Annex of Statistical inference for the doubly stochastic self-exciting
process

10 Appendix: Proofs

10.1 The standard MLE for the parametric Hawkes process

We briefly introduce the standard maximum likelihood estimation procedure for the parametric Hawkes
process with exponential kernel ¢; = ae™® in the long run (also called low-frequency) asymptotics,
that is when we consider observations of a Hawkes process N¥ on the time interval [0, 7] with 7' — oco.
We define several deterministic key quantities, such as the Fisher information matrix, as time average
limits of quantities which depend on the point process th .

The regression family is defined for each # € K as
t—
At,0) = v+ / ae tt=3)g NP, (10.1)
0

We assume that there exists an unknown parameter 6* € K such that the F}Y P—intensity of NI is
expressed as

AP (1) = \(t, 07). (10.2)
The log-likelihood process is, up to a constant term,
T T
Ir(0) = / log (\(t,0)) dNF — / A(t, 0)dt. (10.3)
0 0

The MLE 67 is a maximizer of Ip(#). We define

1
I'r(0%) = —Tang(e*) e R33, (10.4)
Kr(0*) = %ang(e*) € R3X3X3, (10.5)

. T 99 \(t, 0 .
My (6 )—/ i(t(e*)){dNtP — A(t,0%)dt}, (10.6)
0 )

and for any indices k,l,m € {0, 1,2},
1 T
Crl0im = 7 | 0\ 0.0 slog ON0.0°) (10.7)
0
and

QT (0 ) kim = dt. (10.8)

 Mr(0%)y /T DAt 0PN, 0" )
T J \(t, 0%)

The three time-averaged quantities I'r, K7 and Ct admit deterministic limiting values when T' — oo
because the process N is exponentially mixing. Indeed, a slight generalization of Lemma 6.6 in
3] shows that the vector process (A(t,0%), dg(t,0%), --- ,93(t,0%)) satisfies the mixing condition [M2]



defined on p. 14 in the cited paper, which in turn implies the existence of I'(#*) € R3*3, and K (0*),
C(6*) € R¥*3%3 guch that for any € € (0,1) and any integer p > 1,

ETr(6%) — T =0 (T—E%) , (10.9)

E|K7(0%) — K(6)]P = O (T*G%) , (10.10)
and

E|Cr(6%) — C(0")P = O (T*%) , (10.11)

where |z| stands for ), |z;| for any vector or a matrix x. Moreover, it is also an easy consequence of
the mixing property along with the fact that Mp(6*) is a martingale that we have the convergence

E[Qr(0") ~ Q(07)] =0 (T7%) (10.12)

for some Q(0*) € R3*3*3. Note that I'(9*) is the asymptotic Fisher information. In particular, in [3]
the authors have shown the convergence of moments of the MLE (see Theorem 4.6),

E [f (\/T(éT - e*))] S E [f (r(e*)—%g)} , (10.13)

where f can be any continuous function of polynomial growth, and £ follows a standard normal distri-
bution. Also, it is easy to see that the convergences in (10.9)-(10.13) hold uniformly in * € K under
a mild change in the proofs of [3]. The result (10.13) should be compared to Theorem 5.2. Finally,
from T', K, C and @ we define for any k € {0, 1,2}

b(6" )y, = %r(e*)jkr(e*)’m(f((e*)ﬂm +2{C(0)1jm + QO )1jm}) (10.14)

with implicit summation of repeated indices. The function b appears in the expression of the expansion
of the bias of the local MLE in Section 10.4.

10.2 Construction of the doubly stochastic Hawkes process

We establish the existence of the doubly stochastic self-exciting process under very general conditions
on the parameter process. We also provide the boundedness of moments of various stochastic integrals
with respect to such point process when the parameter is assumed to take its values in a compact space.
We follow the same procedure as in [2] for the construction of a Hawkes process, that is, we show the
existence of the doubly stochastic Hawkes process by a fixed point argument. In what follows we let
B=(Q,F,F,P), F = (F)cpp), F = Fr be a stochastic basis such that the filtration F is generated
by the three-dimensional predictable process (0s)scjo,7] = (Vs, @s, bs)sefo,r] Which is component-wise
non-negative, and by a Poisson process N of intensity 1 on R? which is independent of §. In other

words, F; = ]-"t(e’N). In the following, properties such as predictability or adaptivity will automatically
refer to F. Before we turn to the existence of the self-exciting doubly stochastic process, we recall a
key result for martingales.

Lemma 10.1. Let F = (Fy)ieo,r), F = Fr be a filtration and G a o-field that is independent of F.
Consider also the extended filtration defined by Hy = F1V G. Then any square integrable Fi-martingale
M is also a Hi-martingale. In particular, for any He-predictable process u such that fOT usd(M, M) is

integrable, E[ [ usdM|G] = 0.



Proof. Let M defined as in the lemma and write for 0 < s <t < T,

E[MtrHs] = E[Mt|]:s \ g]
= E[M}|Fs]
= M87

since G 1L M; and G 1L Fs. It follows that fg usdMj is a ‘Hy-martingale, the second part of the lemma
follows. O

We now show the existence of the doubly stochastic Hawkes process associated to 6.

Proof of Theorem 5.1. We apply a fixed point argument using integrals over the two-dimensional inte-
ger measure N (dt,dx). Let us first define A\°(¢) = 14 and N° the point process defined as

NP = // l{OSxS)\O(s)}N(d‘Svdm)' (1015)
[0,t]xR

It is immediate to see that A\°(t) is the Fi-intensity of NP. We then define recursively the sequence of
Fi-adapted point processes N™ along with their stochastic intensities A" as

t—
AL = vy + / ase b= gNT, (10.16a)
0
Ntn+1 = // 1{0§x§/\n+1(5)}ﬁ(d8,dl‘). (10.16b)
[0,t]xR

Note that both A" and N™ are increasing with n and thus both converge point-wise to some limiting
values A and N that take their values on [0, +00]. Moreover, N counts the points of N which belong to
the positive domain under the curve t — A(t) by an immediate application of the monotone convergence
theorem. Let’s now introduce the sequence of processes p" defined as pj' = E [A"(t) — A"~ 1(t) | F4.
Then

Pt = [
_ ! —bs(t—s) n _yn—1 0
_/ase E[)\ (s) — A (s)\fT] ds

0

t
= / ase s 3) s,
0

where we used Fubini’s theorem in the second equality. Also, the first equality is obtained by Lemma
10.1 applied to the compensated measure N(ds, dz) — ds ® dz and the independence between ]:i]pv and

/t age bs(t=s) (A"(s) — )\"71(3)) ds

0

f%]

]-"%. Thus, setting & = fot pds, we have by Fubini’s theorem

t t—s
ot :/0 {/0 ase_b~““du} puds.

Note that fgis age bstdy < Z—: < r < 1 by condition (5.1). Therefore, @?H < r®7, and thus the
application of the monotone convergence theorem to the sequence (ZZ:O @f)n yields

E [/Ot)\(s)ds fﬂ < /Ot veds + E [/Ot)\(s)ds

fﬂ . (10.17)



A straightforward rearrangement of the terms in (10.17) gives us that

E [ /0 t A(s)ds

where the last inequality is a consequence of condition (5.2). In particular, we deduce that fg A(s)ds
and N; are both finite almost surely. We need to show that A(t) satisfies (5.3). By mononicity, we
deduce by taking the limit n — 400 in (10.16a) that

t
fj‘l] <(1- 7’)_1/ veds < oo P —a.s.
0

tf
A(t) :ut+/ ase ) dN,, (10.18)
0

Finally, we show how to obtain (5.4). As N and ]5191 are independent, it still holds that conditioned
on F%, N is a Poisson process of intensity 1. From the representation of N as an integral over N we
conclude that (5.4) holds, and this completes the proof. O

We now adapt well-known results on point processes to the case of the doubly stochastic Hawkes
process, and derive some useful moments estimates for stochastic integrals with respect to N. Write
A the compensating measure of N, that is A(ds,dz) = ds ® dz. Given a predictable function W, write
W s Ny = ff[O,t]xR W (s, 2)N(ds,dz), and the associated definition for W % A;. Predictable function
and integral with respect to random measures definitions can be consulted in [6], paragraph II.1. The

following lemma is a straightforward adaptation of Lemma 1.2.1.5 in [5], using also Lemma 10.1 and
(5.4).

