now,/g\n is consistent by application of Theorem A.4 to each En,(,') on block i. Therefore, ¢, £ &,, and by virtue of Lemma A.5

applied to each submatrix Hp (), we conclude on the one hand that T'(&,)""H(¢n) L Twhere I € R?% is the identity
matrix, and on the other hand by Slutsky’s Lemma and the stable CLT for &,/ {®, (&) — ¥, (&)} that the left-hand side of
(A.65) tends Gr-stably in law to a mixed normal distribution of block diagonal random variance matrix with submatrices of
the form

64256 T (590 |, 3VAs
2% 640 \57a12 T 5 0
AB x 0 Ui AB i
0 4d 0 1 cumgle]
2a; 4a}
500 |, 307
dp —+ 0
= (&,»Az/z NZY:
0 2aj + cumyle]

= Vi
and thus we have shown the CLT for?n. Now to get Theorem 8, it is sufficient to notice that
N1/A (Q - T&OZ)
B = A9, 202 (5, — &), (A.66)
N, (B )

—1\ =2 2
@y — do
i=1

where A € R?*? has the form
A Ag 0 -+ Ag O
~\o B' ... 0 B')
and from here we easily conclude that the left-hand side of (A.66) admits a CLT with the claimed asymptotic variance. Finally
Theorem 4 is a particular case of Theorem 8. O

A.5. Proof of Theorem 1
Some details of the proof are omitted as the techniques used are very close to the QMLE case. We need to introduce some
notation. We consider the block constant processes defined as
¢t =¢ where Ti_1 <t <T;j
Pt = PT;_1.T; where Ti1 <t<T;
2 2

§f =&, 1, where Ty <t <T;

Condition (3.5) in Theorem 1 can be re-expressed as

T T
n'/4 (12 - / auzdu) L MN<0,4B”2AB / o (E KO0 & 12k1 T p g2 + Eu_3kf’2£3)du> .
0 0

We also define the kernels for general processes A; and C; as

Hoorh-1
K(A.C) = yo(A. O+ Yk (T) (1A, ) + y-4(A. C).
h=1

where the realized autocovariance is defined as
n

Yh(A, €)= (Axj — AnG-1)XCagi-n) — Cag—h-1)):
j=1
withh = —H,...,—1,0,1,..., H. We further define K;(A, C) the estimate on the ith block and we aggregate the local
estimates to define the adapted version of K(A, C) as

B
K(A,C) =) KA, C).
i=1
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We follow the same line of reasoning as in the proof of Theorem 4 (p. 1530, Barndorff-Nielsen et al., 2008). Accordingly,
we just need to show an adapted version of Theorem 3 (p. 1492). Theorem 1 will then follow from Lemma 1 (p. 1523) and
Property A.8. From now on, we aim to show the adapted version of Theorem 3 (p. 1492, Barndorff-Nielsen et al., 2008) which
is stated in what follows.

Theorem 13 (Adapted Version of Theorem 3 in Barndorff-Nielsen et al. (2008)). We assume that H = cn'/2. Asn — oo we have

that
N T L T
n'/4 (K(X,X)— / afdu) =2 MN<0,41<9~°BMAB f oj&;ldu>, (A67)
0 0
~ ~ L T
n/4K(X,U)+K(U, X)) =3 MN(O, 8wkl 1B* / aj&udu). (A.68)
0

In addition, when k'(0)? + k'(1)> = 0, the asymptotic variance of I~<(U) is equivalent to

B B B
40 (n—1/433“—1k3-2 Do+ B2/ Pm){kT Y i+ > ke, cio)Vacin }) , (A.69)

i=1 i=1 i=2

where k!1(cq, ¢;) = fo1 K (x)k'(ax)dx with a = min(cy, ¢;)/max(cy, ¢;) and if 1/m — 0

H3 . B
J —kw.x) %N (0, 4o K22 Zcf) . (A70)

i=1

To show (A.67), we consider the continuous interpolated martingale M; = \/g (f((X X) — fot 2du) As for the QMLE,

we aim to use Theorem 2.1 (Jacod, 1997). To show condition (2.9), i. e that M, M], > 4K0-OB1=Ap f o4 du, we express