Lemma 10.2. Let W be a predictable function such that W? x Ay < oo almost surely. Then for any
integer p > 1, there exists a constant K, such that
f%]
b

2
< K,E // sz|pdsdz+<// dsdz) FY
0T]><R [0,7]x

For any (random) kernel y : (s,t) — x(s,t), we say that y is G-predictable for some filtration G if
for any t € [0,T] the process x(.,t) is. For example the kernel x(s,t) = ase~t(¢=%) is F-predictable.
Nonetheless, we will also need to deal with other kernels in the course of the proofs. Consequently, we
introduce the following lemma, which ensures the boundedness of moments of the doubly stochastic
Hawkes process under the condition (5.13).

E[ sup ’W* N—K)t‘p
t€[0,T)

Lemma 10.3. Under the condition ¢ := sup;cp 1 fot ase st ds < 1 P — a.s., the counting process
N defined through (5.8) admits moments on [0,T] that can be bounded by values independent from T.
Moreover, for any F?-predictable kernel x such that fo s,t)ds is bounded uniformly int € [0,T] inde-
pendently from T, and for any predictable process 1 that has umformly bounded moments independently
from T, we have

1
(i) supsepor E [AE)PIFL]P < @Qp

1
(ii) supyepo,r] E [(fo s,t)dNs |]:79“} "< Qpy



where the constants Qp, Qp, are independent from T

Proof. We conduct the proof in three steps.
Step 1. We prove that (i) holds for p = 1. We write

tf
EIN®)|FY] = vy + / ase P ETEN(s)| FL]ds
0

<v+ sup EN(s)|FF] [ ase(7ds

s€[0,t]

<V+c sup E[)\(S)|~7:79ﬂ]v
s€[0,t]

S—

where we used condition (5.13) at the last step. Taking the supremum over [0, 7] on both sides, we get

sup EA#)|FL] < (1—¢) 'w. (10.19)
te[0,T]

In particular this proves the case p = 1, since the right hand side of (10.19) is independent from 7.
Step 2. We prove that (i) holds for any integer p > 1. Note that it is sufficient to consider the
case p = 29, ¢ > 0. We thus prove our result by induction on ¢g. The initialisation case ¢ = 0 has been
proved in Step 1. Note that for any € > 0,
T:| )

t— P
ENOPIFI <A+ H> o+ (1+e¥'E K/ ase_bs(t_s)dNS>
0
where we have used the inequality (z + y)** < (14 €)2' 712 + (1 + ¢ 12"~ 1¢?" for any z,y,¢ > 0.
Now, for a fixed t € [0, 7], define W (s, z) = ase_bs(t_s)l{ogzg)\(s)}, and note that

t— P
E [(/ ase_bs(t_s)st>
0

1] =eovemyi
< (4 e[« (-]

+ 1+ E [(W «1)"| ﬁ_ﬂ .

We apply now Lemma 10.2 to get

E [(W* (N—K)t)p\}"ﬂ < KpE //[OT] ] (s,2)|Pdsdz + (//OT] ] (s,2 2dsdz>
X X
%

t—
= K,E / aPe Pbs=3) \(s)ds + (/ a2embs(t= S)A(s)ds>
0 0

g

We easily bound the first term by the induction hypothesis by some constant %. For the second
term, an elementary application of Holder’s inequality shows that for any £ > 1 and any non-negative
functions f, g, ([ f9)* < ([ f¥g)(J g)*~!. This along with the induction hypothesis leads to a similar
bound for the second term. On the other hand, we have

E [(W +1,)"| f%] —E K/Ot asebs(ts))\(s)d8>p

.F;l] .



We apply again the same Holder’s inequality as above with functions f(s) = A(s) and g(s) = ase~ts(t=%)

to get
t— p
[([ e
0

.7:791] < E [/ ase =9 \(s)Pds
0

fgl]
tf

= cpl/ ase b 9E [A(s)p]]-}q} ds
0

< sup E [A(s)pyﬂ@}
s€[0,t]

Finally, we have shown that

EDNOPIFL < A+ HP o+ (1 +0)¥ 11+ e H¥ 1A, + (1 + )2 sup E[N(s)P|FL].
s€0,t]

This yields, taking supremum over the set [0, 7] and taking ¢ > 0 small enough so that (14¢€)?'cP? < 1,

sup E[N(t)P|F2) (1-1+e%) <A+ ) o+ 1+ 1+ H)¥ 14,
t€[0,T]

and dividing by (1 -1+ e)zqcp) on both sides we get the result.
Step 3. It remains to show (ii) and (iii). But note that they are direct consequences of the bound-
edness of moments of A along with Lemma 10.2.

O

10.3 LCLT and boundedness of moments of order 2«

We focus on asymptotic properties of the local maximum likelihood estimator @i,n of our model on each

block i € {1,---, B,}. Recall that we are given the global filtration JF; = }}(G*’N) that bears a sequence
of doubly stochastic Hawkes processes (N{");c(o,7]- We perform maximum likelihood estimation on each
time block ((z— 1A,T, iAnT] ,i € {1, -+, By} on the regression family of a parametric Hawkes process
and show the local central limit theorem for every local estimator @m of 96‘—1) A, uniformly in the
block index i. In addition, we show that all moments up to order 2« > 2 of the rescaled estimators
\/E((:)m — eiki—l)An) are convergent uniformly in .

Instead of deriving the limit theorems directly on each block, we show that by a well-chosen time
change it is possible to reduce our statistical problem to a long-run framework. Such procedure is
based on the following elementary lemma.

Lemma 10.4. Let (Ny); be a point process adapted to a filtration Fy, with Fi-stochastic intensity \(t).
For v > 0, consider N, = Ny, which is adapted to F} = Fys. Then, N, admits X7(t) = yA(7t) as a
JF, -stochastic intensity. Moreover, if Ny is a doubly stochastic Hawkes process with parameter process
(05)s, N} has the distribution of a Hawkes process of parameter (v0s)s, that is,

t—
A (t) = vy —|—/ 'yawse_'yb“(t_s)d]\fg. (10.20)
0



Proof. First note that N; = N, is compensated by fgt)\(s)ds. By a simple change of variable

u = vy~ 's this integral can be written as fg YA(yu)du which proves the first part of the lemma. In the

doubly stochastic Hawkes case, let us write the integral form of the time-changed intensity and apply

once again the change of variable u = v~ !s,

AT(t) = yA()

rt—
=Wyt + / yase b9 dN,
0

t—
= YUyt —i—/o Yayue N,

and we are done. O

By virtue of Lemma 10.4, for any block index ¢ € {1,---,B,}, we consider the time change
it n i+ (i — 1)A, and the point process (NG ){se((i=1)An,ir,]y in order to get a time changed
point process N“™ defined on the time set [0, h,,T] by the formula N, = an(t) — Ng—l)An‘ Such
process is adapted to the filtration .7-":’" = fT;L(t), for t € [0,h,T]. The parameter processes are

gi,n,*

now (Hin*) (t€0,hnT]} = (Hj_n(t)) {te[0,h,T]} Whose canonical filtration can be expressed as Fj =

o{05"*10 < s < t}, for t € [0,h,T]. Finally note that the F;""-stochastic intensities are now of the
form

. t— . 7,7, % -
)‘im(t) _ Vz,n,* +/ Cbé’n’*e_bs (t_s)dN;’n+Ri7n(t), (10.21)
0
where R;,,(t) is the .Fé’n—measurable residual process defined by the relation
(i—1)An— o
Rin(t) = / nate "=l g N, (10.22)
0

R; ,,(t) should be interpreted as the pre-excitation induced by the preceding blocks. Note that in view
of the exponential form of the kernel ¢; = ae~® assumption, R; ,(t) can be bounded by

Rin(t) < e ™ R;,(0) (10.23)

Note that all the processes N " can be represented as integrals over a sequence of Poisson processes
N"" of intensity 1 on R? as follows:

N = / / 1 im W N(ds, d2). 10.24
: o, sz ey (A5 d2) (10.24)

Indeed, N is the time-space changed version of the initial Poisson process N defined by Ni’n(A xB) =
N (7(A) x nB) for A and B any two Borel sets of R. In the time-changed representation, we define

(2
the regression family of stochastic intensities

t—
At 0) = v+ / ae =5 gNin. (10.25)
0

which is related to A (see (5.5)) by A" (t,0) = n= Ao (77*(t),0). Also, the Quasi Log Likelihood pro-
cess defined in (5.6) on the i-th block has now the representation (up to the constant term log(n)N,")

haT , haT
() = /0 log(Ai™ (£, 6)) AN — /0 An (L 0)dt, (10.26)



Note that in our case, the true underlying intensity, A" does not belong to the regression family
(No(.,0))gex for two reasons : the parameter process 0* is not constant on the i-th block, and the
regression family does not take into account the existence of a pre-excitation term in (10.21). We are
in a mispecified case, but we wish to take advantage of the continuity of the process 6* to show that the
asymptotic theory still holds, that is, the MLE tends to the value 65" = 0(;_1)a, which is the value
of the process 6* at the beginning of the i-th block. The procedure is thus asymptotically equivalent to
performing the MLE on the model whose stochastic intensity is in the regression family with true value
0= 02‘1._1) A, To formalize such idea, we introduce an auxiliary model corresponding to the parametric

case generated by the true value Hz‘i_l) A - More precisely, we introduce the constant parameter Hawkes

process N“™¢ generated by N and the initial value 96’"’*, whose stochastic intensity satisfies
. . t— . 7,1, % .
/\z,n,c(t) — 87”7* 4 / ag”v*e*bo (t*S)dN;v”’c‘ (10.27)
0
Moreover, we assume that Nti "¢ has the representation
i —i,n
e / /[O - Ligczcrinme(ony N " (ds, dz). (10.28)
K +

Note that NZ ¢ is unobserved and just used as an intermediary to derive the asymptotic properties of
the MLE, by showing systematically that any variable N%™ Xi" [, . etc. is asymptotically very close
to its counterpart that is generated by the constant parameter model.

For reasons that will become apparent later, it is crucial to localize the pre-excitation R;,(0) and
bound it by some deterministic value M, that depends solely on n and such that M, = O(n?) for
some g > 1. To reduce our local estimation problem to the case of a parametric Hawkes process, we
will also need to condition with respect to the initial value of the parameter process. We will thus use
extensively the conditional expectations E[~1{Ri,n(0)§Mn}|‘7:é7nv 96’”’* = 6], that we denote by Eg, ;n,
and whose existences are justified by a classical regular distribution argument® (see for instance Section
4.3 (pp. 77—80) in [1]). In the same spirit, for a measurable set A € F, Py, ; »[A] should be understood
as Eg,in[la]. Finally we will need frequently to take supremum over the quadruplet (6o,,n,t). For
that reason we introduce the notation E = { (6g,4,n,t) € K x N? x R+‘ 1<i<Bjand0<t<h,T}.
When n € N is fixed, we define E,, the subset of E as E,, = {(0p,7,t) € K xNxR4|1 < i <
B, and 0 < t < h,T}. In the same spirit, it is also useful when truncation arguments appear, to
consider in the previous equation the subset of E, for which we have the stronger condition hST <
t < h,T where o € (0,1) that we denote by Ef;. The next lemma states the uniform boundedness of
the moments of A" and A\»™¢, along with LP estimates for stochastic integrals over N*" and N®™¢.

Lemma 10.5. We have, for any integer p > 1 and any Fo"" -predictable kernel x such that f(f x(s,t)ds
is bounded uniformly in t € [0, h,T| independently from T and n,

(1) SUDP(gy,i,n,t)eE Ego,in

- p
)\i’n(t)‘ < M, P-a.s.

P
f(f x(s,t)dNg"| < M, P-a.s.

(if) sup(g,int)cE Eoo.in
(iii) SUD(gy.i,n,t) B Edoin ‘)\i’"’c(t)‘p < M, P-a.s.

P
I3 x(s,)ANT™C" < My, P-a.s.

(iv) SUP (g ,i,n,t)eE Eoo,im

1This is a consequence to the fact that K C R® is a Borel space.



where My, and M, are finite constants depending respectively solely on p and on p and x.

Proof. This is a straightforward adaptation of the proof of Lemma 10.3, with the conditional expecta-
01 NP

tion E[.1¢p, . )<a,} | Fo " VFL T 0" = fo]. The presence of 1¢p, . 0)<m,} along with the exponential
decay in (10 23) show clearly that the result still holds, uniformly in the quadruplet (6o,4,n,t). By
an immediate application of Jensen’s inequality, this is still true replacing Fy" Vv v F 91 7" by the smaller

filtration fé’n, that is, for the operator Eg, ; . O
Before we turn to estimating the distance between the two models, we state a technical lemma.

Lemma 10.6. Let h : s »—> ae bs, and let f g be two non-negative functions satisfying the inequality

f < g+ fxh where (fxh)(t fo f(t — s)h(s)ds is the usual convolution. Then we have the magjoration
for anyt >0

F(t) < gt) +a (g ™) (1

Proof. Tterating the inequality we get for any n € N*

f<gtgse Y nF g fap i), (10.29)
k=1

We fix t > 0, and note that by a straightforward computation, for any integer k£ > 1 we have (k) (t) =
(Zk 11)|ak€_bt We deduce that

t n
£ h* (1) = ft— s)s—a"+1e_bsds
0 n!

+n t
< —a""t | f(s)ds — 0
n! 0

as n — 4+o00. We also have for any integer n > 1

n n tk_l
(k) (1) — kbt
> h (t)—z(k_l)!ae
k=1 k=1
S ae(a—b)t

and thus we get the result by taking the limit n — +o0 in (10.29) evaluated at any point ¢ > 0. O

In what follows, we quantify the local error between the doubly stochastic model and its constant
parameter approximation. We recall the value of the key exponent k = ~(d — 1) that has been
introduced in (5.16), and which plays an important role in the next results as it proves to be the rate
of convergence of one model to the other in power of h. !, where h,, is proportional to the typical size
of one block after our time change. Recall that v represents the regularity exponent in time of 6 while
& controls the size of small blocks compared to n by the relation h,, = n'/°. Note that by (5.16) we
have x > 1. The next lemma shows that the models (N™¢ X\é™€) and (N™, A\;™) are asymptotically
close in the LP sense. The proof follows the same path as the proof of Lemma 10.3.

Lemma 10.7. Let o € (0,1) be a truncation exponent, and € € (0,1). We have, for any p > 1,
any deterministic kernel x such that fg X(s,t)ds is bounded uniformly in t € Ry, and any predictable
process (s)scr, whose moments are bounded :



p

(i) SuP(g, i.emg Enin N = A ()] = Op ()

i,1n,C iny|P
Jpip b {dNI™ — AN}

.e _ pP—€K
(i) supg ek, 1<i<B, Eoo,in =0Op (hn )

T o X (8, hnT){AN™ — ANZ"} "~ Op (h%)

(iii) SUPg,eK,1<i<Bp, Eoo,in

Remark 10.8. For p = 1, if we recall that A, = h,n™'T and k = v(5 — 1), we get a typical deviation
in h,,® = T~7A}, between the real model and its constant parameter approzimation. This is not very
surprising since on one block the parameter process 0* has exactly a deviation of that order. Forp > 1,
the situation is fairly different. One would expect a deviation of the same order of that of the parameter
process, that is of order hy,™P = TP A}P. But as it is shown in the previous lemma, deviations between
the two models are quite weaker since the deviation remains of order h,;* = T~YA], for any p. This loss
is due to the point process structure and the shape of its related Burkholder-Davis-Gundy type inequality
(see Lemma 10.2). This is the same phenomenon as in the following fact. For a Poisson process N
of intensity X, we have E[|Ny — Xt|P] ~ opt when t — 0, i.e. a rate of convergence which is linear
regardless of the moment chosen.