M; as Z: ]Mt ) where M are such that M’ = 0 for t € [0, Ti_1], M = M; on [T;_y, T;] and M = Mr, fort € [T;, T]. We
can easily show that

B
(M, M]; = > MO, M®],. (A71)
i=1
The K(X) case in the proof of Theorem 3 (p. 1528, Barndorff-Nielsen et al., 2008) is based on a martingale theorem which
shows that
. . P Tint
(MDD, MDD}, — 4k%OB%(t — T;_y) / ot du. (A72)

Ti_int

In view of (A.71) and (A.72), we have thus shown that [M, M], —> 4K00B1 - Ap fo o4¢. 1du. We show condition (2.10),

i.e.that (M, W), £ 0, by a straightforward calculation on the Brownian motion increments. Also, condition (2.11) is satisfied
because M is continuous. Finally we show that condition (2.12) hold, i.e. for any bounded martingale N orthogonal to W we
have that

(M,N); = 0. (A73)

This can be proven with the same line of reasoning as for Lemma A.7 for the QMLE.

The proof for (A.68) can adapt directly from the cross-term K(X, U) + K(U, X) part in the proof of Theorem 3 (p. 1528,
Barndorff-Nielsen et al., 2008). Indeed, on each block we have the convergence discussed on p. 1525, and it is clear that as
the block terms are uncorrelated to each other conditioned on X;, we obtain the convergence of the vector block estimates,
with correlation limit between two different block terms equal to O.

We aim to show now (A.69). In view of (A.3) on p. 1528 in Barndorff-Nielsen et al. (2008), we have

B H® H)
(i) (i) O] (1) (i) (i)
Z{ Z Whyq — 2w + wy) v — Z(whH wy_ Ry }
i—1 h=1 h=1
Aj G

where w k( o 1yand V,El) = Z;":/(Ii])n/BH(Utj Uy, +UyUs,,, + Uy Uy, + Uy U[HM) and G; is due to end-effects. We

have that A; = A D and¢; 5 Cl.  for some normally distributed variables AEI) and Ci(') from the proof on p. 1529 in Barndorff-
Nielsen et al. (2008). Actually, we can show that the convergence still holds for the random vector (A4, ..., A, C1, ..., Cg)
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and thus we have that K(U) 5 N(0, V) where V is equal to

cov(A”, A") + cov(c?, ). (A.74)
i

1<i,j<B

We have that n'/2Y"?  var(A®) = B'/2k22y""
is obtained as

(B2 /(n"*m ZVar G) +ZZCOVA,,A, )= k”Zc —i—Zk (i, Ci—1)V/CiCi1 )

€2, which shows the convergence to the first term in (A.69). The second term

The other terms in (A.74) go to 0, thus we have shown (A.69). The convergence (A.70) is obtained as a straightforward
consequence of (A.69).

A.6. Proof of Theorem 7
The proof adding jumps and stochastic observation times follows the same line of reasoning as for the QMLE case.
A.7. Proof of Corollaries 2 and 5

By Slutsky’s Lemma, both corollaries will be proved if we have the consistency of the AVAR estimators. This is a

consequence of the consistency of the estimators fTT,l,l o2du and f'l:l:l,l oXdu by Theorem 3.1 and Remark 4 in Jacod et al.
(2009) along with the consistency of @ by, e.g., (21) in Zhang et al. (2005).

A.8. Proof of Proposition 3

AVARE?K B ’ takes on the form

3/4
T;

AVARG ”—am/E(AB / aﬁ‘du) g(or_y.1).
Ti—1

In view of (A.1), we easily obtain 0 < p < pr,_, 1; < 1where p = % This gives us the estimate 8 < g(por, , 1,) < & < oo for
some g.