Proof. We will show by recurrence on g € N that for every p of the form p = 29, we have the majoration
for n € N, t € [0, h, T] and uniformly in (6o, 7),

Egoim [N0(8) = N (8) % < Lyyyg + My ge 20770, (10.30)

where Ly, ; and M, ; depend on n and ¢ only, L, , = Op(h; "), and M, 4 is of polynomial growth in n.
Note that then (i) will be automatically proved since by taking the supremum over the set [h3T, h), T
and using the estimate M, ;e (="M = op(h*) we get

Egy,in| A1) = XL (@)]” = Op(h,,")

uniformly over the set EZ.
Step 1. We show our claim in the case ¢ = 0, that is p = 1. Write

tf . 0,1, % .
’)\i’n(t) _)\i,n,C( )| <‘ i,m,% zn*’ + ‘/ inte —by"™ (t—s) _agn’*e*bO (t75)>dN;’n

t— - 7,1, % . .
+ / ag"* e P09 (ANZE — ANIM)| + Rip(t)
0

S Az’,n (t) + Bi,n (t> + Ci,n (t) + Ri,n(t)

The (uniform) majoration Eg, ; nA;n(t) = Op(h,") is an immediate consequence of [C]-(i). By the
inequality

lae™® —a'e7tt| < (\a—a'| + |b—b/]) ebt (10.31)
for any (v, a,b), (1//, a, b/) € K, we can write

t_
Eeo,i,nBi,n(t) < Ego,i,n/o (|aZ STy a0| + ’bé’n’* _ b0|) e—b(t—s)dN;,n

2

t— ‘
| etnani
0

< \| Egyimn | SUP (Iai’"’* — ag| + |bE™* — bo!)

s€[0,t]

EHO RXD)
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where Cauchy-Schwartz inequality was applied in the last inequality. Note that the right term is almost
surely dominated by a constant by Lemma 10.5 and thus the uniform majoration Eg,;,Bin(t) =
Op(h,,") follows from [C]-(i). Finally, for C;,(t), write

tf
Edo.inCin(t) < Egyim / age 0= | NEme — N (10.32)
0

where d ‘Ni’”’c — N ‘S is the integer measure which counts the jumps that don’t belong to both d/N*™¢

and dN*", i.e. the points of N that lay between the curves ¢ — AL™(t) and ¢ — XE™C(t). A short
calculation shows that this counting process admits [A“"™¢(s) — Ay"(s)| as stochastic intensity. We
compute now:

t_
Eeo,i,nci,n(t) S Eeo,i,n/ aoe—bo(t—s)’)\z,n,c(s) _ )\i’"(s)]ds
0

t_
_ / aoeP=DEy L INE(5) — NPT (s)|ds.
0

So far we have shown that there exists a sequence L, such that L, = O(h;") and such that the
function f(t) = Egyin|A\o™¢(t) — A2"(¢)] satisfies the inequality

f(#) < Ln+ Rin(t) + f * h(t), (10.33)
where h is the kernel defined as h : t — age !, By Lemma 10.6, this yields

t
F(t) < Lo+ Rin(t) + / {Ln + Rin(s)bagel® =) ds. (10.34)
0

Now recall that by — ag > b(1 — r) and that on the set {R;,(0) < M,}, we have R;,,(s) < M,e % <
M,et1-7)s o get

t
f) < (141 =7) "Ly + Rin(t) + / {M,,e7 20775} 0T (E=5) g
0
<14+ 1 =)Ly, + (1 +at) M,e 2071,

If we recall that in the above expression f(t) stands for Eg, ;| \o™¢(t) — A" (¢)|, such uniform estimate
clearly proves (10.30) in the case ¢ = 1.

Step 2. We prove the result for any ¢ € N*. Let the expression f(t) stands for Eg, ;| \o"™¢(¢) —
)\i’"(t)]p . With similar notations as for the previous step, we have for any n > 0

F(t) = EgoinlX™6(t) = Xo" ()P < B i |Ain(8) + Bin(t) + Cin(t) + Rin(t)]”
< (1 + nil)qulEﬁo,i,n ‘Ai,N<t) + Bi,n(t) + Ri,n(t)‘p
+ (14 n7)* " Egy,inCin(t)?

It is straightforward to see that similar arguments to the previous case lead to the uniform estimate
Ebo,imAin(t)? 4 EgyinBin(t)? = Op (h,"?) .

Now, define W (s, z) = aoe*bo(tfs)|1{0§Z9\i,n,c(s)} - 1{O§z§)\i’n(s)}| to get

Eboin [Cin(t)?] = Eggin [(W * Ny)'
< (140 ) T Bgin [(W 5 (N = A))"] + (1402 B in [(W A",

11



and apply Lemma 10.2 to get
Eoo,imn [(W * (N — K)t)p] < K, | Egy,in // W (s, z)|Pdsdz
0 T]><R

i | (] e
|

t—
(Eeo,z,n | dperme i) - Ai:”(s)\ds}
0

P
+ E@O,i,n [(/ CLO ~2bo(t= s)|)\i,n,c(8) — )\fk’"(s)|ds> ]) ,
0

which is easily bounded as in (10.30) using the induction hypothesis. Note that here the presence of the

[N4S)

N

integral term in [A?™¢(s) — AL"(s)| is the major obstacle to getting the stronger estimate Op (h ”p>

that one would expect. Finally the term

t— P
Ean i [(W + 50)7] = Eopin [( [ awetepenes) - Ain(snds) }
0

is treated exactly in the same way as for the proof of Lemma 10.3, to get the bound

Eoo,im [(W % A)"] < cof * h(t), (10.35)
where again h : s — age %%, and ¢q < 1if n is taken small enough. We have thus shown that f satisfies
a similar convolution inequality as for the case ¢ = 1 and we can apply Lemma 10.6 to conclude.

Step 3. It remains to show (ii) and (iii). They are just consequences of the application of Lemma

10.2 to the case W¢(S,Z> = ¢s’1{ogzg,\nvc(s)} — 1{0SZ§)\§(S)}| and WX(S,Z) = X(Sat)|1{0§z§)\"vc(s)} —
1i0<z<ap(s)}| along with Hélder’s inequality.

We are now ready to show the uniform asymptotic normality of the MLE by proving that any
quantity related to the estimation is asymptotically very close to its counterpart for the constant
parameter model (N%™¢ \om¢) To this end we introduce the fake candidate intensity family and the
fake log-likelihood process, as

t_
Nt 0) = v + / qe~ =5 gime (10.36)
0
and
hnT A , hnT
lin(0) :/ log(A"™(t, 9))dNtZ’n’c_/ AE(L, 0)dt, (10.37)
0 0

for any § € K. Note that \™¢(t, Hé’n’*) = \b™€(t) by definition. Those quantities, which are all related
o (N®™€ \b™C) are unobserved.

As a consequence of the previous lemma we state the uniform LP boundedness of the candidate
intensity families, along with estimates of their relative deviations.

Lemma 10.9. Let o € (0,1). We have for any integer p > 1 and any j € N that

12



. L p
(i) SUD(gg,in,t) B Edo,i,n SUPpe i ‘55/\1’"(@ 9)‘ < Kj P-a.s.
. P p
(i) sup(g, i nt)eE Edo,im SUPgek ‘35/\“"’6(& 9)’ < Kj P-as.
P 134 I\ 7 p _
(i) sup(g,i.c)eBa Eoo,in SUPgex ‘%N’n(tv 0) — OpA"™4(t,0) = Op(h,")

where the constants K; depend solely on j.

Proof. Note that the derivatives of S\i’"(t, 6) can be all bounded uniformly in # by linear combinations
of terms of the form 7 or fg_ (t — s5)7e tt=5)dN™ j € N. The boundedness of moments of those
terms uniformly in n € N and in the time interval [0, h, T is thus the consequence of Lemma 10.3 (ii)
with x(s,t) = (t — s)7e2t=5) and consequently (i) follows. (ii) is proved in the same way. Finally
we show (iii). Note that supge g [N (¢,0) — HN™(t, )| can be bounded by linear combinations
of terms of the form fgi (t — s)le bt=s)g|N" — No™¢| . The LP estimate of such expression is then
easily derived by a truncation argument and Lemma 10.7 (iii). 0l

We now follow similar notations to the ones introduced in [3], and consider the main quantities of
interest to derive the properties of the MLE. We define for any (6,6y) € K2,

1
Yin(0,00) = 75 lin(0) = lin(00)), (10.38)
1
Ain(bo) = Waeli,n(ao), (10.39)
and finally
1
Lin(00) = = 3—=0lin(0o)- (10.40)

We define in the same way Y7, , A7, and I'f . We introduce for the next lemma the set I = {(6p,i,n) €
K x N?|1 <i < B,}.

Lemma 10.10. Let € € (0,1), and L € (0,2x). For any p € N*, for any € € (0,1), we have the
estimates

L
sup  Eggim [Din(f0) — AS,(60)]" =F 0, (10.41)
00K, 1<i<Bp

sup Eboin [sup [Yin(0,60) — Y5 ,,(0, 90)|p] =Op (h,"), (10.42)
0peK,1<i<Bp 0eK

sup Eeo,i,n ]Fz,n(t%) - Ff,n(00)|p = Op (h,r_LEH) s (1043)
0peK,1<i<Bj,

P
< K P-a.s. (10.44)

sup an,i,n

hy, b sup |93l 0 (0)]
(60,i,n)€L 0cK

13



Proof. Let us show (10.41). We can express the equation in (10.39) and its counterpart for the constant
model as

1 hnT 895\i’n(8 00> ) haT
A (0g) = / —————>dN" —/ Og A" (s, 00)ds 10.45
n(60) m{ e [ a3 (s,0) (10.45
and
c 1 fin® 89>‘i,n70(8’ 00) in,c fin® in,c
A7, (0) = N {/0 WCUVS _/0 g (S,QO)ds}. (10.46)

By Lemma 10.5 (i) and (iii), and Lemma 10.9 (i) and (ii) and the presence of the factor \/ﬁ, it is

possible to replace the lower bounds of those integrals by h&T for some « € (0, %) Thus the difference
VIaT(Ain(00) — Af,,(60)) is equivalent to the sum of the three terms

hnT i hn,T i i

nT X (s, . . n Xim (s, 0 Nome (s, .

/ aﬁ (87 0) (dN;’n _ dN;’n’C) + / 8? (S; 0) o 86 ' (8; 0) dN;’n’c
har  AB™(s,00) haT A (s, 6p) AR (s, )

haT '
+ / {Og\"" (s,6p) — A" (s, 00) }ds.
haT

We therefore apply Lemmas 10.7 (ii) and 10.9 (i) to the first term, Lemmas 10.5 (iii) and 10.9 (iii)
to the second term, and finally Lemma 10.9 (iii) to the last term to obtain the overall estimate

A—Ef‘i
sup Egyim [Ain(00) — A, (60)]" = Op (hﬁ ) , (10.47)
0o K,1<i<Bn,

for any € € (0,1). This tends to 0 if we can find an e such that % — ex < 0, and this can be done
by taking e sufficiently close to 1 since L < 2k. Equations (10.42), (10.43) and (10.44) are proved
similarly. O

Lemma 10.11. For any integer p > 1, there exists a constant M such that

sup  Egyin AL (00)F < M P-a.s. (10.48)
(Qo,i,n)el

Furthermore, there exists a mapping (0,00) — Y(6,00) such that for any € € (0, 1),

¢l
sup Egoim |SUp [Y5,(0,60) —Y(9,«90)]] =0 (hn 2) P-a.s. (10.49)
00eK,1<i<Bp e K

Finally, for any 6y € K, and for any € € (0,1),

_eb
sup Egpin [T5n(60) = T(60))F = O (hnEQ) P-a.s. (10.50)
OpeK,1<i<A;?!

where T'(0y) is the asymptotic Fisher information matriz of the parametric Hawkes process regression
model with parameter 0y as introduced in (10.9).
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Proof. Note that when Hé’"’* = p, the constant model N“™¢ is simply a parametric Hawkes process
with parameter #p, and is independent of the filtration fé’”. Thus, by a regular distribution argument
the operator Eg, ;,, acts as the simple operator E for Nime distributed as a Hawkes with true value 6.
It is straightforward to see that under a mild change in the proofs of Lemma 3.15 and Theorem 4.6 in
[3] those estimates hold uniformly in 6y € K and in the block index. O

Theorem 10.12. Let L € (0,2k). We have

s {Egin [£ (VIn(®in—00))] —E | (T73T(00)3¢) |} 70, (1051

0peK,1<i<Bj,

for any continuous function f with |f(z)| = O(|z|*) when |z| — oo , and such that ¢ follows a standard
normal distribution.

Proof. By (10.42) and (10.49), we can define some number € € (0,1) such that

p
sup e Eg i [Sup 1Yin (6, 60) — Y(@,@O)ﬂ P, (10.52)
0o K,1<i<B, 0eK

~

and as ©;,, is also a maximizer of § — Y;,(6,6p), (10.52) implies the uniform consistency in the block
index ¢ and the initial value of ©;,, to 6™, i.e.

sup Pooin [ézn - 90} P, (10.53)
oK, 1<i<B,

since Y satisfies the non-degeneracy condition [A4] in [3]. From (10.43) and (10.50) we deduce

P
sup e g in IDin(00) — D(60)” —P 0. (10.54)
0oeK,1<i<Bj,

By (10.41), A;n(69) and Af, (6p) have the same asymptotic distribution, which is of the form
F(Go)%f , where & follows a standard normal distribution. Following the proof of Theorem 3.11 in [3],
we deduce that v/h,(0;, — 6p) converges uniformly in distribution to T_%F(HO)_%g when 96’"’* = 0y,
ie.

~ 1 _1
sup {Egmm [f (\/hn(@i,n - ao))} —E [f (T—zr(eo) g)}} =P, (10.55)
60eK,1<i<By,
for any bounded continuous function f .
Finally, we extend (10.55) to the case of a function of polynomial growth of order smaller than L.

First note that by (10.41) and (10.48) we have for any L' € (L, 2k)

/

sup  Egyin |Ain(00)" = Op(1). (10.56)
6oeK,1<i<Bp

We now adopt the notations of [8] and define 31 = §, B2 = % — 01, p=2,0< p2 <1-—209,
0<a<£, and0< p; < min{l, 2, 2} all sufficiently small so that M; = L(1 — p;)~! < L,

2 yT—a’ I—a

My = BL(EL — p)~! < 2@ =K, My = (3 — B2)L(1 — 282 — p2)~' < k and finally M3y =

-1 " ’
L (ﬁ - p1> < 00. Then, by (10.52), (10.54), (10.56) and finally (10.44), conditions [A1l ], [A4],
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[A6], [B1] and [B2] in [8| are satisfied. It is straightforward that we can apply a conditional version
(with respect to the operator Eg, ; ,,) of Theorem 3 and Proposition 1 from [8] to get that for any p < L,

sup E@o,i,n
OoeK,1<i<A;!

N/ (ém - 90> (p — Op(1). (10.57)

Such stochastic boundedness of conditional moments along with the convergence in distribution is

clearly sufficient to imply the theorem.
O

So far we have focused on the case where R; ,,(0) is bounded by the sequence M,,. Nonetheless, the
time-varying parameter Hawkes process has a residual which is a priori not bounded at the beginning of
a block. In Theorem 5.2, we relax this assumption. In addition, we use regular conditional distribution
techniques (see for instance Section 4.3 (pp. 77 —80) in [1]) to obtain (10.51) when not conditioning by
any particular starting value of 6;. We provide the formal proof in what follows. Recall that E(;_1)a,,

stands for E[.|F").