Let us define for B € N, B > 1, the random set J; := {i € {1, ..., B}|o jumps on (T;_1, T;]}. Because the jumps in o are
of finite actlvity, almost surely the cardinal of Jz, defined as |Jp|, tends to a finite value. Thus we can get rid of the terms
AVAR(RK o LT for which k is contained into Jg because

3 AVART T < plapT a05%g 53 0,
i€fp

and similarly

2(Nag TVZZ/ oldu 3 0.

iejp

Thus, the proposition will be proved if we show
(RK 172 3
ZAVAR[TI__LT] —g(DaT? ) / oldu %3 0.
ig¢)p i¢]p

As the continuous part of o is assumed to be an It6 process with bounded components, some calculation shows that for
any p > 0, q > 1, and uniformly ini ¢ Jz we have the following expansion

Tj
/ ofdu = of Ag+0pa(Ay),
Tiq

where A = 0p4(C), C > 0 means that IE| % ]q is bounded. Thus, using again (A 1), we also obtain the expansions pr,_, 1, =
14 0ua(AY?), glpr,_, 1) = g(1) + 0a(AY?), and (Ag fT? ofdupt = Ay [ ' opdu+ 0u4(A2) to get finally the estimate

T.

(RK.cf.2) i

Mo1T = (1)aoT1/2/ deu—i-O]Lq(Ag/z)
i—1

AVAR
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uniformly ini ¢ Jp. At this stage we have thus proved that

RKC ,2) 1/2 3 1/2
> avARg Y — g(DaeT Z/ Jdu = 01a(A;%).

iglp igjp ¥ Ti-1
To get the almost sure convergence to 0, we define Yp as the left hand side of the previous equality and note that
EY 355 |Yp|? < +oo for any g > 2. This gives us that Z %1Yp|9 < 400 as. and so |Yp|? 2% 0, which completes the proof.
A.9. Proof of Remark 2
1/2

We show the inequality g(p)x ~! > g(1) for any admissible couple (p, ). Note that by the domination ¥ < p'/? obtained
on the account of (2.1), it is sufficient to show that the function f : p — p~!/2g(p) is decreasing on the interval (0, 1]. We

let p(p) = +/1++/1+ 3d/p?, and a short calculation shows us that f'(p) has the same sign as p’(p)(1 — p(0)~2). Therefore,
the inequality p(p) > 1 implies that f is decreasing if and only if p is, which is obvious.

A.10. Proof of Proposition 6
This proof follows the same line of reasoning as for the proof of Proposition 3.
A.11. Proof of Proposition 9

When ] = 0, this is a straightforward adaptation of the proof of Proposition 3 using the new estimates for any q > 1

T 1/2
R = 05" </ a;‘ds> ar_, +ow(A; ),
0

(2800) ™" = A)20%_ 4+ 01a(2),
and

gr 1) =8(1) + 0w (8)7).

A.12. Proof of Proposition 11

When ] # 0, the situation is fairly different. Let us define the random set
J¥ ={ie{1,...,B}X jumpson (T;_y, T;]}.

Since ] is of finite activity, by taking n sufficiently large, we may assume that foranyi ]z)a( ,X jumps exactly once on (T;_1, T;].
Splitting the sum of local variances

(RK ,rob) 1/2 (RK ,rob, ") 1/2 (RK 0b,Z¥)
AVARS = Y RYAVARy L+ Y Ry AVAR[T o

igfX igX
=1+1,

again by the finite activity property of ] we easily deduce from the proof of Proposition 9 that

1/2
as. T v 1/2 3
I = 8g(1)ag a, ds ag' o ds.
0 0

Now we derive the limit of I. We write 74, ..., TV, the jump times of J labeled such that for any i € ]g(, Ti-1 < 7 < T;. For
anyie ]g‘ , we have the estimates

—p as.

—1A72
AR YN ES

Qi < A]TZI. (Gfl. + Ufi,) ,

where for the latter expression we used the continuity of « at time t; which is a consequence of the independence of « and
X. We thus have

~ 1 2 —1/2
Priam ~ Ay 1Al (02 + 02 )"



142 S. Clinet, Y. Potiron / Journal of Econometrics 206 (2018) 103-142

Combined with g(p) "~ 8./ okdk! (% + ﬂ) we deduce that

16 (1 T i
13 3 ¥ (E + «/5) VKK (/ as‘lds) > N2 (0P + asz,ots_)l/z.
0

0<s<T

A.13. Proof of Propositions 10 and 12

The proofs follow exactly the same line of reasoning as the proofs of Propositions 9 and 11.
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