Proof of Theorem 5.2. We can decompose E(;_1)a,, [f(\/hn((:)i,n — 6?1—1)An,))} as

E(i—l)An [f (\/E (@l,n - OEKi—l)An)) l{Ri,n(O)SMn}:| (10.58)
+ E(ifl)An [f (\/E (éz,n - ez{ifl)An)> 1{Ri,n(0)>Mn}:| . (10.59)

Let £ as in Theorem 5.2. On the one hand by a regular conditional distribution argument, if we define
G(6o) = Egyim [f(\/hn((:)i,n —90)] —E [f (T*%P(GO)*%Q} , we can express uniformly ini € {1,--- , By}
the quantity

1

- " _1 *
E(i—l)An |:f (\/ hn (@z,n - 0(7/_1)An>> I{R“n(O)SMn} - f <T 2 (9(i—1)An) ? g):| (1060)
as G <szi—1)An) by definition of Eg, ;,, and because £ 1L F. We note that

‘G( Eki—l)An)‘ < sup |Egyin [f (\/E (@m — HO)H —-E [f (T—%F(eo)—%gﬂ

boeK

. (10.61)

take the sup over 7 in (10.61), and in view of Theorem 10.12, we have shown that (10.60) is uniformly
of order op(1).

On the other hand, (10.59) is bounded by hﬁQl{Ri,n(0)>Mn} for some @) > 0, where we have used

that (:)m takes its values in a compact space. By a straightforward computation it is easy to see that
P[Rin(0) > M,] < P[A}((i—1)A,) > M,], which in turn can be dominated easily with Markov’s
inequality by M, 'E[A?((i — 1)A,)] = O(nM,; ). We recall that M, is of the form n4 where ¢ can be
taken arbitrarily big, and we have thus shown that (10.59) vanishes asymptotically. O

10.4 Bias reduction of the local MLE
We go one step further and study the properties of the asymptotic conditional bias of the local MLE, i.e.

the quantity E;_1a, |Oin — 922._1) Al We then derive the expression of a bias-corrected estimator
0B

in  Whose expectation tends faster to 922.71) A

16



We start by estimating the order of the bias of the local MLE. As the reader can see, the following
computations are very involved. Therefore, in this section only, we adopt the following notation
conventions. First, we drop the index reference ¢. Consequently, all the variables N™ A} l,,, Eg, », etc.
should be read N i’”,)\i’n,li,n, Eg,,in, etc. All the results are implicitly stated uniformly in the block
index. Second, for a random variable Z that admits a first order moment for the operator Eg, ,, we
denote by Z its centered version, i.e. the random variable Z — Egy,n[Z]. We adopt Einstein’s summation
convention, i.e. any indice that is repeated in an expression is implicitly summed. For example the
expression a;;b; should be read ) i a;;b;j. Finally, as in Section 5, for a matrix M, we use superscripts
to designate elements of its inverse, i.e. M%¥ stands for the element in position (i, j) of M~! when it
is well-defined, M%7 = 0 otherwise.

By a Taylor expansion of the score function around the maximizer of the likelihood function, it is
immediate to see that there exists &, € [0, 6] such that

~ ~ 1 ~
0 = 99l (0,) = 9l (00) + 931,(00)(0, — bo) + 5ag"zn(gn)(en — 0p)%?, (10.62)

~

where 931,,(&,) (©,—00)®2 is a compact expression for the vector whose i-th component is ag’ijkln (&n)(Opn—
00);j(©n — 6o)k. Let € € (0,1). By application of Lemmas 10.7 and 10.9, it still holds that

~ 1 ~
DplC (00) + 931E (00)(0,, — bo) + 5agz;(gn)(e)n —00)%% = Op (h), "), (10.63)

where the residual term Op (h,ll_e") admits clearly moments of any order with respect to Eg,,. We
now apply the operator Eg, ,, divide by h,T" and obtain

Bl (&n)

EGo,n[F;(GO)(@n - 60)] + E90,n[F;(90)]E90,n[@n - ‘90] - EHO,n
where the expectation of the first term has vanished because of the martingale form of Af(6y) in
(10.46). The term Eeo,n[FfL(eo)]Eeo,n[@n — 6] is of interest since it contains the quantity we want to
evaluate. The first and the third terms have thus to be evaluated to derive an expansion of the bias. We
start by the first term, i.e. the covariance between our estimator and I'S (6y). To compute the limiting
value of such covariance, we consider the martingale M¢(t,6) = Ot af\i‘cissezo{dN" ©— N(s,00)ds},
and we define the empirical covariance processes C¢(6p) and QS (6y) whose components are, for any
triplet (i, 7, k) € R3 x R® x R3,

| (T
CilO0)ige = [ 00N (5.00)08 log\" (5, B0)ds,
n 0
and
c ~ MG(T, 0o); /h”T OpN"“(5,00) ;00N (5,60) k
Qn(eo)ldk - h,T 0 )\n,c(s’ 90) dS,

We define in a similar way C),(6p) and Q,(6p). The next lemma clarifies the role of C% () + Q% (6p)
and is a straightforward calculation.

Lemma 10.13. We have

Eoo.n [Cr(00)i gk + Q1 (00)i k] = =/ hnTEgyn )il (60) k] - (10.64)
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Proof. Note that for two Lo bounded processes (us)s, (vs)s, we have

. : ¢
</ us{dN¢ — \"¢(s, Ho)ds},/ vs{dN¢ — \"“(s, 90)d8}> = / usvs N (s, 6p)ds
0 0 ¢ Jo

Taking expectation, this yields
t

t t
Eoo.n [/ us{dN¢ — /\”’C(s,eo)ds}/ vs{dN¢ — )\"’C(s,Ho)dS}] =Eg,n {/ usvsA™(s, bp)ds
0 0 0

Formula (10.64) is then obtained directly from the expression of I'¢, (6p) and AS (6p). O

Now, by the same argument as for the proof of (10.11), we have for any integer p > 1 and any
e€ (0,1),

sup hi2Egy n |CC(60) — C(B0)P =P 0, (10.65)
Ooe K
and
EE c
sup hn? |Egym [Q5(00) — Q(60)]P =7 0 (10.66)
Ooe K

where C' and () were defined respectively in (10.11) and (10.12). Before we turn to the limiting
expression of the term

Ego.n [T (80) (€ — B0))i

in our expansion of the bias in terms of C(6p) + Q (), we need to control the convergence of T'¢ () !
toward I'(fp)~!. We define co = ming,cx min{c € Ry|Vx € R® — {0},27T(0p)x > c|z|3 > 0}, the
smallest eigenvalue of all the matrices I'(fy). We consider the sequence of events B, (6y) = {Vz €
R3 — {0}, 27T¢(60)z > < |z[3}, and their complements By, (69)°.

Lemma 10.14. We have, for any integer p > 1 and any € € (0,1) that
_ep
(i) suPg, e Poon [Ba(00)7] = Op (ha? ).
P
(ii) supg,ex hon”Epgym [|T5(60) 7" = T'(60) | 18,] —F 0.

Proof. We start by showing (i). We recall that in our notation convention, the symbol |z| stands for
>, |zi| for any vector or matrix. Clearly, we have that

(T (6p) — T'(0
Poon [Bn(00)] < Poyn {Vx e r? — {0}, 17 Tal (I))P Go))al 020} (10.67)
P
and by equivalence of the norms |M| and SUP,cR3— {0} % on the space of symmetric matrices of
2

R3, (10.67) implies the existence of some constant 1 > 0 such that
Poo,n [Br(00)] < Poon [[17,(60) —T'(6o)| > nco]
< (n¢0)"PEgon|T7(00) — T'(00)[”,

where Markov’s inequality was used at the last step. (i) thus follows from (10.54). Moreover, (ii) is
easily obtained using the elementary result |[A~! — B~1| = |[B71(B — A)A™Y < |A7 Y| B~ Yoo | B — A|
applied to I'C (Ap) and I'(6p) on the set B, (0p). O
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Lemma 10.15. Let e € (0,1) and i € {0,1,2}. The following expansion holds.
T (00)7" {C(Bo)r,ij + QBo)k zj} <hT—L€(HA3)> '

Ego,n [T, (60) (O — 00)); = (10.68)

hnT

Proof. Note first that in view of Lemma 10.14 (i) along with Holder’s inequality, we have that
_ ~ _ ~ _3
Ego.n[Ly,(00)(©n — 00)] = Egy Ty (00)(0, — 00)1g, (6,)] + op <hn 2). Thus we can assume without

loss of generality the presence of the indicator of the event B, (6p) in the expectation of the left-hand
side of (10.15). Take € € (O, 1) and € € (¢,1). As a consequence of (10.63), we have the representation,

D315 (€0) (B — 00)**

On — 0 = 2h, T

———T(00) LA (0p) + T (6)~* +O0p (hy™),  (10.69)

\/W

on the set B, (), where the residual term Op (hT_L E”“) admits moments of any order with respect to the
operator Eg, ,. We inject (10.69) in the expectation and get
Edo,n[T7(00)(On — 00)] = —==Eoq,n[T, (00)T5, (60) " A7, (60) 1., (6)]

1 0315(60) (On — 00)%? ]
n(6o)

1
vhT

+ Ego,n | T (00)T7, (00)

2%, T
+ Op(hy,),
where the residual term Op(h,, ") is obtained by Hoélder’s inequality using the fact that ¢ < €. By
Lemma 10.14 (ii), the first term admits the expansion
1
Vh, T
where we used Hoélder’s inequality to control \/%EGOJZ Ei(@o)(F%(Ho)_l —T(60) )AL (6p)] and we

neglected the effect of the indicator function by Lemma 10.14 (i). For any i € {0, 1,2}, we develop the
matrix product in (10.70), use Lemma 10.13 along with (10.65), and this leads to the estimate

By [T (00)T(60) " A (60)] + Op (h > (10.70)

1 T¢ 1Ac 60)7* {C(6 i + Q00 ks _3e
iz EtonTn(B0)T (Bo) LAS (60)); = L)~ {C( 0}2’“11 Qoles} | <hn 2). (10.71)
It remains to control the term Ey, , [F;(GO)F%(H )~ 189l"(€"2)}(1 %_90) an(go)]. Take L € (2,2k). By

£ 203, 1¢(0
boundedness of moments of h2 FZ(HO)Z’]-F;(HO)J’“%;(HB“(@O), for any (4,7, k,1,m) and uniformly in
0y € K, we have

. 3 1l (60) (B — 00)1(6 — 00)m
Eeom[ n(00) T (60)" 2h,T Te.(00)

2
S Kh;EEGO,n [‘(@n - QO)I(@n - 90)m

LT
|
36
o).

where Holder’s inequality was applied for the first inequality, and Theorem 10.12 was used with the
L
function f : x — (zjzy,)?, which is of polynomial growth of order L, to get the final estimate. O
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Finally, we derive the expansion of ﬁEgo,n [83[%(&)((:)71 — 00)®2]. First note that for any integer
p>1and any € € (0,1),

I3 1
sup hy’ Egyn h—Tagz;(eo) — K(8)| =70, (10.72)

boeK

where K () was introduced in (10.10). The next lemma is proved the same way as for Lemma 10.15.

Lemma 10.16. Let e € (0,1) and i € {0,1,2}. We have the expansion

EGO, [89[0 (fn)(@ — 6 )@2] _ F(QO)JkK(HO)ka + Op <h;€(n/\;)> . (1073)

2h T 2h, T

Proof. Consider three indices i, j, k € {0,1,2} and € € (0,1). We have the decomposition

——E0.[05 1515 (60) (On — 00);(On — 00)k] = 5—=E60.0[03 4515 (€0)]Eb0n[(On — 00) (O — B0)i]

2hT 2hT

1

+ 08 T (6 B — 00)5(O — )]

We now remark that the first term admits the expansion

F(eo)ij(QO)ijk —e(n/\ﬁ)
a2 10.74
oh. T +O0p (R ( 0.7 )

by replacing Eg, . [(©n — 00);(On — 00)i] and 527Egy [0 ;15 (€n)] by their estimates

" \
Ego.n[(On — 00);(On — b0)x] = Ffo%j + Op (hf(W)), (10.75)
and
1 _e
. o7, T Eon (95,4405 (€n)] = K (60)iji + Op <hn 2) : (10.76)

(10.75) is obtained by injecting the expansion of O, — 6y in (10.69) up to the first order only, and
47c

(10.76) is a consequence of (10.72) and the uniform boundedness of moments of 8912(7?0) inf) € K

by Lemma 10.9 (ii). Note that the expansion (10.75) is not a direct consequence of Theorem 10.12

applied to x — x;x), since this would lead to the weaker estimate L(% % + op(h;!) instead. Finally,

3
the second term is of order Op ( ) by Holder’s inequality along with Theorem 10.12; and thus we

are done. O

Before we turn to the final theorem, we recall for any j € {0,1,2} the expression

b(0o); = %F(eo)ijr(go)kl(K(Qo)im +2{C(00)ka+ Q(60)k,ir}) (10.77)

which was defined in (10.14). We are now ready to state the general theorem on bias correction of the
local MLE, which we formulate with the block index 1.
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Theorem 10.17. Let € € (0,1). The bias of the estimator (:)m has the expansion

~ b(6 —e(rn2
Eg i |Orn — 0] = ) | op (ny12)Y (10.78)
" ’ h,T
uniformly in i € {1,--- ,Bp} and in 0y € K. Moreover, the bias-corrected estimator égﬁc) defined in

(5.18) has the (uniform) bias expansion
N —e(kA3
Eoo,in [@ﬁ? - 00] = Op <hn ( A2)> : (10.79)

Proof. We drop the index 4 in this proof. Take € € (0,1) and some j € {0,1,2}. By Lemma 10.15 and
Lemma 10.16, we have
L'(00)* (K (80)x1 + 2 {C(80)1,jx + Q60154 })

Egn [T (00) )1 Evon [ O — 00] = + 0 (1)
o,n It n jk =bo,n n . thT - ,

which is a set of simultaneous linear equations. After inversion of this system of equations and appli-
cation of Lemma 10.14, the expression of the bias becomes for j € {0, 1,2},

which is exactly (10.78). Finally, a calculation similar to the proofs of Lemmas 10.15 and 10.16 shows
that

€

Ego.nb (én) = Eg,nb (60) + Op (h; 5) (10.80)
so that we have (10.79) and this concludes the proof. O
We conclude by showing the version of the preceding theorem in terms of E(;_1)a,, -

Proof of Theorem 5.3. This follows exactly the same argument as for the proof of Theorem 5.2. O

10.5 Proof of the GCLT

In this section we present the proof of Theorem 5.4 using a similar martingale approach as in |7]. Using
a different decomposition than (34) on p. 22 of the cited work, we obtain following the same line of
reasoning as in the proof of (37) on p. 47-48 that a sufficient condition to show that the GCLT holds
is

[C*]. We have uniformly in i € {1,---, By} that there exists € > 0 such that

Vari_pa, [Vin (807 = 0i_ya, )] =TT (9;‘2._1)An)_1 +op(1), (10.81)
Ei-1a, “\/E (égﬁc) - 92‘1;1>An) QT = Op(1), (10.82)
Ei-1a, [@ﬁm - 9671)%} = op (n‘l/ 2) : (10.83)

where for any t € [0,T] and any random variable X, Var,[X] = E¢[(X — E¢[X])?].
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The above-mentioned approach is based on techniques introduced in [7], but it is much different
and deeper. Indeed, |7] provides conditions which in this specific case are hard to verify due to the
past correlation of the model. We choose to go through a different path. More specifically, the cited
author uses a different decomposition than (3.3). We thus obtain different conditions which are hard
to verify, and this is the main goal of the proofs.

Proof of Theorem 5.4 under [C*]. We split the proof into two parts.
Step 1. The first part of the proof consists in showing that

1 &
0= 5 ;9@_% +op (n711?). (10.84)

Note that (10.84) is to be compared to (3.1) for the toy model. Moreover, (10.84) was also shown in
(35) on pp. 46-47 in [7], but the parameter process was restricted to follow a continuous Itd-process.
To show (10.84), it is sufficient to show that

Bn iA
vn [
YEN M ge A — A G:ds‘ = op(1). (10.85)
By, ZZ; (i=1) (i-1)An
We can bound (10.85) by
Bn iA
vn 1/ "
— Ny A, o7, — 0% ds = op(1), 10.86
B, ; i, i, (1) (10.86)
Op (A7)

where we used [C]-(i) to obtain the order in (10.86). Thus, we deduce that the left-hand side in (10.86)

is of order Op(h%néf'y). In view of the left inequality in [BC| and the fact that v > 3, this vanishes
asymptotically. Thus, we have proved (10.84).

Step 2. We keep here the techniques and notations introduced in Section 3, and replace @)i,n by
(BO) i1 the definitions of M;,, and Bj,. To show the GCLT, we will show that

the local estimator C:)l

1
S 5P 0 and we will prove the existence of some Vi such that FU -stably in law, S VAN(0,1).

1
Note that the former is a straightforward consequence of (10.83). To show the latter s VAN(0,1),
we will use Theorem 3.2 of p. 244 in [4]. First, we show the conditional Lindeberg condition (3.13),
i.e. in our case that for any n > 0 we have

By
n
—E E M2 1 —Po. 10.
B2 2 (1—1)An[ i {ngi,n>77}:| 0 (10.87)

Let n > 0. First, note that Bin = hy,. Using Hélder’s inequality, we obtain that

2+4€ 2%-5 2L+e
hnEGi—1)A, Mznl{ngM}] < (E(z’—l)An [(\/HMW) ]) (E(z’—l)An [1{ng>nﬂ) .

Qin bi,n

On the one hand we have that a;, is uniformly bounded in view of (10.82) from [C*|]. On the other
hand, using also (10.82) along with [C|-(ii), we have that b; ,, goes uniformly to 0. We have thus proved
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(10.87). We now prove the conditional variance condition (3.11), i.e. that

Bn
n

T
B > Ema, (M2 =F V=772 [ 1) as (10.88)

n =1

We have that 5

n 2
B2 2 Eina. [MZ] = Zh Ei—n)a, [MP,] A
no=1
We use Proposition 1.4.44 on p.51 in [6] along with (10.81) from [C*| to show (10.88). Now, conditions
(3.10) and (3.12) are automatically satisfied because M; ) is a martingale increment and since we
consider the reference continuous martingale M = 0. Finally we show condition (3.14) to get the
stable convergence. We thus consider a bounded F? -martingale Z, and we show that

N
D Eunan [MinAZin] =P 0, (10.89)
=1

where AZ; ,, := Zin,, — Z(i—1)a,,- Using the Taylor expansion (10.63) and the boundedness of Z, by a
similar calculation as in Lemma 10.15, we have

f By, hn B 1

ZE(Z va, [MindZia] = 2 ;r (0i-va,)  Ei-van (000 (051)a, ) AZin] +0p(1).

Note now that I7 (96—1) An) can be written as an integral over the canonical Poisson martingale :

hnT 89)\1 ,n, c S 9* ) L )
c Y (i—1)A in —i,n
lin 9(1 1 A" / / Xeme(s, 9* A ) Lio<acnimes, 0% _1yan)} {N (ds,dz) — A7 (ds, dz)} )

with A" (ds,dz) = ds®@dz. We deduce from the above representation that E(;_1)a,, [agl (‘9(1 HA ) AZ; n} =

0, since both o-fields .7-"% and ]-"jjy are independent, so that Z and N R are orthogonal. Thus

(10.89) holds. Thus, by Theorem 3.2 of [4], we have the F¥ -stable convergence in law of Sy, ™M) to-
ward an Fr 0" _conditional Gaussian limit with random variance V. In particular, we have that Vo and
N(0,1) in Theorem 5.4 are independent from each other. O

We prove now that we can obtain (10.81), (10.82) and (10.83) in Condition [C*]. First note that
for any L € (0,2k), a calculation gives
L _L
e

E(, A, ‘\/>( BC) Azn) ’

uniformly in ¢ € {1, ..., B, }. Thus, combining the previous estimate with Theorem 5.2, we have shown
that Theorem 5.2 remains true if ©;, is replaced by @Eic)

we decompose the conditional variance in (10.81) as

Ei-1)a, [(\/E (@gﬁc) - 931)%))1 —Eu-na, [\/E (@Eﬁc) - 9671)&1)}27

- h;%T_LE(z‘—l)An ‘b ((:)171)

. We will use this fact in the following. If
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then (10.81) follows from Theorem 5.2. Moreover, (10.82) is a direct consequence of Theorem 5.2.
Finally, in view of (5.21) in Theorem 5.3, (10.83) holds if there exists ¢ € (0,1) such that /n =
[

3 3
op (h;(HAQ)). From the relation \/n = h3, this can be reexpressed as g < KA % If we replace k by

its expression, we get the two conditions % <v(d—1) and g < %, that is le < 0 < 3. This is exactly
2
condition [BC].

10.6 Proof of Proposition 5.8
Proof. Let v € (0,1] and « € (0, ﬁ) and finally 0 € (1 + %, 1). We follow the proof of Theorem 5.4.
(10.81) and (10.82) are true since § > 1+ % Moreover, by assumption on § and «, (10.83) is replaced

by E¢i—1)a, @Z(ff) - H?i_l)An} =0Op (n_7(1_5_1)A§_1) = op (n™%). writing the decomposition

(6% B"l
% > (@m - 9E‘¢_1)An) =n"3 {57(13) + SéM)} , (10.90)
=1
we have no‘*%SflM) —P 0 since the central limit theorem for 57(1M) is still valid and o < % Finally

noe=3 5P = op (1). This concludes the proof for ©,. The proof for the bias corrected case follows the

same path using E;_1)a,, [(:)E’lzc) — szi—l)An} = Op (n‘”<1_571)A%571> in lieu of the previous estimate.
O
10.7 Proof of Proposition 6.1
Note that for any 6 € K, we have
Olin (n*lg)‘szne =n"2031; . (0), (10.91)
and thus
N 1 & N 1
n_lcn = Bf Z aglz,n (ez,n) I,
" i=1
B
1 - ~ -1
= Lin ( 7 n) )
TB, ; (O,
so that it is sufficient to prove uniformly in ¢ € {1, ..., B,,} the estimates
o\ -1
Tin (@m> =T (0371)%) +op(1) (10.92)
and
-1 Ay 1
r (9@71)%) A ot (0:)"" dt + op(1). (10.93)

To show (10.92), we consider the decomposition

Ty ((?)m>_1 -1 () An)_1 =Tin (@i,n)_l S An)_l + Lo (6 An)_l -1 (6 An>_1 .

Aj,n bi,n
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We have that

1
|ain| < sup .

00 (316 (9) | |Oin — O 1)a, |- (10.94)
PeK I'n

By some algebraic calculus it is straightforward to show that the term supge g ﬁ ’89 (8§lm(0))71 is

L, bounded by virtue of Lemma 10.9 (i) and Lemma 10.14 (i). By uniform consistency of Oin, this
yields a;, = op(1). Moreover, we have that b;,, = op(1) as a direct consequence of Lemma 10.14 (ii).
Thus (10.92) holds. Finally the approximation (10.93) is a straightforward consequence of Lemma 10.9
(i) and Lemma 10.14 (i) along with assumption [C]-(i).
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